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Preface

One century or more has passed since the study of noncommutative ring the-
ory began with the pioneering work of its forefathers Wedderburn, Frobe-
nius, Noether, Artin, von Neumann and many others. Since its birth,
the theory has developed extensively, both widely and deeply. A survey
of its history reveals the following key topics: the representation of finite
groups, Frobenius algebras, quasi-Frobenius rings, von Neumann regular
rings, homological algebra, category theory, Morita equivalence and dual-
ity, the Krull-Remak-Schmidt-Azumaya Theorem, classical quotient rings,
maximal quotient rings, torsion theory, the representation of quivers, etc.
In spite of its wide range, ring theory is roughly divided into four branches;
namely noetherian rings, artinian rings, von Neumann regular rings and
module theory with Wedderburn-Artin’s structure theorem on semisimple
rings located at the crossroads.

One of roots of the theory of artinian rings is the historical article [51]
of Frobenius in 1903. In this paper, Frobenius studied finite dimensional
algebras over a field whose left right regular representations are equivalent.
In the late 1930s and early 1940s, these “Frobenius algebras” were reviewed
and studied in Brauer-Nesbitt [24], Nesbitt [138], Nakayama-Nesbitt [136]
and Nakayama [132], [133]. In particular, Nakayama developed these al-
gebras by giving ring-theoretic characterizations and introduced Frobenius
rings and quasi-Frobenius rings (QF-rings) in the eliminated forms from
the dependency of the operation of the field. Thereafter QF-rings were
continuously studied and became one of the central subjects in the study
of ring theory.

Let us briefly retrace the progress of @QF-rings. By the method of ho-
mological algebra, QF-rings have been studied by many peaple. In 1951,

vii
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Tkeda [82] (cf. [83]) characterized QF-rings as the self-injective artinian
rings, and in 1958, Morita published his famous paper [122] (cf. [123]), in
which a QF-ring R was characterized as an artinian ring with the property
that Hompg(—, R) defines a duality between the category of finitely gener-
ated left R-modules and that of finitely generated right R-modules. Prior
to these works, in 1948, Thrall generalized QF-rings by introducing QF-1
rings, QF-2 rings and QF-3 rings in [174] (cf. Nesbitt-Thrall [139]). QF-
rings are important in the study of representations of finite groups since
each group algebra of a finite group over a field is QF. We emphasis that
QF-rings are artinian rings which have an abundance of properties and a
deep structure, but there are still several outstanding unsolved problems
on these rings such as the Nakayama conjecture and the Faith conjecture,
to name just a few.

In the same [133], Nakayama also introduced another artinian rings
which are called generalized uniserial rings. These rings are just artinian
serial rings, and are also called Nakayama rings in honor of Nakayama and
in our book we use this latter terminology.

Comparing Nakayama rings with @QF-rings, we are able to get a deep
insight into the structure of Nakayama rings. In [134] (cf. Eisenbud-Griffith
[43]), Nakayama showed that every module over a Nakayama ring can
be expressed as a direct sum of uniserial modules. This fact shows that
Nakayama rings are the most typical rings of finite representation type.

Nakayama rings appear in the study of non-commutative noetherian
rings. Indeed, the Eisenbud-Griffith-Robson Theorem ([43], [44]) states
that every proper factor ring of a hereditary noetherian prime ring is a
Nakayama ring, therefore this classical theorem turns the spotlight on
Nakayama rings. Kupisch made a major contribution in the study of
Nakayama rings. He introduced what is now called the Kupisch series
and, at the same time, was the first to discover skew matrix rings. As we
will see in this book, skew matrix rings over local Nakayama rings are the
essence of Nakayama rings.

In the current of the study of @QF-rings, there are two features: one is
to give characterizations of these rings and the other is to generalize these
rings. However in this book we study these rings from different viewpoints
by exhibiting several topics.

In the early 1980s, Harada found two new classes of artinian rings which
contain QF-rings and Nakayama rings. These rings are introduced as mu-
tually dual notions. Oshiro [147] studied these new ring classes, naming
them Harada rings (H-rings) and co-Harada rings (co-H-rings) and showed
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the unexpected result that left H-rings and right co-H-rings coincide.

The main objective of this book is to present the structure of left H-rings
and to apply this to artinian rings, including QF-rings and Nakayama rings,
giving a new perspective on these classical artinian rings. In particular,
several fundamental results on QF-rings and Nakayama rings are described,
and a classification on Nakayama rings is exhibited. We hope that, through
this book, the readers can come to appreciate left H-rings and gain a better
understanding of QF-rings and Nakayama rings.

For the study of direct sums of indecomposable modules, Azumaya’s
contribution is inestimable. In the original Krull-Remak-Schmidt Theo-
rem, the indecomposable modules were assumed to have both the ascend-
ing and descending chain conditions. However, in [10], Azumaya considered
completely indecomposable modules, that is, modules with local endomor-
phism rings, replacing the chain conditions, and improved the Krull-Remak-
Schmidt Theorem to what is now referred to as the Krull-Remak-Schmidt-
Azumaya Theorem, a very useful tool in the study of module theory. The fi-
nal version of the Krull-Remak-Schmidt-Azumaya Theorem was completed
by Harada (see [64]) using the factor categories induced from completely
indecomposable modules. It can be stated as follows: If M is a direct sum
of completely indecomposable modules { M, },cr, then M satisfies the (fi-
nite) exchange property if and only if {M, }.er is locally semi-T-nilpotent
in the sense of Harada-Kanbara [71].

As one of the applications of his work on the Krull-Remak-Schmidt-
Azumaya Theorem, in the late 1970s Harada introduced extending and
lifting properties in certain classes of modules. Although these properties
were initially rather specialized, these lead to their introduction in a more
general setting in [147], [148] as extending modules and lifting modules.
However, it should be noted that, in the early days of ring theory, the ex-
tending property explicitly appeared in Utumi’s work [176]; in particular,
in today’s terminology, Utumi showed that a von Neumann regular ring
R is right continuous if and only if the right R-module R is extending.
Furthermore, he introduced the notion of a continuous ring by using the
extending property. On the other hand, the lifting property implicitly ap-
peared in Bass’s work [21], where, in essence, it was proved that a ring R
is semiperfect if and only if the right R-module R is lifting.

Generalizing the concept of continuous rings to module theory, contin-
uous modules and quasi-continuous modules were introduced by Jeremy
[87] in 1974 by using the extending property. This concept and its gener-
alizations remained relatively dormant until Harada’s work on lifting and
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extending properties appeared. Indeed, from the early 1980s, many ring
theorists began to get interested in the study of the extending and lifting
properties and, during the last 30 years, this field has developed at an in-
credible rate. This situation is witnessed in the following books on this field:
M. Harada, Factor Categories with Applications to Direct Decomposition
of Modules (Marcel Dekker, 1983); Mohamed-Miiller, Continuous Modules
and Discrete Modules (Cambridge Univ. Press, 1990); Dung-Huynh-Smith-
Wisbauer FEztending Modules (Pitman, 1994); and Clark-Lomp-Vanaja-
Wisbauer, Lifting modules (Birkh#user, 2007).

Although Harada introduced his classes of H-rings and co-H-rings prior
to his study of lifting and extending properties, it seems to be unclear
whether he was conscious of the relationships between these properties and
rings. However, in [147], [148], module-theoretic characterizations of left
H-rings and Nakayama rings were given using the properties. Indeed, the
results obtained in these papers lead us to claim that the extending and
lifting properties really have their origin in the theory of artinian rings and
so0, in this sense, these concepts have been studied extensively.

In Chapter 1, we provide a background sketch of fundamental concepts
and well-known facts on artinian rings and related materials. In particular,
since materials in this book is based on semiperfect rings, we give known
facts on these rings by using the lifting property of modules. Basic QF-
rings, Nakayama permutations and Nakayama automorphisms as rings are
also considered here for later use.

In Chapter 2, we present Fuller’s Theorem which provides a criterion
for the injectivity of an indecomposable projective module over one-sided
artinian rings. We present an improved version of Fuller’s Theorem for
semiprimary rings by Baba and Oshiro [20], and introduce a more general
presentation due to Baba [11].

In Chapter 3, we introduce one-sided H-rings and one-sided co-H-rings
and give module-theoretic characterizations of these rings, and show that
left H-rings and right co-H-rings coincide. Among the several characteriza-
tions of left H-rings, we show that they are precisely the rings R for which
the class of projective right R-modules is closed under taking essential ex-
tensions.

In Chapter 4, fundamental structure theorems of H-rings are explored.
We establish the matrix representation of left H-rings. It is shown that for
a given basic indecomposable left H-ring R, there exists a QF-subring F(R)
of R, from which R can be constructed as an upper staircase factor ring of
a block extension of F(R). Because of this feature, we say that F(R) is the
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frame QF-subring of R.

In Chapter 5, we study self-duality of left H-rings. For a basic indecom-
posable QF-ring F, it is shown that every basic indecomposable left H-ring
R with F(R) =2 F is self-dual if and only if F' has a Nakayama automor-
phism. In Koike [98], it is noted that an example in Kraemer [103] provides
a basic indecomposable QF-ring without a Nakayama automorphism. The
difference between QF-rings with or without Nakayama automorphisms af-
fects self-duality of their factor rings and block extensions.

In Chapter 6, we introduce skew matrix rings and develop fundamental
properties of these rings. As mentioned earlier, these rings were introduced
by Kupisch [105] and independently by Oshiro [149] through the study of
Nakayama rings. In this book, we use the definition of skew matrix rings
given in the latter paper. We will illustrate the usefulness of skew matrix
rings for the study on @QF-rings and Nakayama rings.

In Chapter 7, we develop a classification of Nakayama rings as an ap-
plication of left H-rings. We study basic indecomposable Nakayama rings
by analyzing certain types of Nakayama permutations of their frame QF-
subrings. It is shown that a basic indecomposable Nakayama rings is rep-
resented as an upper staircase factor ring of a block extension of the frame
@F-subring and, in particular, every basic indecomposable Nakayama ring
whose frame @F-subring is not weakly symmetric can be directly repre-
sented as an upper staircase factor ring of a skew matrix ring over a local
Nakayama ring. As an application of left H-rings, we confirm the self-
duality of Nakayama rings by applying the fact that skew matrix rings over
local Nakayama rings have Nakayama automorphisms.

In Chapter 8, we give several module-theoretic characterizations of
Nakayama rings by using extending and lifting properties. These char-
acterizations provide relationships between @QF-rings, Nakayama rings and
one-sided H-rings.

In Chapter 9, we study Nakayama algebras over an algebraically closed
field. It is shown that such algebras are represented as factor rings of skew
matrix rings over one variable polynomial rings over algebraically closed
fields. This result inspires us to study Nakayama group algebras over such
fields. We summarize several results on these group algebras in relationships
to skew matrix rings.

In Chapter 10, we introduce the Faith conjecture, and as a by-product
of the study of this conjecture, we give a new way of constructing local QF-
rings with Jacobson radical cubed zero. This construction produces many
local QF-rings which are not finite dimensional algebras.
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We end the text with several questions on QF-rings and Nakayama rings.

Though we have tried to make this book as self-contained as possible, for
basic notions and well-known facts on non-commutative ring theory (such
as semiprimary rings, semiperfect rings, quasi-Frobenius rings, and Morita
duality etc.), the reader is referred to the books Faith [46], [47], Anderson-
Fuller [5], Harada [64], Lam [107], and Wisbauer [182], and, in addition, to
the books Dung-Huynh-Smith-Wisbauer [41] for extending modules, Punin-
ski [162] for serial rings, Xue [184] for Morita duality, and Nicholson-Yousif
[142] and Tachikawa [172] for QF-rings. In particular, for the background
of Frobenius algebras and QF-rings, the reader is referred to Faith [49],
Lam [107], Nakayama-Azumaya [137], Nicholson-Yousif [142], and Yama-
gata [189].

We are indebted to a large number of people for this overall effort pos-
sible. In particular we are thankful to John Clark, Jiro Kado, Kazutoshi
Koike as well as Akihide Hanaki, Shigeo Koshitani, Isao Kikumasa, and
Hiroshi Yoshimura for much of their help. Thanks also to Derya Keskin,
Yosuke Kuratomi, Cosmin Roman and Masahiko Uhara, and Kota Yamaura
for their comments which improved the overall presentation.
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R : an associative ring with 1 # 0.

Mp : a unitary right module over a ring R.

rM : a unitary left module over a ring R.

Pi(R) : a complete set of orthogonal primitive idempotents of a semiperfect
ring R.

Z(M) : the singular submodule of a module M.

idx or, simply, id if no confusion arises : the identity map of X.

J(M) : the Jacobson radical of a module M.

Ji(M) : the i-th radical of a module M.

J(R) or, simply, J : the Jacobson radical of a ring R.

S(M) : the socle of a module M.

Si(M) : the k-th socle {z € M | xJ* = 0 (resp. J*z = 0) } of a right (resp.
left) R-module M.

T(M) : the top M/J(M) of M.

E(M) : an injective hull of a module M.

L(M) : the Loewy length of a module M.

| M| : the composition length of a module M.

N C. M : N is an essential submodule of a module M.

N C. M : N is a co-essential submodule of a module M.

N <« M : N is a small (superfluous) submodule of a module M.

N € M : N is isomorphic to a submodule of M.

(a)r, : S — a8 : the left multiplication map by a, where S is a subset of a ring
R and a € R.

(a)r : S — Sa : the right multiplication map by a, where S is a subset of a
ring R and a € R.

rs(T) : the right annihilator of T in S.

ls(T) : the left annihilator of 7" in S.

#S : the cardinal of a set S.

xvii



xviii Classical Artinian Rings and Related Topics

N : the set of positive integers.

Np : the set of non-negative integers.

M) a direct sum of #1I copies of a module M.

M7 : a direct product of #I copies of a module M.

RM : a direct sum of countable copies of a ring R.

Mod-R (resp. R-Mod) : the category of all right (resp. left) R-modules.

FMod-R (resp. R-FMod) : the category of all finitely generated right (resp.
left) R-modules.

(@)o,c,n : the skew matrix ring over Q with respect to (o, ¢, n).

{ai}, {ou; |1 <j}U{Bi|i<j}: the skew matrix units.

(a)i; : the matrix with (¢, j)-entry 0 and other entries 0.

(X ) : theset {(z);; |z € X}

[i] : the least positive residue modulo m.

F(R) : the frame @QF-subring of R.

dim (Vp) : the dimension of a right vector space Vp over the division ring D.

A C B : A is isomorphic to a submodule of B.



Chapter 1

Preliminaries

1.1 Background Sketch

In this section, for the reader’s convenience, we list some basic definitions,
notation and well-known facts that will be needed in this book. For de-
tails, the reader is referred to standard books and recent books, in partic-
ular, to Anderson-Fuller [5], Faith [47], Harada [64], Lam [107], Mohamed-
Mueller [115], Nicholson-Yousif [141], Dung-Huynh-Smith-Wisbauer [41],
Clark-Lomp-Vanaja-Wisbauer [31] and Xue [184].

Throughout this book, all rings R considered are associative rings with
identity and all R-modules are unital. Departing from convention, when
we consider subrings of a ring, we do not assume that they have the same
identity. All R-homomorphisms between R-modules are written on the
opposite side of scalars. The notation Mg (resp. rM) is used to stress
that M is a right (resp. left) R-module. For a module M, we use E(M) to
denote its injective hull. An idempotent e of R is called primitive if eRg
is an indecomposable module or, equivalently, if g Re is an indecomposable
module. A set {ej, ...,e,} of orthogonal primitive idempotents of R with
1=-e1+ --+e, is called a complete set of orthogonal primitive idempotents
of R. We put Pi(R) = {eq, ....en}.

Let M be a right R-module and N a submodule of M. Then N is
called an essential submodule of M (or M is an essential extension of
N) if NN X # 0 for any non-zero submodule X of M and we denote
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this by N C, M. We use Z(M) to denote the singular submodule of
M, ie, Z(M)={m € M | rg(m) C. Rr}, where rg(m) means the
right annihilator of m in R. Dually, a submodule N of M is called a small
submodule (or superfluous submodule) of M, abbreviated N <« M, if, given
a submodule L C M, N + L = M implies L = M.

For an R-module M, the (Jacobson) radical J(M) of M is defined as the
intersection of all maximal submodules of M, ie., J(M)=N{K <M | K
is a maximal submodule of M }. If M has no maximal submodule, we define
J(M) =M

For a ring R, we say that J(Rg) (= J(grR)) is the Jacobson radical of
R and denote it by J(R) or, simply, by J if no confusion arises.

For a module Mg, by transfinite induction, the upper Loewy series
Jo(M) 2 Ji(M) 2 Jo(M) 2 -+

of M is defined as follows:
Jo(M) =M, Ji(M)=J(M),
Jo(M) = J(Jo—1(M)) if o is a successor ordinal, and
Jo(M) = Ng<adp(M) if « is a limit ordinal.

Here J, (M) is called the a-th radical of M.

We record some fundamental properties of J(M) (see, for example, [5]).
Proposition 1.1.1. Let M be a right R-module. Then

JM)=S{L|L< M}

The following basic result is due to Bass [21].

Theorem 1.1.2. Let R be a ring and P a non-zero projective right R-
module. Then the following hold:

(1) J(P)=PJ.
(2) J(P)# P, i.e., P has a maximal submodule.

Theorem 1.1.3. Let M be a finitely generated right R-module. Then the
following hold:
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(1) MJCJ(M).
(2) JM)< M.

Remark 1.1.4. Theorem 1.1.3 (2) is well-known as Nakayama’s lemma.
We can easily prove this using Theorem 1.1.2 (1) and the fact that every
submodule of M is contained in a maximal submodule of M. Nakayama’s
lemma is important for its use in various situations in the ring and module

theory.

Throughout this book, N denotes the set of positive integers while Ny

denotes the set of non-negative integers.

A ring R is called a right noetherian (artinian) ring if R satisfies the
ascending (descending) chain condition (abbreviated ACC (DCC)) for right
ideals. A left noetherian (artinian) ring is similarly defined. A left and right
noetherian (artinian) ring is called a noetherian (artinian) ring. A ring R
is called a semiprimary ring if R/.J is semisimple and J is nilpotent, i.e.,
there exists k € N with J* = 0.

The following theorem records some fundamental facts of ring theory.

Theorem 1.1.5. Let R be a right artinian ring. Then the following hold:

1
2
3
4

R is a right noetherian ring.
J is nilpotent.

(1)
(2)
(3) R/J is semisimple.

(4) There exists a complete set {e;}1"_; of orthogonal primitive idem-
potents of R (sothatl=e1+---+e, and R=e1R®--- D ey R)
and each e;J is a maximal submodule of e; R.

(5) Ewvery complete set of orthogonal primitive idempotents of R =
R/ J lifts to a complete set of orthogonal primitive idempotents of

R.

Given a right R-module M, the socle of M is defined as the sum of all
the simple submodules of My and is denoted by S(M). When M does not
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have simple submodules, we put S(M) = 0. By transfinite induction, the
lower Loewy series

So(M) C S1(M) C So(M) C---
of M is defined as follows:

So(M) =0, S1(M) = S(M),

So(M)/Sa—1(M) = S(M/Sa-1(M)) if a is a successor ordinal,
and

Sa(M) =Ug<aS(M) if a is a limit ordinal.

Here S, (M) is called the a-th socle of M.

As a dual to Proposition 1.1.1, we have the following proposition (see,

for example, [5, 9.7. Proposition]).
Proposition 1.1.6. Let M be a right R-module. Then

S(M)=({L|LC.M}.

Let R be a ring. We will denote the category of all right (left) R-
modules by Mod-R (R-Mod), and use FMod-R (R-FMod) to denote the
category of all finitely generated right (left) R-modules. A right R-module
M is called a generator in Mod-R if, for any right R-module X, there exists
a direct sum Y M of copies of M and an epimorphism from Y M to X,
equivalently, R is isomorphic to a direct summand of a finite direct sum of
copies of M. Dually, a right R-module M is called a cogenerator in Mod-R
if any right R-module X can be embedded in a direct product of copies of
M. Tt is well-known that a right R-module M is a cogenerator in Mod-R
if and only if, for any simple right R-module S, M contains an injective

module which is isomorphic to the injective hull of S.

Let R and S be rings. Then Mod-R and Mod-S are called equivalent if
there exist additive covariant functors F': Mod-R — Mod-S and G : Mod-
S — Mod-R such that GF and F'G are isomorphic to the identity functors
of Mod-R and Mod-S, respectively. In this case, we also say that the rings

R and S are Morita equivalent.
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Given n € N, we let (R), denote the ring of n x n-matrices over the
ring R. Given any R-module M, we let End(M) denote the ring of endo-

morphisms of M.

Theorem 1.1.7. (Morita equivalence) For two rings R and S, the

following are equivalent:

(1) Mod-R is equivalent to Mod-S.

(2) R-Mod is equivalent to S-Mod.

(3) There exists a finitely generated projective generator Pr such that
End(Pg) 2 S.

(4) There exist n € N and an idempotent e of T = (R),, such that
Tel' =T and eTe = S.

Let Pr be a projective module as given in Theorem 1.1.7 (3) above.
Then, setting @ = Hompg(sPg,R), the functors Hompg(sPr,—) and
Homg(rQs, —) realize the equivalence between Mod-R and Mod-S.

A property (P) in the class of all rings is called Morita invariant if,
whenever R has the property (P) and S is Morita equivalent to R, then S
has the property (P) as well.

Let R and S be rings. Let C and D be full subcategories of Mod-
R and S-Mod, respectively. If there exist additive contravariant functors
F:C — D and G: D — C such that GF and F'G are isomorphic to the
identity functors of C and D, respectively, then we say that the pair (F,G)
is a duality between C and D. Further we say that a duality (F, G) between
C and D is a Morita duality if Rgp € C and ¢S € D and C and D are closed
under submodules and factor modules.

Consider a bimodule gEr. For a module M = Mg, we put M* =
Homp(M, E). Then M* is a left S-module. For a module N = gN, we
also put N* = Homg (N, FE). Then N* is a right R-module. For a right
R-module M, the map oy : M — M** given by

om(m)(f) = f(m) (meM, feM”)
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is a homomorphism, which we call an evaluation map. When M = M**
under oy, M is called an E-reflezive right R-module. Similarly, beginning
with a left S-module N, we may define N** and the evaluation map oy
and, when N =2 N** under oy, IV is called an E-reflezive left S-module.

We let R[E]|gr and sR[E] denote the family of all E-reflexive right R-
modules and that of all E-reflexive left S-modules, respectively. Then the
pair of the functors F(—) = Hompg(—, E) and G(—) = Homg(—, E) induces
a duality between R[E|g and gRI[E].

For a given bimodule gFERg, there exist canonical ring homomorphisms
S — End(Fg) and R — End(gE). If these are isomorphisms, gFEg is called
a faithfully balanced bimodule.

The next two theorems give the essence of Morita duality.

Theorem 1.1.8. (Morita duality I) LetC and D be full subcategories of
Mod-R and S-Mod, respectively, and let (F,G) be a Morita duality between
C and D. Then there exists a bimodule sERr such that

(1) SEgF(RR) and ER’EG(SS),
(2) there exist natural isomorphisms F(—) = Hompg(—,FE) and
G(-) 2 Homg(—, E) and

(3) all modules Mg in C and all modules sN in D are E-reflexive.

As the above result shows, every Morita duality can be realized as func-
tors Homp(—, E) and Homg(—, E) for a suitable bimodule ¢Er. We say
that a bimodule s Er defines a Morita duality in case the pair of the func-

tors Hompg(—, F) and Homg(—, F) induces a Morita duality.

Theorem 1.1.9. (Morita duality II) The following are equivalent for

a bimodule sER:

(1) sER defines a Morita duality.
(2) Every factor module of Ry, sS, Er and sE are E-reflexive.
(3) sFERr is a faithfully balanced bimodule and Er and sE are injective

cogenerators.
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The following theorem is known as the Morita-Azumaya Theorem:

Theorem 1.1.10. (Azumaya [9], Morita [122]) Let R be a right artinian

ring and S a ring. For a bimodule sFEg, the following are equivalent:

(1) sERr defines a Morita duality between S-FMod and FMod-R.
(2) ER is a finitely generated injective cogenerator and the canonical

ring homomorphism S — End (Er) is an isomorphism.
When this is so, the following hold:

(1) S is left artinian, FMod-R = R[E|r and S-FMod = sR[E].
(2) Ewvery indecomposable injective right R-module and every indecom-

posable injective left S-module are finitely generated.

From this theorem we know that, for a right artinian ring R, if £ =
E((R/J)R) is finitely generated, then g Er defines a Morita duality between
S-FMod and FMod-R, where S = End(ER). We note that this important

fact is also shown in Tachikawa [172].

Let R be a right or left noetherian ring. We say that R is self-dual or
has a self-duality if there is a duality between F'Mod-R and R-F M od.

For an R-module M, the top M/J(M) of M is denoted by T'(M). The
right (resp. left) annihilator of a subset T' of Mg (resp. gM) in a subset S
of R is denoted by rs(T) (resp. Is(T)).

A ring R is called a quasi-Frobenius ring (abbreviated as QF-ring) if R
is a left and right artinian and left and right self-injective ring. QF-rings
were introduced by Nakayama [133], as artinian rings with the condition

(5) in the theorem below (see Section 1.3).

The following theorem records well-known characterizations of QF-

rings.

Theorem 1.1.11. The following are equivalent for a ring R:

(1) R is QF.



8 Classical Artinian Rings and Related Topics

(2) R is left or right artinian and left or right self-injective.

(3) R is left or right noetherian and left or right self-injective.

(4) R is a left or right noetherian ring and rRp defines a self-duality
between R-FMod and FMod-R.

(5) R is a left or right artinian ring and, for any primitive idem-
potent e of R, there exists a primitive idempotent f of R such
that (eRg; rRf) is an i-pair, i.e., S(eRr) = T(fRg) and
S(rRf) = T(rRe).

(6) R is aleft or right noetherian ring with double annihilator condi-
tions, 1i.e.,

Ir(rr(I)) = I for any left ideal I of R and

rr(lr(K)) = K for any right ideal K of R.
(7) Every projective left (or right) R-module is injective.
(8) Ewery injective left (or right) R-module is projective.

A right R-module M is said to be uniserial if the family of all submod-
ules of M is linearly ordered by inclusion. A right (resp. left) artinian ring
is called a right (resp. left ) Nakayama ring if, for any primitive idempotent
e of R, eRp (resp. gRe) is uniserial. The ring R is called a Nakayama ring

if it is a right and left Nakayama ring.

Theorem 1.1.12. ([133], cf. [43]) Let R be a Nakayama ring. Then every

right R-module can be expressed as a direct sum of uniserial modules.

For a given right R-module M, there exists an injective module E(M)
containing M as an essential submodule. The existence of F(M) is known
as the Eckmann-Schopf Theorem ([42]), and E(M) is called an injective
hull of M.

For a module M and an indexed set A, we let M(4) denote the direct
sum of A copies of M. An injective module M is said to be > -injective if

M) is injective for every indexed set A.

The following fundamental theorem is due to Faith.
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Theorem 1.1.13. ([47, 20.3 A and 20.6 A] or [5, Theorem 25.1]) The

following are equivalent for an injective module M :

(1) M is > -injective.
(2) ACC holds on {rgr(X) | X is a subset of M }.
(3) MM s injective.

We say that a module M has the exchange property if, for every R-
module L containing M and for submodules N and {L;};c; of L, decom-

positions
L=M®®N = DierL;
imply the existence of a submodule K; of L; for every i € I satisfying
L=M® (DierK;).

We note that every quasi-injective R-module has the exchange property
(see, for instance, Fuchs [52], Warfield [180]). M is said to have the finite
exchange property if this condition is satisfied whenever the above indexed
set I is finite.

Let M be a right R-module with a decomposition M = ®;c1A;. We say
that the decomposition M = @;¢c1A; is exchangeable (or complements direct
summands) if, for any direct summand N of M, there exists a submodule
Al of A; for every i € I such that M = N @ (®,e14L).

Theorem 1.1.14. ([179]) Let A be an indecomposable module and M =
Ay ® Ag with A; 2 A fori =1,2. Then the following are equivalent:

(1) A satisfies the (finite) exchange property.

(2) A satisfies the exchange property for A® A, i.e., for any direct
summand N of M with N = A, either M = N®A; or M = NBA,.

(3) M = Ay @ A, is exchangeable.

(4) End(A) is a local ring.
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An infinite family { M, }aer of modules is called locally semi-transfinitely
nilpotent (abbreviated 1sTn) if, for any subfamily {M,, }ien of {Mgy}aer
with distinct oy, any family {f; : Mo, — Ma,., }ien of non-isomorphisms
and any x € M,,, there exists n € N (depending z) such that
fr fafi(z) =0.

Theorem 1.1.15. ([64], cf. [191)) Let Mg = ®;erM; be an indecompos-
able decomposition, where End(M;) is a local ring for all i € I. Then the

following are equivalent:

(1) M has the (finite) exchange property.
(2) Mpg = ®ierM; is exchangeable.
(3) (If I is an infinite set) the family {M;}icr is lsTn.

Given Mr O Br D Apr, we may interpret the dual of “A C. B” in M
to mean “B/A is a small submodule of M/A” or, equivalently, “for any
submodule X of M with A C X, M = X + B implies X = M”. If this
dual condition holds, A is called a co-essential submodule of B (in M) and
this is denoted by A C. B in M.

An R-module M is called uniform (resp. hollow) if any non-zero (resp.
proper) submodule of M is an essential (resp. a small) submodule of M.

Let A be a submodule of Mp. We say that M satisfies the extending
property for A if A can be essentially extended to a direct summand of M.
In case any uniform submodule of M can be essentially extended to a direct
summand of M, we say that M satisfies the extending property for uniform
submodules. We say that M is an ezxtending module or a CS-module if M
satisfies the extending property for all of its submodules.

Note that, for an R-module Mg and a submodule A of M, we can find
a submodule B of M such that A C. B and there exists no proper essen-
tial extension of B in M. A submodule B which has no proper essential
extension in M is called a closed submodule of M. So we may say that
Mg is an extending module if any closed submodule of M is a direct sum-

mand. (The alternative CS name comes from this “closed submodule is a
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summand” property.)

Dually, given an R-module M and a submodule A of M, we say that
M has the lifting property for M/A or A is co-essentially lifted to a direct
summand of M if there exists a decomposition M = A* & A** satisfying
A* C Aand A/A* < M/A*, ie, ANA*™ < A

This leads to the following dual notions of “extending property for uni-
form modules” and “extending module”. If M satisfies the lifting property
for all of its hollow factor modules, we say that M satisfies the lifting prop-
erty for hollow factor modules. And if it satisfies the lifting property for all
its factor modules, we say that M is a lifting module. Furthermore we say
that M satisfies the lifting property for simple factor modules if it satisfies
the lifting property for all of its simple factor modules.

The following result for the extending case follows from the fact that,
for any A C B C C such that A is a closed submodule of B and B is a
closed submodule of C, A is a closed submodule of C' (see Gooderal [55],
or Oshiro [145]). The result for the lifting case follows quickly from the

definition.

Proposition 1.1.16. Any direct summand of an extending (resp. a lifting)

module is an extending (resp. a lifting) module.

Let M and N be R-modules. Then M is said to be N -injective if, for
any submodule X of N and any homomorphism ¢ : X — M, there exists
@ € Hompg (N, M) such that the restriction map ¢ |x coincides with ¢. If
in this definition we only consider homomorphisms ¢ with simple images,
M is then said to be N -simple-injective.

Dually, M is said to be N-projective if, for any submodule X of N and
any homomorphism ¢ : M — N/X, there exists ¢ € Homp(M, N) such
that mx @ = ¢, where mx : N — N/X is the natural epimorphism.

A module M is then called quasi-injective (resp. quasi-projective) if M

is M-injective (resp. M-projective).

Let A and B be right R-modules. A is said to be generalized B-injective
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(or B-ojective) if, for any submodule X of B and any homomorphism
f X — A, there exist decompositions A = A; & Az, B = By ® By,
a homomorphism h; : By — A, and a monomorphism hy : Ay — Bs

satisfying

(a) X C By © ha(Az), and
(b) for any x € X with © = 21 + 29, where z; € B; for i = 1,2, we
have f(x) = hy(x1) + hy *(22).

The following diagram illustrates this definition.

0— X B 0—X-"“B=DB 2B,
fl fl hil T ho

A A — A, @ A,

;

0

A right R-module A is said to be essentially B-injective if, for any
submodule X of B, any homomorphism f : X — A with Ker f C. X can

be extended to a homomorphism B — A.

Remark 1.1.17. It is easy to see that if A is generalized B-injective,
then A is essentially B-injective (cf. [57]). From this, it follows that, for

uniform right R-modules A and B, the following are equivalent:

(1) A is generalized B-injective.

(2) For any submodule X of B and any homomorphism [ : X — A,
if f is not monomorphic, then f extends to B — A, and if f is
monomorphic, then either f extends to B — A or f~! extends to
A — B.

The following theorem is one of the fundamental results on extending

modules.

Theorem 1.1.18. ([57], [116]) Let A;,..., A, be extending right R-
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modules and set M = Ay & --- @ A,. Then the following are equivalent:

(1) M is an extending module and the decomposition M = A1®- - - DA,
s exchangeable.

(2) A; is generalized &,;Aj-injective for any i € {1,--- ,n}.

(3) @®;xiA; is generalized A;-injective for any i € {1,--- ,n}.

In particular, when each A; is uniform, the following are also equiv-

alent to these conditions:

(4) The direct sum A; & A; is extending and exchangeable for any
i j.

(5) A; and A; are matually relative generalized injective modules for

any i % j.

For M = Ay ®--- @ A, in this theorem, we note that, if 4; and A; are
mutually relative injective for any ¢ # j, then M is an extending module

(ct. [115], [75)).

We now define the dual notion of generalized B-injectivity. Given mod-
ules A and B, we say that A is generalized B-projective (or dual B-ojective)
if, for any module X, any homomorphism f : A — X and any epimorphism
g : B — X, there exist decompositions A = A; ® Ay, B = B; @& Bs, a
homomorphism h; : A1 — Bj, and an epimorphism hy : By — Ay such
that ghy = f|a, and fhe = g|p,. The following diagram shows the de-

compositions and maps involved.

0

T
A =A@ Ay
fl hi ]l The

0—— X <2 B=B,® B,

A right R-module A is said to be small B-projective if, for any module
X, any homomorphism f: A — X with Im f < X and any epimorphism
g : B — X, there exists a homomorphism h : A — B satisfying gh = f.
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Remark 1.1.19. (cf. [106]) We can easily see that if A is a generalized
B-projective module and B is lifting, then A is small B-projective. From
this fact, we note that, when A and B are hollow modules, the following

are equivalent:

(1) A is generalized B-projective.

(2) For any X, any homomorphism f: A — X and any epimorphism
g: B — X, if f is not epimorphic, there exists a homomorphism
h : A — B satisfying gh = f, and if f is epimorphic, then there
exists an epimorphism h : A — B or B — A satisfying gh = f or
fh = g, respectively.

Theorem 1.1.20. ([106], [117], cf. [31]) Let Ay, ..., A, be lifting right
R-modules and set M = A1 @ --- @ A,,. Then the following are equivalent:

(1) M is a lifting module and the decomposition M = A; @ --- @ A,
is exchangeable.

(2) A} and T are mutually generalized projective for any summand A}
of A; and any summand T of ®;x,A; for any i€ {1,--- ,n}.
In particular, when each A; is a hollow module, the following are
equualent to these conditions:

(3) The direct sum A; & A; is an exchangeable and lifting module for
any i # j.

(4) A; and A; are mutually relative generalized projective modules for

any i # j.

For M = Ay ®---® A, in this theorem, we note that, if A; and A; are
mutually relative projective for any i # j, then M is a lifting module and
the direct sum A; @ A, is exchangeable ([106], cf. [92]).

For a right R-module M, we consider the following conditions:

(C1) M is an extending module.
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(C2) If a submodule X of M is isomorphic to a direct summand of M,
then X is a direct summand.

(C3) If M; and My are direct summands of M with M; N M = 0, then
My & M, is a direct summand of M.

(D1) M is a lifting module.

(D2) If X is a submodule of M such that M/X is isomorphic to a direct
summand of M, then X is a direct summand of M.

(D3) If My and My are direct summands of M with M = M; + Mo,
then M; N Ms is a direct summand of M.

M is called a continuous module if (Cy) and (C2) hold, and is called a quasi-
continuous module if (C1) and (C3) hold. Dually M is called a discrete
module (or semiperfect module) if (D7) and (D2) hold, and is called a
quasi-discrete (or quasi-semiperfect) module if (D7) and (Dj3) hold.

Remark 1.1.21. We have the following implications for these module

properties:

(1) injective = quasi-injective = continuous = quasi-continuous =
extending

(2) projective = quasi-projective # discrete = quasi-discrete = lift-
ing

(3) (quasi-)projective lifting = discrete.

It follows from the last of these and Theorem 1.1.20 that any finite direct

sum of projective lifting modules is lifting.

The following results give fundamental facts on (quasi-)discrete mod-

ules.

Theorem 1.1.22. ([146], cf. [115]) If M is a quasi-discrete module, then
M can be expressed as a direct sum @;c;M; of hollow modules M;. In par-
ticular, if M is discrete, then each End(M;) is a local ring and M = @;c 1 M;
is exchangeble, and hence the family {M;};cr is lsTn. Consequently, M has
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the exchange property by Theorem 1.1.15.

Theorem 1.1.23. ([146], cf. [115]) Let M be a discrete right R-module.

1 If M = >, M, M; is a summand of M and M; N
(X jer—qiy Mj) < M for any i €1, then M =3, M; is a direct
sum.

(2) If M =) ,c; M; is an irredundant sum of indecomposable sub-

modules M;, then the sum M =Y. _. M; is a direct sum.

il

Let M be a right R-module and N a submodule of M. We say that
N is a fully invariant submodule of M if N is a right R- left End(Mg)-
subbimodule of M. Let M and P be right R-modules. An epimorphism
¢ : P — M is called small (or superfluous) if Keryp < P. A pair (P, )
is called a projective cover of M if P is projective and there exists a small
epimorphism ¢ : P — M. In this case we usually just say that o : P — M

is a projective cover or, more simply, that P is a projective cover of M.

To finish this section, we record several properties of quasi-injective

modules and quasi-projective modules.

Theorem 1.1.24. Let M be a right R-module.

(1) If M is a quasi-injective module, then it is a fully invariant sub-
module of E(M).

(2) If M is a quasi-injective module with injective hull E(M), then
any direct sum decomposition E(M) = E1®---® E,, induces M =
(MNE)& - & (MnE,).

(3) If M is a quasi-projective module with projective cover ¢ : P —
M, Kerp is a fully invariant submodule of P; consequently, any
endomorphism of P induces an endomorphism of M.

(4) If M is a quasi-projective module with projective cover ¢ : P — M,
then any decomposition P = Py & ---® P, induces a decomposition
M=¢(P) @ @o(Pn).
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(5) If ¢ : P — M s an epimorphism with P projective and M has
a projective cover, then there exists a decomposition P = P, @& Ps
such that o(P2) = 0 and the restriction map ¢ |p, : Pr — M is a

projective cover.

We note that (1), (3), (5) are easily verified, and (2), (4) can be proved
using (1), (3), respectively.

1.2 Semiperfect Rings and Perfect Rings

Semiperfect rings and perfect rings were introduced by Bass [21] in 1960.
Since our book is based on these rings, for the sake of the reader’s conve-
nience, we shall recall fundamental facts on these rings.

In [21], as a dual to the notion of an injective hull, Bass introduced a
projective cover of a module. In general projective covers need not exist. A
ring R is called semiperfect (resp. right perfect) if every finitely generated
right module (resp. every right R-module) has a projective cover.

Let M = M; & M5 and let ¢ : M; — M, be an R-homomorphism. Let
(M; % M) denote the submodule of M given by { mi—¢(my) | my € My }.
This is called the graph of ¢. Note that M = My ® My = (M, R M) @ M.

Proposition 1.2.1. Let R be a ring such that every maximal right ideal

is a direct summand of Rr. Then R is a semisimple ring.

Proof.  Assume that S(Rr) C Rpr. Then there exists a maximal
right ideal I of R such that S(Rgr) C Igr. By hypothesis, there exists a
decomposition Rg = I & X. Then X is a simple submodule of Rr and
hence X C S(Rg) C I, a contradiction. Hence R = S(Rpg).

Proposition 1.2.2. Let e be an idempotent of a ring R. For any s € eRe,
s € J(eRe) = eJe if and only if sR < eR.
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Proof. (=). Let s € J(eRe) = eJe. Then sR C eJ, so sR < R.
Hence sR < eR.

(«<). Assume sR < eR. Then sR < R and hence sR C J. Hence
esRe C eJe. Thus s = ese € eJe. D

For a subset S of a ring R and a € R, the left multiplication map
: S — aS defined by s — as is denoted by (a)r. (Similarly, the right
multiplication map : S — Sa defined by s +— sa is denoted by (a)r.)

Proposition 1.2.3. For an idempotent e of a ring R, the following are

equivalent:

(1) eRe is a local ring.
(2) eJ is the unique mazimal submodule of eRpg.

(3) Je is the unique maximal submodule of rRe.

Proof. It suffices to show (1) < (2).

(1) = (2). Let K be a proper submodule of eRp and let eR = K + L.
Then eR/K = L/(L N K). Consider the canonical epimorphism f : L —
L/(LNK). Since eRp is projective, there exists a homomorphism p : eR —
L such that Im p + Ker f = L. Since p € End(eRR), p is realized by a left
multiplication (s);, for some s € eRe. Since Ker f # L, Imp is not small
in L. By Proposition 1.2.2, s ¢ J(eRe) = eJe. Then, since eRe is a local
ring, s is unit and hence Imp = L = eR. Hence K < eR, and K CelJ.

(2) = (1). Since eJ is the unique maximal submodule of eRp, we see
that the set of all non-unit elements is a two-sided ideal of Hompg(eR, eR) =

eRe, whence eRe is a local ring. O

An idempotent e of R is called a local idempotent if eRe is a local ring.

Proposition 1.2.4. Let R be a ring such that Rg is a lifting module.
Then the following hold:

(1) R= R/J is a semisimple ring.
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(2) Ife is a primitive idempotent of R, then eJ is the unique mazimal
submodule of eRp, i.e., eRe is a local ring.

(3) Ewvery complete set of orthogonal (primitive) idempotents of R =
R/J lifts to a complete set of orthogonal (primitive) idempotents
of R.

Proof. (1). Though this follows from Theorem 1.1.22; we give a direct
proof. Let A be a submodule of Rp with A O J. We put 4 = A/J and
R = R/J. We may show that A <® R. Since Rp is lifting, there exists a
decomposition Rp = A* @ A** such that A* C A and AN A** < R. Hence
A=A* <® R, as required.

(2). Consider a proper submodule Kr C eR. Since eRp is an inde-
composable lifting module, we have K < eR. Hence K C eJ. Therefore
eJ is the unique maximal submodule of eRg.

(3). Let R=g1R®---® g, R, where {q1, ...,Gn} is a complete set of
orthogonal idempotents of R. Let ¢ : R — R be the canonical epimorphism.
Since Rp is lifting, there exists a decomposition Rp = A; ¢ A} such that
A; C o1 (giR) and ¢ ' (g;R) N A} < A} for i = 1,2,...,n. Then R =
Aj+- -+ A,+Ker . Since Ker p < Rpg, this implies that R = A1+ - -+ A,.
Moreover, since A; N (Zj# Aj) < Rp, we see that R =A4; & --- @ A, by
Theorem 1.1.22. Then A; = g;R for ¢ = 1, ...,n. Now take a complete
set {e1, ...,e,} of orthogonal idempotents of R such that A; = e;R for
i=1,2,...,n. Since p(1) =1=¢€1+---+&, =g1 + - + gn, We see that

eg=gifori=1,...,n. O

Proposition 1.2.5. If Mgr has a projective cover, then, for any epimor-
phism ¢ : P — M, where Pgr is a projective module, there exists a decompo-
sition P = Py ® Py such that Py C Ker ¢ and ¢ |p, : P» — M is a projective
cover of M.

Proof. Let f : Q@ — M be a projective cover. Then we have a

homomorphism h : P — @Q satisfying fh = ¢. Noting that Ker f <« @,
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we see that h is epimorphic. Since @ is projective, h splits, i.e., there
exists an R-homomorphism ¢ : @ — P such that hg = 1g, and hence
P=Img®Kerh. Put P, =Img and P; = Kerh. Then P; C Ker ¢ since
Kerh C Ker fh = Ker . Since P, 2 @ by h|p, and fh|p, = ¢|p,, We see
that ¢ |p, : P — M is a projective cover of M. O

Proposition 1.2.6. Let P be a projective module. Then the following are

equivalent:

(1) Ewery factor module of P has a projective cover.
(2) P is a lifting module.

Proof. (1) = (2). Let A be a submodule of P and let ¢ : P — P/A
be the canonical epimorphism. Then, by Proposition 1.2.5, there exists a
decomposition P = P; ® P, such that P, C A and ¢|p, : P, — P/A is
a projective cover. Since AN Py C Kerg|p, < P», P satisfies the lifting
property for A.

(2) = (1). We must show that, for any submodule A of P, P/A has
a projective cover. Since P is a lifting module, we have a decomposition
P = P, ® P, such that P, C Aand ANP, < P,. Then ¢ |p, : P, — P/Ais
epimorphic and Ker ¢ |p, = AN Ps. Thus ¢ |p, : P» — P/A is a projective
cover of P/A. O

Using similar arguments, we can show the following two propositions.

Proposition 1.2.7. Let R be a ring. The following are equivalent:

(1) Ewvery cyclic right R-module has a projective cover.
(2) Rpg is a lifting module.

Proposition 1.2.8. Let R be a ring. The following are equivalent:

(1) Ewvery simple right R-module has a projective cover.

(2) Rpg satisfies the lifting property for simple factor modules.



1.2 Semiperfect Rings and Perfect Rings 21

Proposition 1.2.9. If Py, ..., P, are projective lifting R-modules, then
P=P & - -® P, is a lifting module.

Proof. Since any projective lifting module is a discrete module, the

statement follows from Theorem 1.1.20. O

Proposition 1.2.10. Let R be a ring such that R/J is semisimple and
every idempotent of R = R/J lift modulo J. Then R satisfies the lifting

property for simple factor modules.

Proof. Let M be a maximal right ideal. By the assumption, we can
take an idempotent e of R such that eR = M. Then (1 — e)R is simple and
eR+J=M+J=M. Hence M =eR® (M N(1l—e)R) CeR® (1 —e)J.
Since (1 —e)R is simple, (1 — e).J is the unique maximal submodule of
(1—e€)Rg. Hence M N (1 —e)R <K (1 —¢€)R. O

Proposition 1.2.11. Let R be a ring and A a right ideal of R.
If R/(A+ J)r has a projective cover, then so does R/Ag.

Proof. Consider the canonical epimorphisms: R 4 R/A 2 R/(A+).
Then, by Proposition 1.2.5, we can take an idempotent e € R for which
9fler : eR — R/(A+ J) is a projective cover. Then Ker(gf |cr) < eR.
Since R =eR+ A+ J, we have R = eR+ A. Hence f|.r:eR — R/A is
epimorphic. Since Ker(f |er) C Ker(gf |er) < €R, fler : eR — R/A is a

projective cover. O

Proposition 1.2.12. Let R be a ring such that Rgr satisfies the lifting
property for simple factor modules. Then Rp is a lifting module. In other
words, if every simple R-module has a projective cover, then every cyclic R-

module has a projective cover. (Hence R is a lifting module by Proposition
1.2.7))
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Proof. Let M be a maximal right ideal of R. By assumption, we
have a decomposition R = X @Y such that X C M and M NY K Y.
Hence (M + J)/J = (X +J)/J and R/J = (X +J)/J® (Y + J)/J. Thus
every maximal right ideal of R/J is a direct summand, and hence R/.J
is semisimple by Proposition 1.2.1. Let Ag C Rgr. We show that R/A
has a projective cover. By Proposition 1.2.11, we may assume that J C A.
Noting that (R/J)/(A/J) = R/A, we can show that R/A is expressible as a
direct sum of simple submodules. Since any simple module has a projective

cover, R/A has a projective cover. O

Theorem 1.2.13. Let R be a ring. Then the following are equivalent:

(1) R is semiperfect.

(2) R/J is semisimple and idempotents of R/J lift modulo J.

(3) R/J is semisimple and every complete set of orthogonal (primitive)
idempotents of R/J lifts to a complete set of orthogonal (primitive)
idempotents of R.

(4) R is expressed as R = e1 R®---®e, R, where {e;}_, is a complete
set of orthogonal primitive idempotents of R and each e; is a local
idempotent.

(5) R is expressed as R = e 1 R®---@e, R, where {e;}1_, is a complete
set of orthogonal primitive idempotents of R and each e;J is the
unique maximal submodule of e;Rp.

(6) FEwvery cyclic right R-module has a projective cover.

(7) Every simple right R-module has a projective cover.

(8) Ewvery finitely generated projective right R-module is a lifting mod-
ule.

(9) Rg is a lifting module.

(10) Rpg satisfies the lifting property for simple factor modules.

Proof. (1) = (6) = (7) are obvious. (3) = (4) is obvious. (1) &
(8) follows from Proposition 1.2.6. Proposition 1.2.7 gives (6) < (9). (7)
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< (10) follows from Proposition 1.2.8. (8) = (9) = (10) are obvious.
Proposition 1.2.12 gives (10) = (9). (9) = (
1.2.9. Proposition 1.2.4 gives (9) = (3), (4). (2) = (10) follows from
Proposition 1.2.10. (3) = (2) is obvious. (4) < (5) follows from Proposition
1.2.3.

We finish by showing (5) = (9). Since e;J is the unique maximal sub-

8) follows from Proposition

module of e; Rg, any proper submodule of e; Rg is small. Hence each e; Rg

is a lifting module and hence R is a lifting module by Proposition 1.2.9.

We note that the notion of a semiperfect ring is left-right symmetric by
(2) in Theorem 1.2.13.

Let R be a semiperfect ring. By Theorem 1.2.13, R has a complete
set of orthogonal primitive idempotents. Henceforth, we let Pi(R) denote
a complete set of orthogonal primitive idempotents of R. Let Pi(R) =
{e1,...,e,}. In case e;Rr ¥ e;jRp for any distinct ¢, j € {1,...,n}, R
is called a basic semiperfect ring. If R is not basic, we may partition
E = FE{U---UE} such that, for any e € E; and any f € Ej, eRp = fRp
if and only if ¢ = j. If we choose one e; in F; for each i = 1, ...k, and
set e = e; + -+ + ek, then eR is a finitely generated projective generator
in Mod-R, and hence R is Morita equivalent to eRe. (eRe is called a basic
subring of R.) For this reason, we usually restrict our attention to basic

semiperfect rings.

Let R be a basic semiperfect ring with Pi(R) = {ey, ...,e,}, and rep-

resent R as

e1Rei etReg +++ --- e1Re,
n— eaRey eaReg -++ -+ eaRe,,
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Then we have

e1Jer egRey -+ - e1Re,
J— esRei egJeg +-v - esRey,
e,Rei e Req -+ -+ endJen
Using this representation, we can see that, for any subset {fi, ..., fx} C

Pi(R), fRf is also a basic semiperfect ring, where f = f1 +--- + fi.

Theorem 1.2.14. Let R be a semiperfect ring. For two complete sets
{ei}" 1 and {f;}1™ of orthogonal primitive idempotents of R, the following
hold:

(1) n=m.

(2) There exist a permutation p of {1, ...,n} and isomorphisms g; :
eiRr = f,i)Rr for any i.

(3) There exists an inner automorphism T of R satisfying 7(e;) = f,()

for any i.

Proof. (1), (2). These follow from the Krull-Remak-Schmidt-
Azumaya Theorem.

(3). We take {g;}"; from (2). The direct sum map g = ®}" ,g; is an
automorphism of Rp such that g(e;R) = f,;)R. If x = g(1), then g(r) =
g(1)r = xr for any r € R. Since g is an automorphism, 1 = g(a) = za for
some a € R. Since 1 = za, we see that aRp = Rp and R = aR® (1 —az)R.
Then using (1), we see that (1 — az)R = 0, so 1 = ax and hence z is a
unit of R. Hence ze; Rz~ ! = ze;R = g(e;R) = foiyR for any i. Since
L=%" e =zalz =" zex ' =30 fo(i) and zre;zl € o R,
we see that z 7 le;x = Jo(iy for any 4. D

A subset I of a ring R is called right T-nilpotent if, for every sequence
ai,asz, ... in I, there exists n € N with apan—1---a; = 0. (Similarly,
I is called left T-nilpotent if, for any sequence ap,as, ... in I, we have
ayag - - a, = 0 for some n.) We note that, if I is left or right T-nilpotent,

then it is nil because a,a, ... is a sequence in I whenever a € I.
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Theorem 1.2.15. (cf. [5]) Let I be a right ideal of a ring R. Then the

following are equivalent:

(1) I is right T-nilpotent.

(2) MI # M for every non-zero right R-module M.
3)

(4)

MI < M for every non-zero right R-module M.
FI < F for the countably generated free module F = R™.

The following theorem due to Bass is one of the fundamental results in

ring theory. (For its proof, refer to Anderson-Fuller [5].)
Theorem 1.2.16. ([21]) The following are equivalent for a ring R:

(1) R is right perfect.

(2) R/J is semisimple and J is right T-nilpotent.

(3) R/J is semisimple and every non-zero right R-module contains a
mazximal submodule.

(4) Every right flat R-module is projective.

(5) R satisfies DCC on principal left ideals.

(6) R contains no infinite set of orthogonal idempotents and every
non-zero left R-module contains a minimal submodule.

(7) Ewvery countably generated free right R-module is lifting.

We now give a further characterization perfect rings using the lifting

property.

Theorem 1.2.17. Let R be a ring. The following are equivalent:

(1) R is a right perfect ring.

(2) Ewvery projective right R-module is a lifting module.

(3) Every quasi-projective right R-module is a lifting module.
(4) RW) is a lifting module.

Proof. (1) < (2). This follows from Proposition 1.2.6.
(2) = (3). Let Qg be a quasi-projective module and let A be a submod-
ule of @. Consider the canonical epimorphism f : Q — Q/A. Now choose
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an epimorphism ¢ : P — (@, where Pg is a projective module. Then,
since P is a lifting module, by Proposition 1.2.5, there is a decomposition
P = P, ® P, such that P, C g~(A) and fg|p, : P — Q/A is a projective
cover. Since @ is quasi-projective, the decomposition P = P; & P, induces
a direct decomposition @ = ¢g(P;) ® g(P2) by Theorem 1.1.24 (4). Thus it
follows that g(P1) C A and g(P2) N A < g(P2).

(3) = (2) is obvious.

(1) = (4) follows from Theorem 1.2.16.

(4) = (1). By (4), R is a semiperfect ring and R/J is semisimple.
Since RM) is lifting, there exists a decomposition RN = X @ Y such
that X € J(R™) and J(RM)NY <« Y. Since J(RM) = J(X) ® J(Y)
and X C J(RW), we see that J(X) = X, which implies X = 0 and
RMJ = J(R™) <« RM, Hence, by Theorem 1.2.15, .J is right T-nilpotent.
Thus R is a right perfect ring. O

Theorem 1.2.18. ([113]) For a projective module P, the following are

equivalent:

(1) P is a lifting module.
(2) (a) J(P)<KP,
(b) P = P/J(P) is semisimple, and

(c) every decomposition of P lifts to a decomposition of P.

Proof. Note that, for any indecomposable projective lifting module 7',
J(T) = TJ is a maximal submodule.

(1) = (2). (a) There exists a direct decomposition P = P; @ P, such
that J(P) = P, & (J(P)N Py) and J(P)N Py <« P. Then J(P;) = P; and
hence, by Theorem 1.1.2, P; = 0. Therefore P = P, and hence J(P) < P.
(b) By Theorem 1.1.22, P can be expressed as a direct sum @®;c;P; of
cyclic indecomposable projective lifting modules {P;};c;. Since J(F;) is
the unique maximal submodule of P;, P is semisimple. (c¢) Consider a

decomposition P = @;crA;. Then A; = A} @ B, for some direct summand
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A¥ of P and some small submodule B; of P. Since J(P) <« P, it follows
that P = 3, ; Af and P = ®;crAf. By Theorem 1.1.23, this implies
P = @er AL

(2) = (1). Let A be a submodule of P. Then P = A @ B for some
submodule B by (b). From (c), this decomposition lifts to a decomposition
P=P P with P, =Aand P, =B. Let : P=P, &P, > P,
be the projection. Then it follows from P; = A and (a) that 7(A) = Py.
Since P is projective, there exists a direct summand A* of P such that
A=A*® (AN P,y). Thus, by P, = A and (a), we see that AN Py < Py. O

Theorem 1.2.19. ([146], cf. [70] or [188]) Ewvery projective right R-module
over a Tight perfect ring is a discrete module, and hence has the exchange

property.

Proof. Let Pr be a projective module. By Theorem 1.2.17, P is lifting,
and hence P is discrete from Remark 1.1.21 and Theorem 1.1.22. O

1.3 Frobenius Algebras, and Nakayama Permutations and
Nakayama Automorphisms of QF-Rings

In this section, we recall the definition of Frobenius algebras and Nakayama
automorphisms for Frobenius algebras, and we introduce Nakayama auto-
morphisms for Frobenius rings for later use.

Let R be an n-dimensional algebra over a field k; say R = u1k®- - -Quy,k.
For any a € R, there are n x n matrices L(a) and R(a) € (k),, satisfying

a(ulv"' aun) = (ulv"' 7un)R(a)7 T(ula"' 7un)a = L(G)T(Ul,"' aun)[l

These R(a) and L(a) are said to be right and left reqular representations,
respectively. If there exists a regular n x n matrix P € (k), satisfying
PL(a) = R(a)P, then R(a) and L(a) are said to be equivalent. Now R
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is called a Frobenius algebra if, for any a € R, its right and left regular

representations are equivalent.

There are several characterizations of Frobenius algebras. We present

three versions:

(A) Put R* = Homg(R, k). Then R* is an (R, R)-bimodule. Then R is
a Frobenius algebra if and only if R = R* as right R-modules. More
generally, R is called a quasi-Frobenius algebra if Rr and R}, have
the same distinct representative indecomposable components, that
is, for any indecomposable direct summand Py of Rg, there exists a
direct summand T'r of R}, such that P = T and a similar condition
holds for any indecomposable direct summand of R}. In addition,
if R = R* as (R, R)-modules, then R is called a symmetric algebra.
If S(eRRr) = T(eRp) and S(gRe) = T(rRe) for any primitive
idempotent e of R, then R is called a weakly symmetric algebra.

(B) R is a Frobenius algebra if and only if the following hold:

For any right ideal A and any left ideal B of R,

ri(A) = A, Ir(B)=B,
dim (A) + dim (I(A)) = dim (R)O
dim (B) + dim (r(B)) = dim (R),

where [(X) and r(X) denote the left annhilator ideal and right
annihilator ideal of X, respectively, and dim (X) denotes the di-
mension of X over k.

(C) We arrange Pi(R) as Pi(R) = {e;}1, ) with e;;Rr = e Ry, if
i ==k, and e;jRr 2 ey Rr if ¢ < k. Put ¢; = e;1. R is a Frobenius
algebra if and only if the following hold:

(a) There is a pemutation of 7 of {e1,ea2,...,e,}:
( el 62 .. em )
m =
En(1) Em(2) """ Cx(m)
such that S(e;R) = ey R/exyJ holds for i =1, ... ,m.
(b) m(i) =m(w (7)) holds for i =1, ..., m.
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In view of the characterization (C), the field k does not appear. From
this point of view, in [133] Nakayama called R a quasi-Frobenius algebra,
and introduced quasi-Frobenius rings and Frobenius rings as artinian rings
with the condition (a) and ones with the conditions (a) and (b), respectively.
It is easy to see that a QF-ring R is a Frobenius ring iff S(Rg)r = (R/J)g.

Remark 1.3.1.

(1) The permutation (a) above for a quasi-Frobenius algebra R or
for a quasi-Frobenius ring R is called a Nakayama permutation of
R. By Theorem 1.2.14, we note that a Nakayama permutation is
uniquely determined up to an inner automorphism.

(2) Let R be a basic quasi-Frobenius ring R with Pi(R) =
{e1, ...,em}. For each ¢;R, we take f; € Pi(R) such that f;R

is a projective cover of e; R. Then the permutation

( e1 €9 e em )
€x(1) €x(2) ~°° €x(m)
is a Nakayama permutation.

Next we recall Nakayama automorphisms for Frobenius algebras and
introduce Nakayama automorphisms as rings for QF-rings. Let R be a
Frobenius algebra and let ¢ : Rg — R* = Homg (R, k)r be an isomor-
phism. Such ¢ is called a hyper plane. We recall the definition of the
Nakayama automorphism o of R. Firstly the map f: R x R — k given by
(r,s) — @(r)(s) is a nonsingular associative k-bilinear map, where “non-
singular” means that f(a, A) = 0 implies a = 0, and “associative” means
that f(ab,c) = f(a,bc) for any a, b, ¢ € R. For each a € R, there exists
a unique b for which f(a,z) = f(z,b) holds for any € R. Then the
map o : R — R, a+— b is a k-algebra automorphism of R and is called a
Nakayama automorphism of R. Though this Nakayama automorphism o
depends on the choice of the isomorphism ¢, it is known that o is uniquely

determined up to an inner automorphism, that is, for another (similarly
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defined) Nakayama automorphism o’ with respect to other hyper plane ¢,

there exists a unit u in R such that o/(x) = uo(z)u~! for any x in R.

Nakayama automorphisms have a remarkable property which effects

Nakayama permutations as follows:.

Theorem 1.3.2. ([133]) Let R be a Frobenius algebra. For any its

Nakayama permutation:

< el €y - em )

m =

€x(1) €x(2) " €x(m)

there exists a Nakayama automorphism o which induces this permutation,

that is, o(e;) = exqy fori=1,...,m.

By adopting the property in this theorem, we introduce Nakayama auto-
morphisms for a Frobenius ring R as a ring automorphism ¢ which induces

a Nakayama permutation of R.

Remark 1.3.3.

(1) Nakayama automorphisms for Frobenius algebras are Nakayama
automorphisms as @QF-rings. However Nakayama automorphisms
as @QF-rings for Frobenius algebras are not necessarily Nakayama
automorphisms as algebras (see Example 1.3.4 below). Therefore
we use the term “Nakayama automorphism as a ring” in a broad
sense than “Nakayama automorphism as an algebra”.

(2) Frobenius algebras have always Nakayama automorphisms as al-
gebras. But, in general QF-rings need not have Nakayama auto-

morphisms as rings as we see in Example 5.3.2 due to Koike [98].

Example 1.3.4. Let k be a field, let p be a non-zero element in K and let
R = k(x,y)/(zy — pyx, 2%, y?). Then R is a local Frobenius algebra. By

direct calculation, we can show that the map o : R — R defined by

a+bT +cy+dzy — a+ pby + cT + pdyx
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for any a,b,c,d € K is a Nakayama automorphism of R as an algebra with

o(Z) = py and o(7) = T. Since o is neither the identity map nor an inner

automorphism, the identity map is not a Nakayama automorphism of R as

an algebra. Since R is a local ring, the identity map is of course a Nakayama

automorphism of R as a ring.

We close this section with the following known facts:

(1)

We have the following hierarchy:
symmetric algebra = weakly symmetric algebra = Frobenius al-
gebra =- quasi-Frobenius algebra.

Basic quasi-Frobenius algebras are Frobenius algebras.

For a finite-dimensional algebra R over a field k, R is a quasi-
Frobenius algebra if and only if R is a quasi-Frobenius ring.

Let R be a Frobenius k-algebra and let ¢ be a Nakayama auto-
morphism of R. Then, for any unit u € R, the map: R — R, = +—
uo(z)u~?t is also a Nakayama automorphism of R.

A Nakayama automorphism of a symmetric algebra is the identity
map of R.

For a finite group G and a field k, the group algebra kG is a
symmetric algebra. Therefore its Nakayama automorphisms as an

algebra or a ring are the identity map.

For more detailed information on these algebras, the reader is referred
to Lam [107], Nagao-Tushima [130] and Yamagata [189].

1.4 Notation in Matrix Representations of Rings

Let R be a ring and {e;}_; a complete set of orthogonal idempotents of

R. We may represent R as

e1Re1 -+ e1Re,
R =
e,Rei -+ e, Re,
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In this representation, for each x € e;Re;, we let (2 );; denote the matrix
whose (7, ) entry is x and all other entries are 0. Moreover, for any X C
eiRe;j, welet (X );; ={(xz);; | € X }. We also use these notations when
we consider other generalized matrix rings.

Let R and T be rings with matrix representations:

All Aln Bll Bln
Anl Ann Bnl Bnn

A ring homomorphism

T11 ** Tin Agp oo Ay By -+ Big

Tnl " Tnn Apt - Apg By -+ Bun

is said to be a matriz ring homomorphism when, for each ¢ and j, 7;; is a
map of A;; to B;j and 7({x)i;) = (7ij(x) )i; for any x € A;j.

Let R be a ring with a matrix representation:

Q1 Az -+ A - A
Ay Q2 - Agn,

Asl Qs Asn

Anl An2 Ans Qn

Let T be any ring and let Qs € {Q1,...,Qn}. If there exists a ring isomor-
phism p : T — @5, then, by replacing Q)5 with T" in the matrix representa-

tion, we can make a new ring R’ which is canonically isomorphic to R. We
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represent R’ by

Qi Arg o - Ay oo e Ap,
Ay Qa2 Ao,
R — Qs
Ag1 R KR Asn
Qs
: - Ap_1n
Api Apy o+ o Apy oo Annor Qn

and identify R with R’.

COMMENTS

Extending modules and lifting modules are important as generalizations
of injective modules and supplemented projective modules, respectively,
and these modules have been extensively studied as mentioned in the pref-
ace. (A module M is called a supplemented module if, for any submodule
X, there exists a submodule Y such that X NY <« M. Right projective
modules over right perfect rings are supplemented modules.) Relative gen-
eralized injectivity and relative generalized projectivity are introduced in
the study of the following open problems: When is the direct sum of ex-
tending modules extending? And dually, when is the direct sum of lifting
modules lifting? Theorems 1.1.18 and 1.1.20 give partial answers for these
problems. More work on semiperfect rings and perfect rings by using lifting
modules in Section 1.2 is presented in Oshiro [146]. For Morita duality, the
reader is referred to Anderson-Fuller [5], Faith [47], Lam [107], and Xue
[184], and, in addition, to Nicholson-Yousif [142], and Tachikawa [172] for
QF-rings.



Chapter 2

A Theorem of Fuller

Let R be a left or right artinian ring and let e € Pi(R). In 1969, Fuller
showed the following useful theorem.
Theorem 2.A (Fuller’s Theorem [54]). The following are equiva-

lent:

(1) eRp is injective.
(2) There exists f € Pi(R) such that
(2*) S(eRg) 2T(fRr) and S(rRf) = T(rRe).
(3) There exists f € Pi(R) such that
(3l) ler(rry(I)) = I for any left eRe-submoudles I of eR,

and

(3r) rry(ler(K)) = K for any right fRf-submodule K of
Rf,
where rpy(I) ={a € Rf | Ia=0} and l.r(K) ={b€eR | bDK =
0}.

In 1993, Baba and Oshiro extended Fuller’s Theorem to semiprimary

rings by using the notion of relative simple injectivity due to Harada [66]

(see also ([69]).
Let R be a semiperfect ring and e, f € Pi(R). (eR;Rf) is called an

i-pair if the condition (2*) above is satisfied.

Baba-Oshiro’s version is the following:

35



36 Classical Artinian Rings and Related Topics

Theorem 2.B ( Baba-Oshiro’s Theorem [20]). Let R be a semipri-
mary ring and let e, f € Pi(R). Then the following hold:

(a) eRp is injective if and only if the conditions (2) and (3r) of The-
orem 2.A are satisfied.

(b) If R satisfies the condition (2) of Theorem 2.A and the condition
(x) below, then eRpg is injective.
(%) The lattice {rrs(X)|X C eR} satisfies ACC.

(¢) If (eR;Rf) is an i-pair, where e, f € Pi(R), then the following
are equivalent:
(c1)
(c2) cre€R is artinian.
(c3)

(d) If Rgr is Rr-simple-injective, then Rpr 1is injective.

Rffry is artinian.

eRg and rRf are injective.

The purpose of this chapter is to introduce these improved results. We
assume that the ring R considered in this chapter is a semiperfect ring
and put J = J(R). For a module Mg, we note that the length of the
upper Loewy series coincides with that of the Loewy lower series of Mp.
Consequently, we may call it simply the Loewy length of M and denote it
by L(M).

2.1 Improved Versions of Fuller’s Theorem

The following lemma is frequently used in this book:
Lemma 2.1.1. Lete, f € Pi(R).

(1) If S is a simple right R-module, then Sfrry is simple or 0.

(2) If S(eRR) is an essential simple socle with S(eRgr)f # 0, then
S(eRfrrf) = S(eRgr)f and it is an essential simple right fRf-
submodule of eRf.

(3) Ifboth S(eRfrry) and S(creeRf) are simple and essential in eRf,
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then S(eRffry) = S(creeRf).
(4) Assume that R is basic. If S(eRpg) is an essential simple socle and

fRR is a projective cover of S(eRRr), then
(a) S(ERR) = S(eRffRf).
Moreover if eRg is injective, then the following hold:

(b) S(eRg) is a simple left ideal.

(¢) S(rRf) is an essential simple socle with projective cover
rRe.

(d) S(rRf)=S(eRg) =S(eRftrs) = S(creeRf).

()

(f) (eR; Rf) is an i-pair.

(9) If X =Hompg(fR, S(eRR)), then creX and Xygry are simple
(and s0 creX = S(creeRf) and Xy = S(eRfrry), canoni-

cally).

S(eRfrrf)rry and ereS(erc€Rf) are simple.

Proof. (1). If0# s € Sf, then s(fRf) = sRf = Sf. Hence Sfsry
is simple or 0.

(2). Since S(eRpg) is simple and S(eRg)f # 0, S(eRg)f is a sim-
ple right fRf-submodule of eRf by (1). Thus S(eRffrs) 2 S(eRr)f.
On the other hand, S(eRg)f is an essential right fRf-submodule of
S(eRfrry) since S(eRpg) is an essential right R-submodule of eR. Therefore
S(eRfrry) = S(eRR)f.

(3). It is obvious that eRe S(eRffry) C S(eRffryf), ie., S(eRffry)
is a left eRe-module. Therefore we have S(eRfrrs) 2 S(ereeRf) since
S(ereeRYf) is simple and essential in eRf. The reverse inclusion is obtained
by a converse argument.

(4). (a) Since fRpg is a projective cover of S(eRg), S(eRr) = S(eRRg)f.
Hence, from (1), S(eRr) = S(eRg)f = S(eRg)fRf. Again from (1),
S(eRg) is a simple right fRf-module. This implies that S(eRg) is simple
as a right R-module.
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(b) To show that S(eRp) is a left ideal, suppose that RS(eRgr) Z
S(eRg). Then there exist h (# e) € Pi(R) and r € hR such that
rS(eRr) € S(eRg). Consider the homomorphism ¢ : eR — hR given by
y +— ry = hrey = hry. We show that ¢ is monomorphic. To prove this, sup-
pose that there exists 0 # y € S(eRg) with ry = 0. Since S(eRgr) C. eRRg,
we have s € R with 0 # ys € S(eRgr). Then ysR = S(eRpr) and
0 = rysR = rS(eRgr) € S(eRgr), a contradiction. Hence ¢ is monomor-
phic, and hence isomorphic. Since R is basic, this implies that e = h, a
contradiction. Accordingly S(eRpg) is a left ideal of R.

Next we show that rS(eRpg) is simple. It suffices to show that, for
non-zero elements =,y € S(eRpr), there exists r € R satisfying ro = y. The
map 7 : R — yR given by xr — yr is an R-homomorphism. To confirm
this, suppose that there exists ' € R such that xzr’ = 0 but yr’ # 0.
Since z, y, yr' € S(eRr) = S(eRg)fRf, it induces that xfr'f = 0 but
yfr'f # 0. Then fr'f is an invertible element of fRf and hence z = 0,
a contradiction. Hence 7 is well defined. Since eRp is injective, we can
extend 7 to an isomorphism 7* : eRp — eRp. Hence we can take an
element r € eRe satisfying ro = y as desired.

(¢) Let 0 # rf € Rf. Take h € Pi(R) with hrf # 0. From (4) (b)
we see that S(eRgr) C S(rRf). Take 0 # x € S(eRg) (= S(eRfrry)).
We must show that there exists ' € R with r’hrf = . We can define
an epimorphism ¢ : fRr — S(eRg) by f — z. Consider the left mul-
tiplication map (hrf)r : fR — hrfR. Then we have an epimorphism
¥ hrfR — S(eRg) with ¢(hrf)r = ¢, ie., ¥(hrf) = z. Since eRp is
injective, there exists an extension map ¢ : hR — eR of ¢. Put v/ = @E(h)
Then z = ¢(f) = (hrf)L(f) = »(hrf) =r'hrf.

(d) From (b), (c) we see that S(eRr) = S(rRf). Hence the statement
follows from (a), (c).

(e) This follows from (2), (c).

(f) This follows from the assumption and (c).
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(g) We must show that X = eRep = ¢ fRf holds for any 0 # ¢ € X.
Let ¢ and 9 be non-zero elements of X. Since fRpg is projective, there
exists £ € Homp(fR, fR) satisfying @& = 1. This shows that X = ¢ofRf.
On the other hand, ¢ and v induce isomorphisms @ : T(fRr) — S(eRgr)
and v : T(fRr) — S(eRpR), respectively. Since eRp is injective, we can
take n € Hompg(eR, eR) satisfying v~ ! = 7 |s(err)- Hence 1 = np and
hence ¢ = np. As a result, X = eRep. D

Notation:

(1) For e,g € Pi(R), we define V(n.e,g) for n > 2 as fol-

lows: V{(2,e,g) = eJg and, for n > 3, V{(n,e,g) =
{eJhp—oJhp_sJhp_g---hadh1Jg| h1, -+ ,hn_o € Pi(R)}.

(2) For an R-module Mp and x € M, |z| = ¢ means z € S;(M) —
Si—1(M).

Lemma 2.1.2. Let R be a perfect ring and let e, f € Pi(R) such that
S(rRf) is simple and gRe is a projective cover of S(rRf). Then the
following hold for any i € N:

(1) PFor a € Si(rRf) — Si—1(rRYf), there exist g € Pi(R) and a €
V{i,e,g) such that 0 # aga € S(rRf).
(2) Si(rR)fJf C Sica(rRS).

Proof. (1). Let a € S;(rRf) — Si—1(gRf). Then ga € S;(rRf) —
Si—1(rRf) for some g € Pi(R). We claim that there exists u; € J with
uiga € Si—1(rRf) — Si—2(grRf). Suppose that u;g ¢ Jg, then Rg =
Ruyg, and hence g = zuig for some x € R, from which ga = zujga €
Si—1(rRf), a contradiction. Then we can take h; € Pi(R) with 0 #
hiuiga € S;—1(rRf) — Si—2(rRf). Similarly we can take hy € Pi(R)
and ug € J for which houshjuiga € S;_2(rRf) — Si—3(rRf). Continuing
this procedure, we can take hy,ho, ..., h;_1 and uy,us,...,u;_1 € J such
that 0 # h;_qu;—1hi—ou;—2h;—3---hyuigaf € S(rRf). Here, since gRe
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is a projective cover of S(grRf), we can take e as h;—;. Thus putting
a = eu;—1hi—aui_oh;_3---hjuig, « € V{i,e,g) and 0 # aga € S(rRf).
(2). When i = 1: Suppose that S1(rRf)fJf # 0 and take a non-
zero element afjf € Si(rRf)fJf with j € J. Since S1(grRf) is simple,
we see S1(rRf) = S1(grRf)fjf; whence S1(rRf) = S1(rRf)(fjf)™ for
n =1,2,---, which contradicts the nilpotency of fjf. When i > 2: Sup-
pose that S;(gRf)fJf € Si—1(rRf) and take afjf € Si(rRf)fJf —
Si-1(rRf). Then gafif € Si(rRI)fIf — Si1(rRf) for some g € Pi(R).
Using (1) for gafjf, we can take a € V(i,e,g) such that aga € S(rRf)
and 0 # agafjf, a contradiction. D

Let e, f € Pi(R) such that (eR; Rf) is an i-pair. We say that (eR; Rf)
satisfies DCC' for left (resp. right) annihilators if the descending chain
condition holds for {l.r(X) | Xyrs € Rf}. Similarly the term (eR; Rf)
satisfies ACC for left (or right) annihilators is defined. Further we say that
(eR; Rf) satisfies the condition (o) (or (B)) if the following («) (or (3))
holds:

(a) rrfler(X) = X for any right fRf-submodule X of Rf¢ry.
(8) lerrrs(Y) =Y for any left eRe-submodule Y of .gceR.

The following lemma is easily shown.

Lemma 2.1.3. Let e, f € Pi(R) with (eR; Rf) an i-pair. Then the fol-

lowing are equivalent:

(1) ForanyYsrs C Xsrs C Rf, there exists r € eR such that Y =0
but rX # 0.

(2) For any g € Pi(R) and any Yrry € Xsry C gRf, there exists
r € eR such that Y =0 but rX # 0.

(3) rrpler(X) = X for any right fRf-submodule X of Rfyrys, i.e.,
(eR; Rf) satisfies the condition («).

(4) rgrplery(X) = X for any g € Pi(R) and any right f Rf-submodule

X Of RffRf .
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Proposition 2.1.4. Let R be a semiprimary ring and let e € Pi(R). If

eRpg is simple eR-injective, then S(eRg) is simple.

Proof. Lett € N with eJ!*! = 0 but eJ! # 0. Let Xg be a simple
submodule of eJ! and let S(eRr) = Xr ® Yr. Suppose Y # 0. Let
m: S(eRgr) = X @Y — X be the projection. Since eRp is simple eR-
injective, there exists 7 : eR — eR which is an extension of m. Since
Ker 7 # 0, we see that 7(eR) C eJ. It follows that 7(eR)J! = 0. Therefore
X =7(X) C 7(eJ') =0, a contradiction. Hence Y must be 0 and S(eRg)

is simple. O

Proposition 2.1.5. Let R be a semiprimary ring and let e € Pi(R). If
eRp is simple gR-injective for any g € Pi(R), then eRp is injective.

Proof. By Proposition 2.1.4, S(eRp) is simple. Let I be a non-zero
submodule of gRpr and let ¢ : I — eRpr be a homomorphism. We show
that ¢ can be extended to a homomorphism: gRr — eRgr. We take an
integer t; > 0 such that Ker ¢ D I.J"*+! but Ker ¢ 2 IJ%. Since p(IJ") =
S(eRR), there exists @1 : gRgr — eRpg such that @170 = @|pn. I
P11 = ¢, then @ is a desired homomorphism. Suppose that @1|r # ¢.
Put o2 = ¢ — (¢1]7) : I — eR. Then Kerypy D IJ%. Let t be an
integer such that Ker¢y D IJ%%! but Kergs 2 IJ*. Then ty < t; and
w2(IJ"2) = S(eRp). Hence there exists a homomorphism @5 : gR — eR
which is an extension of 2|7 sta. If Go|r = o, then ¢1 + @2 is a required
homomorphism. In the case when @a|; # 2, we consider p3 = po —(P2]7) :
I — eR and proceed with the same argument. Since this procedure must
finitely terminate, there exists n € N such that @1 +@2+---+@, : gR — eR

is an extension of ¢. D

Proposition 2.1.6. Let R be a semiprimary ring and let e, f € Pi(R)
such that (eR;Rf) is an i-pair. If (eR; Rf) satisfies the condition («),
then eRg is simple gR-injective for any g € Pi(R).
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Proof. Let g € Pi(R), A a submodule of gRgr and ¢ a homomorphism
from A to S(eRg). Put K = Keryp. Then Af 2 Kf. Hence, by the
condition(«), there exists r € eRg such that rA = S(eRp) but rK = 0.
This implies that ¢ = (r'r) for some 1’ € eRe by Lemma 2.1.1 (1) since
S(rRf) 2 T(rRe). O

Proposition 2.1.7. Let R be a semiprimary ring and let e, f € Pi(R). If
S(eRgr) 2 T(fRgr) and eRp is a simple gR-injective for any g € Pi(R),
then S(rRf) is simple, S(rRf) = RS(eRg)f and S(rRf) = T(rRe);
Therefore (eR; Rf) is an i-pair.

Proof. First we show that RS(eRpg)f is a simple left ideal. To show
this, we may show that, for non-zero elements z,y € RS(eRg)f, there
exists r € R with ro = y. For such z,y, we claim that an R-homomorphism
¢ : xR — yR can be defined by ¢(z) = y. Asssume that there exists r € R
such that r = 0 but yr # 0. Since y € RS(eRRg)f, we have f' € Pi(R)
such that f'Rr & fRg and yrf’ = yfrf’ # 0. Then there eixsts ' € R
such that frf'r’'f is a unit element in fRf because frf’ ¢ .J. Hence x # 0
induces xrf'r'f =xfrf'r'f # 0 and zr # 0, a contradiction. Since eRg is
simple eR-injective, ¢ = (¢), for some ¢ € eRe. Hence tz = y.

Next we show that RS(eRgr)f is an essential submodule of gRf. Let
0#rf e Rf, where r € R. Then 0 # grf € Rf for some g € Pi(R). Let
7 : fRr — S(eRpg) be an epimorphism and let (¢r)r, : fR — grfR. We
can take a homomorphism ¢ : grfR — S(eRg) with ¢(gr);, = m, ie., the
diagram

(97)r
fR—grfR
Nl
S(eRRg)
is commutative. Since eRp is simple gR-injective, ¢ can be extended to a
homomorphism ¢ : gR — eR. Hence there exists s € eRg with 0 # srf €
S(eRg). Thus RS(eRg)f is an essential submodule of Rf.
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Hence S(rRf) = RS(eRg)f C ReRf, from which we can easily see
that rRe is a projective cover of S(grRf) = RS(eRRg)f. O

Theorem 2.1.8. Let R be a semiprimary ring. For e € Pi(R), the fol-

lowing are equivalent:

(1) eRpg is injective.
(2) eRpg is simple gR-injective for any g € Pi(R).
(3) There exists f € Pi(R) such that (eR; Rf) is an i-pair and satisfies

the condition ().

Proof. (1) = (2). Trivial.
(2) = (1). This follows from Proposition 2.1.5.
(3) = (2).

(2) = (3). By Propositions 2.1.4 and 2.1.7, there exists f € Pi(R)
such that (eR; Rf) is an i-pair. Let g € Pi(R) and consider submodules
K¢ry € Agry C gRf such that A/Kygy is simple. Since S(eRg)frry is
simple by Lemma 2.1.1 (1), there exists a fRjf-homomorphism ¢ : A —
S(eRpg)f with Ker ¢ = K. Then we claim that the map ¢’ : AR — S(eRpg)
given by > air; — > @(a;)r; is well defined. If Y7 | a;7; = 0 but
Yo plag)r; # 0, then we can take s € R such that 0 # Y"1 | (a;)ris €
S(eRg)f. But it follows that 0 # >0 w(a;i)ris = doi, @la)risf =
S elairisf) = (31, airi)sf) = 0, a contradiction. Now, since eRg

This follows from Proposition 2.1.6.

is simple gR-injective, there exists r € eRg such that (r)p = ¢’. This
implies 7K = 0 but 74 # 0. Thus we see from Lemma 2.1.3 that (eR; Rf)

satisfies the condition («). O

Lemma 2.1.9. Let R be a semiprimary ring and let e, f € Pi(R) such
that (eR; Rf) is an i-pair and satisfies DCC for left annihilators. Then, for
any g € Pi(R) and any right R-submodules K and A of gRr with K C A
and K f # Af, there exists r € eRg such that rA # 0 but rK = 0.
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Proof. Since S(eRr) C. eRpr and S(fRr) = T(fRg), we see that,
for any r € eR, rKf = 0 implies rK = 0. Hence we may show that
there exists r € eRg such that rAf # 0 but rKf = 0. Further we may
assume that K f is a maximal right f R f-submodule of Af. Now (S, (rRf)N
Af)/(Sn—1(rRf) N Af)¢rys is semisimple by Lemma 2.1.2 (2) because it
is canonically isomorphic to a submodule of S, (rRf)/Sn—1(rRf)srs. We
put n = maz{|z| | z € Af } with respect to gRf. Then we can take zy €
Af — K f such that |zg| = n. Put V. =V{(n,e,g). If Kf C S,—1(rRf),
then, clearly, VK f = 0 but Vay # 0. Therefore we may consider the case
KfZ S,—1(rRf). In this case, we put Q = fRf and express Af as

Af =20Q +21Q + -+ + 2k Q + X e Tw@ + (Sn—1(rRRf) N Af),

where

(1) n=|zq| for any @ € {0,1,...,k}UQ,

(2) {z0Q,21Q,...,2,Q} U{2,Q | w € 2} is independent modulo
(Sn—1(rRRF) NV Af) Ry

(3) K 2DxzoJ(Q)+ Zle Q4 cqTw®, and

(4) ler({z1,22,... 2% }) = ler({z1, 22, ..., 25 }U{z0, | w ENQ}).

First we consider the case k =1 and Kf 2 S,,_1(rRf) N Af. Then
Kf=20J(Q)+21Q + X cq @+ (Sn-1(rRf) NAf)
CAf=20Q + 21Q + X eq Tw@ + (Sn—1(rRf) N Af).

Thus we may only show that there exists r € V such that rxy # 0 but
rxz; = 0. (By this r, rAf # 0 but rK f = 0.) Suppose that, for any r € V|
rzy = 0 implies rzg = 0. Since |xo| = |z1| = n, creVT1 = creVao by
rxy — rxg, where r € V. Now we can take v € V such that 0 # vAf. Then
vAf = eS(rRf) = S(creeRf) = S(eRfsry) which is a simple right fRf-
module. Therefore the kernel of the map (v); : Af — vAf is a maximal
right fRf-submodule of Af by Lemma 2.1.1 (2), (3). If z; € Ker(v),, then

vzy = 0 and hence vzg = 0. This implies that vAf = 0, a contradiction.
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Hence 1 ¢ Ker(v)r, and we have Af = z1Q + Ker(v)y. We write z¢ =
219 + vy, where ¢ € Q and y € Ker(v)r. Then we note that vz # 0
but vy = 0. On the other hand, since {2(Q, z1Q} is independent modulo
(Sn—1(RR)NAS)fry, |y | must be n. Hence cge V1 ZcgeVy by rey — ry,
where r € V. This contradicts the fact that vz, # 0 but vy = 0.

Next we consider the case k¥ > 2 and Kf 2 S,_1(rRf) N Af. We
only have to show that there exists r € V such that rzg # 0 but rz; =

reg = --- = rxy = 0. Suppose that, for any r € V, rz; = rzg = -+ =
rag = 0 implies rzyg = 0. Then we consider the map ¢ : V(zy, ..., xx)
(CVzy x - x Vay) — Vag given by r(x1, ..., zx) — rzg, where r € V.

By applying the argument above for
K" :=10J(Q) + 21Q + (Sn-1(rRf) N Af)
g_ A = ZL’()Q + 1’1@ + (Sn_l(RRf) N Af),

we can take 7 € V such that rzp = 0 but r’z; # 0. Thus
Kerp # 0. Suppose that V(x1,0,...,0) + V(0,22,0,...,0) + .-+ +
V(,...,0,2;-1,0,...,0) € Kery but V(0,...,0,2;, 0,...,0) € Ker.
Then there exists s € V such that (0, ...,0, sz, szi41, ...,sc,) € Kerp
and sz; # 0. We may assume that sx; # 0, ..., s211; # 0 and sxj4j41 =

- = sz = 0. We take pi4; € Q — J(Q) such that sz;;p;+i = sx; for
i=1,...,7 and put

T; for 1<i<lorl+j+1<i<k,
zip;—x for [+1<i<I[+j.

Then we see that, for any r € V, r(z1,...,2¢) = 0 iff r(2], ..., 2},) = 0,

and

K =x0J(Q) + 2?;1 xéQ + Zweﬂ 1,Q + (Sn—1(RRf) N AS).

And the kernel of the map ¢ : V(zf,...,2)) — Vo given by

r(zh, ..., x},) — rTo contains

V(z},0,...,0) + V(0,25,0, ...,0) +---+ V(0, ...,0,2,0, ...,0)
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since 5(0, ...,0,27,0...0) = s(0,...,0,2;,2;,,...7}) € Kery' induces
V(0,...,0,2,0,...,0) C Kery'. By this argument, we can assume that
V(z},0,...,0)+---+V(0,...,0,z}) C Ker¢'. But then Voo =Ime =0,
a contradiction.

Finally we consider the case that Kf 2 S,_1(grRf) N Af. Since
Af/Kfiry = S(eRr)frrys, there exists a homomorphism ¢ : Affpy —
S(eRg)ffrs such that Keryp = Kf. Let l; € N such that Kf DO
Su—1(rRRf) N Af but Kf 2 S, (rRf) N Af. Then Im|s, (nrf)nay =
RS(eRR)f. Put K1 = Ker(¢Y[s, (rrpnay)- Since K1 2 S, _1(rRf) N Af,
we see by above that there exists r € V(ly,e,g) such that (S, (rRf) N
Af) # 0 but rK; = 0. Since eRer(S;, (rRf) N Af) = (S, (rRf) NAf) =
RS(eRp)f, we can take 1’ € eRe such that ¢|s, (zrpnar = (1)L
(: S, (rRf)NAf — S(eRg)f). Put s; = r'r and we consider (s1), :
Afrry — S(eRg)frry- It ¥ = (s1)r, then s1Af # 0 but s1Kf = 0,
ie., s is a desired element in eRg. Suppose that ¥ # (s1); and put
1 =1 — (s1)r. Then ¢4 (S, (gRf) N Af) = 0. We take lo (> I1) such that
1S, (RRF)NAS) # 0 but ¥1(S;,—1(gRf)NAf) =0. Then, as above, we
can take sy € eRg such that @ZJ1|512(RRf)mAf = (52)L|Sl2(RRf)ﬁAfa where we
let (s2)r : Af — S(eRg)f. If 1 = (s2)r, then s; + so is a desired element.
When 91 # (s2)r, we proceed further. But this procedure must finitely

terminate. Therefore we can take a desired element in eRg. O

Corollary 2.1.10. Let R be a semiprimary ring and let e, f € Pi(R). If
(eR; Rf) is an i-pair and satisfies DCC for left annihilators, then (eR; Rf)

satisfies the condition ().

Proof. This follows from Lemmas 2.1.3 and 2.1.9. ]

Remark 2.1.11.

(1) Let e, f € Pi(R) such that (eR;Rf) is an i-pair. If .peeR is
artinian, then (eR; Rf) satisfies for DCC for left annihilators.
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(2) In Lemma 2.1.9, in view of the proof, the following fact holds
without the assumption that (eR; Rf) satisfies for DCC left anni-
hilators: For any g € Pi(R) and any submodules K and A of gRp
with K C A and Kf # Af, where K and A are finitely generated,
there exists r € eRg satisfying rA # 0 but rK = 0.

Proposition 2.1.12. Let R be a semiprimary ring and let e, f € Pi(R)
such that (eR; Rf) is an i-pair. If (eR; Rf) satisfies DCC for left anni-
hilators, then Rfrry is artinian and (eR; Rf) satisfies the condition (a);
whence (eR; Rf) satisfies DCC for right annihilators, .geeR is also artinian
and (eR; Rf) satisfies the condition (3).

Proof. We may show that Rf;ry is noetherian by Corollary 2.1.10.
Assume that there exists an ascending chain Iy C Iy C --- of submod-

ules of Rffry. Then there exists g € Pi(R) such that gI; C gl C ---.

Hence there exists n € N such that lcgry(9ln) = lerg(9lnt1) = -+ by the
assumption since lerg(gl1) 2 lery(gl2) 2 ---. However, by Lemma 2.1.9,
lerg(91n) # lerg(9In+1), a contradiction. O

Theorem 2.1.13. Let R be a semiprimary ring and let e, f € Pi(R) such
that (eR; Rf) is an i-pair. Then the following are equivalent:

(1) Rfyry ts artinian.
(2) creeR is artinian.

(3) eRgr and rRf are injective.

Proof. We may show (2) < (3).

(2) = (3). This follows from Theorem 2.1.8, Remark 2.1.11 and Propo-
sition 2.1.12.

(3) = (2). Suppose that both eRg and gRf are injective. Let g €
Pi(R) and put X; = S;(rRf) NgRf for each i = 0,1,2,.... We may
show that X; is noetherian as a right fRf-module for any i. Assume that
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X1, Xo, ..., Xk_1 are noetherian but X}, is not so. We put X = Xj/Xp_1.
Since X; is a semisimple right fRf-module by Lemma 2.1.2 (2), we write
X as X = @aeaTafRf, where 7, € X}, and each T, fRfsrys is simple.
For each o € A, put M, = an+Zﬁ€A7{a} 23fR+X,_1R. Then M, is a
maximal right R-submodule of Xy R with Xy R/M, = T(fRgr) = S(eRRg).
Since eRp is injective, there exists y, € eRgNeJ*~! such that 0 # yazq €
S(eRg) but yo M, = 0. Then we claim that {Rys}aca is independent
modulo J¥g. Let & = 1Yo, +  +T"n¥Ya, € RYa,+- -+ RYya,, where r; € Re,
a; € A and oy # o if @ # j, and suppose that £ € Jkg. Since TiYo; Ta; =0
ifi# 7,0 # Yo, Ta,; (€ S(eRR)) and £z, = 0, we see that r; € J for any 1.
Hence each r;y,, lies in J¥g as desired. Take any o/ € A. Since { Ry taca is
independent modulo J*g, we also see that {Rya } U{R(yar — y5)} ger—{a'}
is independent modulo J*g. Put T = Ry, + Zﬁe\f{a,} R(yar —yp) + J*g
and W = Jyar + 3 5ep— (o) B(Yar —yp) + J¥g. Then T/W is a simple left
R-module with T/W = T(gRe) = S(rRf). Since rRf is injective, we can
take x € gRf such that Tz # 0 but Wz = 0. Since yo -z # 0 but J*z = 0,
we see that z € Xj, — Xj—1. We express z as © = x4, 7] + -+ + Tar 7y, + 2,
where r; € fRf, o € A and z € Xj_1. Since ypz # 0 but Wz = 0,
we see that 0 # yoz = ygx for any 8 € A. As A is an infinite set, we
can take an element 8 € A — {a},...,a),}. Then 0 # ygx but ygzr =

YsTa) Ty + -+ ysra 1, = 0, a contradiction. This completes the proof. O

Theorem 2.1.14. Let R be a semiprimary ring and e, f € Pi(R). Assume
that (eR; Rf) is an i-pair and .geeR is artinian. Then the following hold:

(1) Both creeRf and eRfyry are injective.
(2) There exists a duality between eRe-FMod and FMod-fRf.

Proof. (1). By Theorem 2.1.13, Rf;gy is also artinian. Let I be a right
ideal of fRf and let ¢ : I — eRf¢rs be a homomorphism. Since S(eRpg) =
T(fRg), we can see that ¢ canonically extends to a homomorphism ¢’ :

IRrp — eRg. Because eRp is injective, there exists <,5’ : fR — eR which is
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an extension of ¢’. Then the restriction map ¢’ |fry is an extension of ¢.
Hence eRf¢Rry is injective. Similarly we can show that .r.eRf is injective.
(2). Since eRftrs (resp. creeRf) is a finitely generated injective

cogenerator, we may show by the Azumaya-Morita Theorem 1.1.10 that
Endsrr(eRfrrs) = eRe and Endege(creeRf) = fRf.

We define ¢ : eRe — Endsr¢(eRffry) by ere — (ere)r for r € R. If
0 # ere, then we can take s € eRf such that 0 # eres € S(eRgr)f =
S(eRfrry). Hence ¢ is a monomorphism. Let v € Endsrs(eRffry). Since
S(eRg) 2 T(fRRr), o extends to a homomorphism o’ : eRp — eRp defined
by xr — a(z)r, where x € eRf and r € R. Because eRp is injective,
there exists u € eRe such that (u), = o’. Hence ¢ is an epimorphism.
Accordingly eRe = Endygrr(eRfrry). Similarly fRf = Endege(creeRf).O

Example 2.1.15. Let D and F be division rings with D C F'. We put

DDF 00F
S=(obDF], T=1{(000
00D 000

Then S becomes a ring and T is an ideal of S. We see that S/T is a

semiprimary ring. Put

100 000
e=1000] +5, f=1o10]|+5
000 000

Then Rfrrs and geeR are artinian and (eR; Rf) is an i-pair. Therefore
both eRp and grRf are injective. If F' is infinite dimensional over D, then

R is neither left nor right artinian.

2.2 M-Simple-Injective and Quasi-Simple-Injective Mod-
ules

In this section and Sections 2.3-2.5, we further develop Fuller’s Theorem in

a more general setting.
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An R-module M is called local (resp. colocal) if the Jacobson radical
J(M) of M is small and the top T (M) of M is simple (resp. the socle
S(M) of M is simple and essential in M). A bimodule pMg is called

colocal if both g M and Mg are colocal.

The following proposition gives a particular instance of when M-simple-

injectivity implies M-injectivity.

Proposition 2.2.1. Let M and N be right R-modules with S(Ng) =
T(fRg) for some f € Pi(R). If N is M-simple-injective and either
L(N frry) < oo or L(M frry) < oo holds, then N is M -injective.

Proof. Suppose that L(N ffry) < oo (resp. L(M fyry) < 00). Let M’
be a submodule of M and ¢ € Homg(M', N). Put N; = o= (Si(N frrs)R)
(resp. M; = S;(M’fsrs)R) for any i € N.

By assumption, we have ¢1 € Hompg(M, N) such that ¢1 |n, = ¢|n,
(resp. P1|m, = @lny). Next set w2 = |y, — ¢1]n, € Homp(Na, N)
(resp. @2 = @lamy — @1|m, € Homp(Ma, N)). If po # 0, there exists
@2 € Homp(M, N) such that @s |n, = @2 (vesp. P2 |n, = @2). If w2 =0,
set 92 = 0. Furthermore, let ¢35 = @|n, — (§1 + P2) [N, (resp. w3 =
©|ms — (@1 + P2) |a,) and repeat this argument.

As a consequence, we get ¢ = @1 + -+ + @, € Homp(M,N) with

@lmr = . |

Next we give a lemma which plays an important role in showing M-

simple-injectivity in §2.2.

Lemma 2.2.2. Let M and N be right R-modules with S(N) essential in N
and [ an idempotent of R with S(N)fR = S(N). If ¢, ¥ € Homg(M, N)
such that ¢ |arf =¥ |y and Ima) is semisimple, then ¢ = ).

Proof. Let f = fi+---+ f, be a decomposition into orthogonal primi-
tive idempotents of R and let {e;}; be a complete set of orthogonal prim-

itive idempotents of R. We may assume that there exists m’ € {1, ..., m}
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with {e;}7, = {ei | rRe; = grRf; for some j € {1,...,n}}. Put
e = Zzl ei. Then ¢|rpe = ¥ |me since Me C MfR. We now claim
that ¢(z)(1 —e) = 0 for any « € M. Assume on the contrary that
@(x)(1—e) # 0. Then there is an r € R with 0 # ¢(z)(1—e)r € S(N) since
S(N) C. N. Further S(N)e = S(N) because S(N)fR = S(N). There-
fore 0 # p(z)(1 — e)re = p(z(1 — e)re) = Y(z(1 — e)re) = P(x)(1 — e)re €
S(N)(1—e)re = S(N)e(1l—e)re = 0, a contradiction. Hence, for any © € M,
o) = ple)e + p@)(1 - €) = pla)e = pl(ze) = Blae) = Y(z)e = B()
since Imy C S(N) = S(N)e. O

Theorem 1.1.23 provided characterizations of quasi-injective modules
and quasi-projective modules. Now we note two further results on quasi-
projective modules. For their details, see, for instance, [64, 5.4.10 Proposi-
tion, 5.4.11 Theorem and 5.4.12 Theorem].

(1) Let R be a ring, g an idempotent of R and X a left gRg-right
R-subbimodule of gR. Then gR/X is a quasi-projective right R-
module.

(2) Conversely, let M be a quasi-projective right R-module with a
projective cover ¢ : gR — M, where g is an idempotent of R.
Then Ker ¢ is a left gRg-right R-subbimodule of gR and, if M is
an indecomposable module, g € Pi(R).

An R-module M is called quasi-simple-injective if M is M-simple-
injective.

Now we give a characterization of indecomposable quasi-projective

quasi-simple-injective modules.

Lemma 2.2.3. Let M be an indecomposable quasi-projective quasi-simple-
injective right R-module with a projective cover ¢ : eR — M, where e is an
idempotent of R. If S(MRg) # 0, then S(Mg) is simple.

Proof. Put K = Kerp. Then K is a left eRe-right R-subbimodule of
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eR, End(Mp) = eRe/Ke and End(Mpg) is a local ring. Let S be a simple
submodule of eR/Kg (& Mpg). Then we may show that S = S(eR/KRg).
Suppose that S C S(eR/Kpg). Let m : S(eR/Kr) — S be a projection.
Since eR/Kr = Mg is quasi-simple-injective, there exists € eRe with
(#)L|s(er/Kr) = ™, where we consider (x); € End(eR/Kpg). Then (z)r
is not isomorphic because 7 is not monic. Hence x € eJe. Therefore
(e —x) + Ke is a unit element in eRe/Ke. But we consider (e — x) €
End(eR/KpR), and (e — x)(S) = 0+ K, a contradiction. O

Finally in this section, we establish a basic property of the quasi-
projective right R-module eR/l.r(Rf), where e, f € Pi(R). In the next

section, we study the injectivity of this module.

Lemma 2.2.4. Let e, f € Pi(R) with eRf a colocal right fRf-module.
Then eR/l.r(Rf)r is a local right R-module with S(eR/l.r(Rf)r) =
T(fRr).

Proof. Take 0 # s € S(eRffry). We have a right R-epimorphism 1 :
sR — T(fRg). Let ¢ : eR — E(T(fRg)) be an extension homomorphism
of 1. Then we claim that Ker¢y = ler(Rf). Assume that there exists
z € Kerth — log(Rf). Then 0 # zRf C eRf and hence s € S(eRfrry) C
zRf C Ker1) since S(eRfrrys) is simple and essential in eRf. But ¢(s) #
0, ie., s ¢ Ker 77/;, a contradiction. Conversely assume that there exists
z € lop(Rf) — Kery. We have r € R with 0 # 9(z)r € T(fRg). Then
we may assume that xr € eRf, so zr does not annihilate f. But xr €
ler(Rf), a contradiction. Hence S(eR/l.r(Rf)r) is simple and essential in
eR/l.r(Rf) with S(eR/l.r(Rf)r) =2 T(fRR). O

2.3 Simple-Injectivity and the Condition a.,[e, g, f]

In this section, we characterize M-simple-injective modules and quasi-

simple-injective modules.
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For any e, f € Pi(R) and any idempotent g of R, we say that R sat-
isfies aw[e, g, f] (or «ile,g, f]) 1if the following condition «.[e, g, f] (or
aqle, g, f]) holds:

arle,g, f] © rgrflerg(X) = X for any right fRf-module X with
rorf(eRg) € X C gRf.

aile,g, f1 © lergrgrf(X) = X for any left eRe-module X with
lerg(gRf) € X C eRg.

We may easily obtain the following characterization of «.le, g, f] (resp.

al[e?g7 f])

Lemma 2.3.1. Let e, f € Pi(R) and g an idempotent of R. Then the

following are equivalent:

(1) R satisfies a.le, g, f] (resp. ayle, g, f]).

(2) There exists a € eRg such that aX = 0 but aY # 0 for any
right fRf-modules X andY with X CY C gRf/ryrs(eRg) (resp.
there exists a € gRf such that Xa = 0 but Ya # 0 for any left
eRe-modules X andY with X CY C eRg/lcry(gRf)).

Let e, f € Pi(R). We say that (eR; Rf) is a colocal pair (abbreviated
c-pair) if crceRfrrys is a colocal bimodule.
In the following proposition, we further characterize a,[e,g, f] using

simple-injectivity.
Proposition 2.3.2. Let (eR; Rf) be a c-pair and g an idempotent of R.

(1) Consider the following two conditions:
(a) R satisfies a,le, g, f].
(b) The quasi-projective module eR/l.r(Rf)r is gR/r4r(eRg)-
simple-injective.
Then (a) = (b) holds and if the ring fRf is right or left perfect,
the converse also holds.

(2) The following are equivalent:
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(a) The quasi-projective module eR/l.r(Rf)r is gR/lgr(Rf)-
stmple-injective.
(b) Condition (1) (b) holds and ryrf(eRg) = 0.

Proof. (1). (a) = (b). Let I be aright R-submodule of gR/r,r(eRg)
and let ¢ be a homomorphism Ir — eR/l.r(Rf)r with Im ¢ simple. Con-
sider the restriction map ¢|7; : If — S(eR/ler(Rf)r)f = S(eRfiry)-
Since R satisfies a,[e, g, f], we have y € eRg such that yKer(plz,) = 0
but yI # 0. Then, since the left eRe-module S(eRfsrf) (= S(ereeRf))
is simple and essential in .geeRf by Lemma 2.1.1 (3) and its proof,
there is ¥’ € eRe such that ¢ ‘Tf = (y'y)r as right fRf-homomorphisms
I — S(eRfyryf). Consider (y'y)r, € Homgr(gR/rgr(eRg), eR/ler(Rf)).
Then ¢ = (y'y)r |7 by Lemmas 2.2.2 and 2.2.4. Therefore eR/l.r(Rf) is
gR/r4r(eRg)-simple-injective.

() = (a). Let X and Y be right fRf-modules with ryrf(eRg) C
X C Y C gRf. We must show that there exists r € eRg such
that X = 0 but Y # 0 by Lemma 2.3.1. We may assume that
Y/X is a simple right fRf-module since the ring fRf is right or
left perfect (see, for instance, [5, 28.4. Theorem]). Then we have a right
fRf-epimorphism ¢ : Y — S(eR/l.r(Rf)r)f with Kerp = X since
S(eR/ler(Rf)r)f = S(eRffry) is a simple right fRf-module. We
claim that we can define a right R-epimorphism ¢ : YR/ryrf(eRg)R —
S(eR/ler(Rf)r) by >y airi+rgrs(eRg)R — Y i, p(a;)ri, wherea;, € Y
and r; € fR. Assume that > . ; ¢(a;)r; # 0. There exists s € Rf with
0 # O ¢la)ri)s € S(eR/ler(Rf)r)f by Lemma 2.2.4. Then (0 #)
(0 pladrs)s = S elars = o(S aims) = w(Sly am)s).
Hence Y7, a;r; & ryrs(eRg)R because Kerp = X D rygs(eRg). Fur-
ther we have a right R-isomorphism 7 : (YR + ryr(eRg))/rqr(eRg) —
YR/rqrs(eRg)R since (YR+r4r(eRg))/ rgr(eRg) 2 YR/(Y RNryr(eRg))
and YR Nrgr(eRg) = ryrr(eRg)R. Therefore there exists r € eRg with
(r)r = ¢n because eR/l.r(Rf)r is gR/ryr(eRg)-simple-injective. Then
rX =0 but rY #0.
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(2). (a) = (b). Let I be aright R-submodule of gR with I 2 ryr(eRg)
and let ¢ € Hompg(I/ryr(eRg), S(eR/ler(Rf)r)). By Lemma 2.2.4
we may define a right R-homomorphism v : (I + l4r(Rf))/lgr(Rf) —
S(eR/ler(Rf)r) by = + lgr(Rf) — @(x + rgr(eRg)) for € I. Then,
because eR/l.r(Rf)r is gR/lgr(Rf)-simple-injective, there exists a € eRyg
with (@)L |(141,r(RF))/1,r(RS) = ¥> Where we consider (a)r, : gR/lyr(Rf) —
eR/ler(Rf). Now define a right R-homomorphism ¢ : gR/ryr(eRg) —
eR/ler(Rf) by g+ rgr(eRg) — a + ler(Rf). Then ¢(z + rgr(eRyg)) =
az + ler(Rf) = (a)r(z + lgr(Rf)) = ¥(z + lgr(Rf)) = o(z + rgr(eRg))
for any « € I. Therefore eR/l.r(Rf)r is gR/ryr(eRg)-simple-injective.

Suppose that there exists a non-zero element = € 7r4rs(eRg).
Then we have a right R-epimorphism & : (zR + lgr(Rf))/lgr(Rf) —
S(eR/ler(Rf)r) since T(xRg) = T(fRg). Therefore, because
eR/ler(Rf)r is gR/lyr(Rf)-simple-injective, there exists a € eRg with
(a) = &, where we consider (a)r : (zR + lGr(Rf))/lgr(Rf) —
S(eR/ler(Rf)r). Then ax # 0. This contradicts the fact that = €
rerf(eRg).

(b) = (a). Let I be a right R-submodule of gR with I D [ r(Rf)
and let ¢ € Homg(I/lyr(Rf)r,S(eR/lcr(Rf)r)). Then we may define a
right R-homomorphism ¢ : (I + ry4r(eRyg))/rqr(eRg) — S(eR/l.r(Rf)r)
by z+ryr(eRg) — ¥(z+1lyr(Rf)) for z € I because the assumptions that
rorf(eRg) =0 and S(eR/l.r(Rf)r) = T(fRr) induce ¢ (y+1l4r(Rf)) =0
for any y € I Nryr(eRg). Since eR/l.r(Rf)r is gR/ryr(eRg)-simple-
injective, there exists a € eRg with (a)r |(14ryr(eRg))/ryr(eRg) = 5 Where
we consider (a)r, : gR/rgr(eRg) — eR/l.r(Rf). Next define the right
R-homomorphism v : gR/l,r(Rf) — eR/l.r(Rf) by g + lyr(Rf) — a +
ler(Rf). For any z € I, P(x + lyr(Rf)) = ax + l.r(Rf) = (a)p(z +
ron(€Rg)) = 9z + ryn(eRg)) = 6(x + lyn(RS)). Therefore eR/len(Rf)n
is gR/lyr(Rf)-simple-injective. ]

The following lemma is used to simplify later proofs.
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Lemma 2.3.3. Let h € Pi(R), g an idempotent of R and H a right
R-submodule of gR. If I is a gR/H-simple-injective right R-module with
S(Ir) = T(hRR), then, for each non-zero elementt € gRh — H and each

non-zero element s € S(Ir)h, there is an x € I such that xt = s.

Proof. T(hRg) = tR/tJ since t € Rh. Thus we have a right R-
epimorphism ¢ : (gR + H)/H — S(Ig). Define an automorphism 7 :
S(Ir) — S(Ig) by ¢(t + H) — s. Then we have an extension right R-
homomorphism ¢ : gR/H — I of np. Put ¢ = (g + H). Then at =
Qg+ H)t=p(t+H)=ne(t+H) =s. O

Now we have a characterization of indecomposable quasi-projective
quasi-simple-injective modules. Here a.[e, e, f] and «yfe, f, f] play an im-
portant role. By their definition and Lemma 2.3.1, it follows that R
satisfies e, e, f] (resp. aile, f, f]) if and only if repplere(X) = X for
any right fRf-submodule X of eRf (resp. leryrsry(Y) =Y for any left
eRe-submodule Y of eRf), or equivalently, there exists a € eRe such
that X = 0 and aY # 0 for any right fRf-modules X and Y with
X CY C eRf (resp. there exists a € fRf such that Xa =0 and Ya # 0
for any left eRe-submodules X and Y with X CY C eRf).

Now for the promised characterization. It will used later to establish

more important results.

Proposition 2.3.4. Let R be a left perfect ring and e, f € Pi(R) with
eRf # 0. The following are equivalent:

(1)  The quasi-projective module eR/l.r(Rf)r is quasi-simple-
injective.
(2) (a) (eR;Rf) is a c-pair, and
(b) R satisfies a.[e, e, f].

Proof. (1) = (2). (a). S(eR/l.r(Rf)r) = T(fRr) by Lemma
2.2.3 since eRf # 0. Take s € eRf with l.gr(Rf) # s+ l.r(Rf) €
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S(eR/ler(Rf)r). Then sfRf is a simple right fRf-submodule of eRf.
Moreover sfRf is an essential right fRf-submodule of eRf since (s +
ler(Rf))R = S(eR/ler(Rf)R) is an essential simple right R-submodule of
eR/ler(Rf). Therefore sfRf = S(eRfrry) (and it is a simple right fRf-
module). Further S(eRffrys) is also a left eRe-submodule of eRf. Also,
for any non-zero t € eRf, applying Lemma 2.3.3 (to I = eR/l.gr(Rf),
H = l.r(Rf), h = f and g = e) we have x € eRe such that zt = s,
ie., S(eRfrrs) = sfRf is an essential simple left e Re-submodule of eRf.
Therefore S(creeRf) = S(eRfrry) (and it is a simple left e Re-module).

(b). This follows from Proposition 2.3.2 and (a) above.

(2) = (1). This follows from Proposition 2.3.2. O

Next we characterize indecomposable projective quasi-simple-injective

modules and indecomposable quasi-projective R-simple-injective modules.
Theorem 2.3.5.

(1) The following are equivalent for a right perfect ring R and [ €
Pi(R):
(a) RrRf is quasi-simple-injective.
(b) There exists e € Pi(R) such that
(i) S(rRf) is simple and essential in rRf with S(grRf) =
T(RRG),
(1) S(eRfrry) is simple and essential in eRfrry, and
(#i1) R satisfies ayle, f, f].
(2) The following are equivalent for a left perfect ring R and e, f €
Pi(R):
(a) The quasi-projective module eR/l.r(Rf)r is R-simple-
1njective.
(b) (i) S(rRf) is simple and essential in rRf with S(rRf) =
T(RRG),
(13) S(eRfrry) is simple and essential in eRfrry, and
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(791) R satisfies ayle, e, f].

Proof. (1). This follows from Proposition 2.3.4 and Lemma 2.2.3.

(2). (a) = (b). eR/l.r(Rf)r is quasi-simple-injective since it is R-
simple-injective. Thus (ii) and (iii) hold and S(creeRf) is also simple and
essential in eRf by Proposition 2.3.4. Therefore S(cgeeRf) = S(eRfrry)
by Lemma 2.1.1 (3). Further S(eR/l.r(Rf)r)f = S(eRftrs) by Lemma
2.1.1 (1) because S(eR/l.r(Rf)r) = T(fRr) by Lemma 2.2.4. Let s be a
non-zero element of S(.gre.eRf). Then, for any ¢t € Rf, applying Lemma
233 (to I = eR/l.r(Rf),H = 0,h = f and g = 1), we have a non-zero
x € S(eRfsrys) such that at = s since s € S(eR/l.r(Rf)r)f. Therefore
R S(creeRf) is an essential simple left R-submodule of Rf, establishing
(i).

(b) = (a). Let I be a right ideal of R and let ¢ : I — eR/l.r(Rf)
be a right R-homomorphism with Im¢ simple. Consider the right fRf-
epimorphism ¢ |7 : If — S(eR/l.r(Rf)r)f = S(eRftryf). Now elf #
0 since S(rRf) = T(rRe). Therefore we have y € eRe such that
y - Ker(¢lrf) = 0 and yIf # 0 by Lemma 2.3.1. Then there exists
y'" € eRe such that (y'y)r = ¢|rs because S(eRffry) = S(creeRf) is
a simple left eRe-module. Consider (y'y)r, € Homg(Rg,eRg) and put
¢ =7(y'y)r € Homgr(Rg,eR/l.r(Rf)r), where m : eR — eR/l.r(Rf) is
the natural epimorphism. Then ¢ |;y = @ |75 since ¢ |1y = (y'y)r. There-
fore ¢ = ¢|r by Lemma 2.2.2. Hence eR/l.r(Rf)r is R-simple-injective.0

The following important characterization of indecomposable projective
R-simple-injective modules now follows from Theorem 2.3.5 (2) and Lemma
2.2.3.

Corollary 2.3.6. Let R be a left perfect ring and e € Pi(R). Then the

following are equivalent:

(1) eRp is R-simple-injective.
(2) There exists f € Pi(R) such that
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(a) (eR;Rf) is an i-pair, and
(b) R satisfies a,le, 1, f].

Using Corollary 2.3.6 and Proposition 2.2.1, we have the following corol-
lary, which establishes Theorem 2.B (a).

Corollary 2.3.7. Let R be a semiprimary ring and let e € Pi(R). Then

the following are equivalent:

(1) eRpg is injective.
(2) There exists f € Pi(R) such that

(a) (eR;Rf) is an i-pair, and
(b) R satisfies a,le, 1, f].

Remark 2.3.8. If R is a semiprimary ring then, using Proposition 2.2.1,
we may replace the terms “quasi-simple-injective”, “M-simple-injective”
and “R-simple-injective” in Propositions 2.3.2 and 2.3.4 and Theorem 2.3.5

by “quasi-injective”, “M-injective” and “injective”, respectively.

We now present a proposition which is frequently used in later chapters.

Proposition 2.3.9. (cf. Lemma 2.1.1 (4)) Let R be a left perfect ring
and e, f € Pi(R) such that eRp is colocal and fRpg is a projective cover of
S(eRg). If eRg is R-simple-injective, then the following hold:

(1) (eR;Rf) is an i-pair,
(2) S(eRr)f = S(eRfsrs) = S(ereeRf) = eS(rR[).

Proof. (1). This follows from Corollary 2.3.6.

(2). From (a), we see that (eR; Rf) is a c-pair. Therefore S(eRfirs) =
S(ereeRf) by Lemma 2.1.1 (3). In consequence, we have S(eRg)f =
S(eRfrrs) = S(creeRf) = eS(rRf) from Lemma 2.1.1 (2). DO
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2.4 ACC on Right Annihilator Ideals and the Condition
aT[e,g, .f]

In Proposition 2.3.4, Theorem 2.3.5 and Corollary 2.3.6, we studied the
simple-injectivity of modules using the condition a.[e, g, f] (or aqle, g, f]).
We say that a ring R satisfies ACC on right annihilator ideals if ACC holds
on {rg(X) | X is a subset of R}. In this section we show that, if R is a
semiprimary ring which satisfies ACC on right annihilator ideals, then we
can remove the conditions a..[e, g, f] and a;le, g, f] from Theorem 2.3.5 and
its Corollary. This will be established in Corollaries 2.4.4, 2.4.5 and 2.4.6.

First we note the following lemma.

Lemma 2.4.1. If R is a right perfect ring and satisfies ACC on right

annshilator ideals, then R is a semiprimary ring.

Proof. We must show that there exists n € N with J" = 0. Consider
the ascending chain rg(J) C rg(J?) C rg(J3) C ---. By assumption, there
exists n € N with rg(J") = rr(J"*!). Suppose that rg(J") # R. Then
S(rR/rr(J™)) # 0 since R is a right perfect ring. Thus we have a left ideal
I (2 rr(J")) with I/rg(J") = S(rR/rr(J")). Then I C rg(J") (=
rr(J™)), a contradiction. Therefore rg(J") = R, ie., J" =0. O

For e, f € Pi(R) and an idempotent g of R, we put

Arle, g, fl ={ Xsry (S gRS) | rgrlerg(X) = X },
and

Aile, g, f] = {creX (S eRg) | lergrgrs(X) = X }.

We note that, by the definitions of a..[e, g, f] and «;[e, g, f], the following
hold:

(1) R satisfies ayle,g, f] if and only if A,le,g,f] = {Xsrs |
rerf(eRg) € X C gRf },

(2) R satisfies ayle, g, f] if and only if Ajle,g,f] = {ecreX |
lerg(gRf) C X CeRg}.
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Lemma 2.4.2. Let (eR; Rf) be a c-pair, g an idempotent of R and X, Y
right fRf-modules with rgrs(eRg) € X CY C gRf. If the right fRf-
module Y/ X is simple and X € A.[e, g, f], then the following hold:

(1) eRe eRg( )/leRg( )ZS simple.
(2) YeAlegyf]

Proof. (1). Takey € Y — X. Then Y = yfRf + X. We
claim that l.ge(X)yfRf = S(eRfrry). Since Y 2 X = ryrslery(X),
lerg(Y) € lerg(X), and hence 0 # lcpg(X)Y = lerg(X)yfRf. Further
YfJf C X since Y/X gy is simple, and hence lopy(X)yfJf = 0. There-
fore lerg(X)yfRf = S(eRfsry). Hence lerg(X)y = S(creeRf) by Lemma
2.1.1 (3). Hence lerg(X)/lerg(Y) is simple as a left eRe-module since
(Wr :lerg(X)/lerg(Y) — lery(X)y is an isomorphism.

(2 lerg(Y) € leng(X) with cre(leny(X)/lory (V) simple by (1)
Then, since l.gye(Y) € Ajle, g, fl, (rgrflerg(Y)/Tgrflerg(X))sry is sim-
ple by (1). Hence we see that Y = rypflery(Y) since rgrflery(X) = X C
Y Cryrplerg(Y) and Y/ X gy is simple. O

By Lemma 2.4.2 we see that, if (eR; Rf) is a c-pair, every right fRf-
submodule X (2 ryrs(eRg)) of gRf with | X/ryrs(eRg) fry| < oo is an
element of A,[e, g, f]. If we further assume that ACC holds on { rgrs(I) | I
is a left e Re-submodule of eRyg }, the following proposition shows that every
right fRf-submodule X (2 ryrs(eRg)) of gRf is an element of A,[e, g, f],
ie., R satisfies a,[e,g, f].

Proposition 2.4.3. Let (eR; Rf) be a c-pair and g an idempotent of R. If
ACC holds on {rgrs(I) | I is a left eRe-submodule of eRg } (equivalently,
DCC holds on {lerg(I') | I is a right fRf-submodule of gRf }) and fRf
is a left perfect ring, then the following hold:

1 | (ng/Tng(eRg))fRf | < o0.
(2) R satisfies a,[e, g, f].



62 Classical Artinian Rings and Related Topics
Moreover, if eRe is a right perfect ring, then R also satisfies ayle, g, f].

Proof. Put B = {Xjrs | rgrr(eRg) € X C gRf and
| (X/rgrs(eRg))frs| < oo }. Then B C A,le, g, f] by Lemma 2.4.2. There-
fore we have a maximal element M in B because ACCholds on {r4r¢(I) | I
is a left eRe-submodule of eRg }. We claim that M = gRf. If not, we have
a submodule Y of gRf¢rs such that M C Y and Y/Mygy is simple since
fRf is a left perfect ring. Then Y € B. This contradicts the maximality
of M, and hence (1) holds. Moreover A,[e,g, f] = { Xrrs | rgrr(eRg) C
X CgRf}. Hence (2) also holds.

We further assume that eRe is a right perfect ring. By (1) DCC holds
on {rgrf(I) | I is a left eRe-submodule of eRg }. Then {l.ry(I") | I' is a
right fRf-submodule of gRf } satisfies ACC. Hence, by applying the above
argument with left and right interchanged, we see that R satisfies aye, g, f].

O

We now give some useful corollaries. Corollaries 2.4.5 and 2.4.6, in

particular, play important roles in §3.3.

Corollary 2.4.4. Let R be a semiprimary ring which satisfies ACC on
right annihilator ideals and e, f € Pi(R) with eRf # 0. Then the following

are equivalent:

(1) rRf/rrf(eR) is quasi-injective.
(2) eR/l.r(Rf)r is quasi-injective.
(3) (eR; RYf) is a c-pair.

Proof. (1) or (2) = (3). These follow from Proposition 2.3.4.

(3) = (1) and (2). Since ACC holds on right annihilator ideals, R
satisfies both ayle, f, f] and a,[e, e, f] by Proposition 2.4.3. Hence (1) and
(2) hold by Proposition 2.3.4 and Remark 2.3.8. O

Corollary 2.4.5. Let R be a semiprimary ring which satisfies ACC on
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right annihilator ideals and e, f € Pi(R). Then the following are equiva-

lent:

(1) grRf is quasi-injective with S(rRf) =2 T(rRe).
(2) eR/ler(Rf)r is injective, i.e., eR/l.r(Rf)r = E(T(fRRr)).
(3) (i) S(rRf)=T(rRe), and

(it) S(eRffry) is simple.

Proof. This follows from Proposition 2.4.3, Theorem 2.3.5 and Remark
2.3.8. D

Corollary 2.4.6. Let R be a semiprimary ring which satisfies ACC on
right annihilator ideals and e, f € Pi(R). Then the following are equiva-

lent:

(1) grRf is injective with S(rRf) =2 T(rRe).
(2) eRpg is injective with S(eRg) 2 T(fRR).
(3) (eR; Rf) is an i-pair.

Proof. This follows from Proposition 2.4.3, Corollary 2.3.6 and Remark
2.3.8. ]

2.5 Injectivity and Composition Length

In the previous sections, we observed the relationships between
M-(quasi-)injectivity and the notions of a c-pair, an i-pair and an inter-
mediate condition. In this section, we assume that (eR; Rf) is a c-pair or
an i-pair and consider the relationships between the (M-)injectivity of both
eR/l.r(Rf) and Rf/rrs(eR) and the composition length of these.

First we give two lemmas.

Lemma 2.5.1. Let (eR; Rf) be a c-pair and g an idempotent of R. Then,



64 Classical Artinian Rings and Related Topics

for each n € N, ryrs(eJ™g)/rgrs(eJ" 1g) is either O or the essential socle
of the right fRf-module ng/rng(ejnﬂg)

Proof. Suppose that r4rr(eJ™g) # ryrf(eJ"1g) and choose z
in the former. Then 0 # eJ" 'gz C S(creeRf) (= rers(ede)), so
eJ"tgx C S(eRffrys) by Lemma 2.1.1 (3). Therefore eJ" ‘gz fJf =0,
e, of Jf Crorple1g), ie., rgrs(edg)/rors(eJ"1g) sry is semisim-
ple. Further, for any z € gRf — ryrs(eJ" g), there exists r € fRf with
0 # eJ" Lgar € S(eRftrs) (= S(creeRf)). Therefore eJeJ" gar = 0,
ie., xr € rgrpled™g) —rgrp(eJ"1g). Hence ryrs(eJ"g)/rors(eJ" 1g) is
the essential socle of gRf/ ryrs(eJ" " 1g)sry- O

Lemma 2.5.2. Let (eR;Rf) be a c-pair, g an idempotent of R and
Xyry and Yyry submodules of gRf such that ryrp(eRg) € X C Y and
Y/X is the essential socle of gRf/Xrry. Suppose that eR/l.gr(Rf)r is
gR/ryr(eRg)-simple-injective and rRRf /rrf(eR) is a Rg/lrg(gRf)-simple-
injective. Then |Y/X ry| < 0.

Proof. Suppose that |Y/X gy | = co. Then there is an infinite subset
{yr}rea of Y — X such that @yea(ysr + X)fRf =Y/X. For each A € A,
put My = ynJ + Z)\,eA_{A} yv R + XR. Each M) is a maximal right
R-submodule of YR such that YR/M, = T(fRgr) (= S(eR/l.r(Rf)R))-
Therefore there exists zy € eRg with z)yx # 0 but z\M, = 0 for each A
since eR/l.r(Rf)r is gR/r¢r(eRg)-simple-injective. Then zy € lopy(X) —
lerg(Y). Moreover we claim that {Rz)}aea is a set of independent left
ideals modulo lgy(Y'). To this end, suppose that Y. | 7521, € lrg(Y'), where
ri € R and I; € A. For each j, rjz;,y1;, = >, riz2)y,; € lrg(Y)Y = 0.
Hence 7;2;; € lrg(Y) since 2, M;; = 0, justifying the claim.

Now take I € A and set T = ) .\ Rzx and W = Jz
Yoven—qy Blax — 21). Then (T + 7rg(Y))/(W + 1rg(Y)) = rT/W
T(rRe) = S(rRf/rrs(eR)) since {Rz)}ren is a set of independent left ide-
als modulo I, (Y). Thus there is an a € gRf with Ta # 0 but Wa = 0 be-

R+
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cause pRf/rrf(eR) is Rg/lry(gR f)-simple-injective. We claim that a € Y.
We show this claim. If not, then afJf ¢ X since Y/X = S(¢gRf/Xsry)-
Then there is an r € fJf with ar ¢ X. We may assume that ar = yp for
some " € A because Y/X is the essential socle of gRf/X¢ry. Then zyar #
0. On the other hand, zar = 0 since za + rr¢(eR) € S(rRf/rrs(eR))
induces zja € eS(rRf/rrf(eR)) = S(crceRf) = S(eRfsrys) and r € fJf.
Therefore zyar = 0 for any A € A because Wa = 0. This is a con-
tradiction. Hence we can represent a = Y .-, yiri + , where Il € A,
r; € Rand ¢ € X. Then za = zya for any N € A — {l} since Wa =0
and we can take I € A — {I}/™, because A is an infinite set. There-
fore 0 # zja = zpa = zZp (Zf;l Yuri + z) = 0, a contradiction. Hence

|Y/XfRf|<OO. ]

Using Lemmas 2.5.1 and 2.5.2 we easily have the following proposition.

Proposition 2.5.3. Let (eR;Rf) be a c-pair and g an idempotent
of R. If fRf is a left perfect ring, eR/l.r(Rf)r is gR/rqr(eRg)-
simple-injective and rRf/rrs(eR) is Rg/lrg(gRf)-simple-injective, then
|gRf [rgrs(eRg)srs | < 00 and | creeRg/lerg(9RRf) | < co.

Proof. Since fRf is left perfect, gRf/ryrs(eRg) ry is artinian
by Lemma 2.5.2 or, for instance, [5, 10.10.Proposition].  Therefore
there exists n € N with gJ"f C ryrr(eRg). On the other hand,

| erelerg(97°f)/lerg(9gJ 1 f)] < oo for any i = 1,...,n by Lem-
mas 2.5.1 and 2.5.2. Therefore |c.peeRg/lerg(9Rf)| < oo. Hence
|gRf/rgrf(eRg)frs| < oo by Lemma 2.5.1. O

We can now give the following theorem.

Theorem 2.5.4. Let (eR;Rf) be a c-pair and g an idempotent of R.
Suppose that fRf is a left perfect ring. Then the following are equivalent:
(1) (a) eR/ler(Rf)r is gR/ryr(eRg)-injective, and
() rRf/rrs(eR) is Rg/lry(gRf)-injective.
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(2) (a) eR/ler(Rf)r is gR/ryr(eRg)-simple-injective, and
(b) rRf/rrs(eR) is Rg/lry(gRf)-simple-injective.

() [(9Rf/rers(eRg))sry| < oo

(4) |ene(eRa/lry(9RS))] < oo,

(5) ACC holds on {rgrs(I) | erel C eRg}.

(6) DCC holds on {lerg(I') | Ity € gRf }.

Proof. (1) = (2). Obvious.

(2) = (3), (4). This follows from Proposition 2.5.3.

(2) = (1). Since we have already shown that (2) = (3), (4), this follows
from Proposition 2.2.1.

(3) < (4). This follows from Lemma 2.4.2.

(3) = (2). R satisfies a,le, g, f] by Lemma 2.4.2. Similarly R also
satisfies e, g, f] since we’ve already shown (3) < (4). Therefore (2) holds
by Proposition 2.3.2 (1).

(3) = (5). Obvious.

(5) = (3). This follows from Proposition 2.4.3.

(5) < (6). Obvious. O

The following corollaries are easily deduced from Theorem 2.5.4.

Corollary 2.5.5. Let (eR; Rf) be a c-pair. If fRf is a left perfect ring,

then the following are equivalent:

(1) eR/lcr(Rf)r and rRf/rrf(eR) are injective.

(2) eR/ler(Rf)r and rRf/rrs(eR) are R-simple-injective.
() [Rf/rri(eR)sry| < oo

(4) [ereeR/ler(RS)| < o0.

(5) ACC holds on {rgrs(I) | erel CeR}.

Proof.  Obviously (3), (4), (5) and the following (1’) and (2') are
equivalent by Theorem 2.5.4 and Proposition 2.3.2 (2).

(1) eR/ler(Rf)r is R/Igr(Rf)-injective and gRf/rgs(eR) is
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R/rgr(eR)-injective.
(2") eR/ler(Rf)r is R/Ir(Rf)-simple-injective and grRf/rrs(eR) is
R/rg(eR)-simple-injective.

Clearly (1’) (resp. (2')) is equivalent to (1) (resp. (2)). O

Corollary 2.5.6. Let (eR; Rf) be an i-pair and g an idempotent of R. If
fRf is a left perfect ring, then the following are equivalent:

(1) eRg and gRf are injective.

(2) eRg and rRf are R-simple-injective.
() [ Rfrrsl| < oo.

(4) |ereeR| < o0.

(5) ACC holds on {rgs(I) | erel CeR}.

Finally in this section, we give another proposition on the conditions
arle, 1, f] and e, 1, f]. This gives a proof for (3) = (2) in Theorem 2.A.

Proposition 2.5.7. Let R be a basic semiprimary ring and e, f € Pi(R).
If R satisfies both ayle, 1, f] and ayle, 1, f], then (eR; Rf) is an i-pair.

Proof. Since R satisfies a.[e, 1, f], 0 = rgler(0) = rry(eR). Thus
S(rRf) = T(rRe)™ for some n € Ng. We let S(rRf) = ®I_,5;, where
S; 2 T(rRe). Then l.g(S1) = ler(PF_,S;) because R is a basic semipri-
mary ring. It follows that S = rr¢ler(S1) = TRpler(®)1S:) = By S;.
Hence n = 1, ie., S(gRf) = T(rRe). By a similar argument, we also
have S(eRgr) 2 T(fRR). O

COMMENTS

The criterion for an indecomposable projective module to be injective
given in Theorem 2.A is due to Fuller [54]. Baba and Oshiro improved
Theorem 2.A to Theorem 2.B in [20]. From this point of view, in [11], Baba

further generalized Theorem 2.B and gave criterions for an indecomposable
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projective to be quasi-injective and an indecomposable injective module to
be quasi-projective. In [118] Morimoto and Sumioka generalized Theorem
2.B to module theory. Meanwhile Theorem 2.B was generalized to perfect
rings in Hoshino-Sumioka [79] and Xue [186]. More investigation about the
results in [11] was undertaken in Baba [15], from where most of material in
Sections 2.2-2.5 is taken.



Chapter 3

Harada Rings

In this chapter, we introduce two classes of artinian rings, namely, left
Harada rings and left co-Harada rings. However, although these rings are
defined using mutually dual notions, these classes coincide. Indeed, it is
shown that a ring is a “left” Harada ring if and only if it is a “right” co-
Harada ring. By this fact we see that left Harada rings have rich structures
for their left ideals and also for their right ideals. The class of these rings
contains @F-rings and Nakayama rings. Moreover, as we will show in later
chapters, the three classes of left Harada rings, QF-rings and Nakayama

rings are very closely interrelated.

3.1 Definition of Harada Rings

A right R-module M is called a small module if M < E(M) and is called

non-small if M is not small.

First we give a useful lemma.

Lemma 3.1.1. Let M be a right R-module and N a submodule of M.

(1) If N is non-small, then so is M.
(2) If M/N is non-small, then so is M.

Proof. (1). This is straightforward to show.
(2). Weput M = M/N and let 7 : M — M be the natural epimorphism

69
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and 7 : E(M) — E(M) an extension map of 7. Since M is non-small and
M C Im7 C E(M), we see that M #« Im7. Hence we have a proper
submodule K of Im# with M + K = Im#7. Then 7 (K) is a proper
submodule of E(M) with M + 7~ 1(K) = E(M). O

A faithful right R-module M is called minimal faithful if, for any faithful
right R-module N, there exists a direct summand M’ of N such that M’ =
M. A ring R is called a right (left) QF-3 ring if R has a minimal faithful
right (left) R-module and is called a QF-3 ring if it is both left and right
QF-3.

Let R be a semiperfect ring. We say that a set {f;}/, of primitive
idempotents of R is pairwise non-isomorphic if f;R % f;R for any distinct
i,j € {1,...,m}. If {Rf;}, is an irredundant set of representatives of
indecomposable projective left R-modules, we say that {f;}17 is basic. Any

basic set of primitive idempotents is pairwise non-isomorphic.

Recall that a right R-module M is called uniform if every non-zero
submodule of M is essential. We note that, if R is left perfect, Mp is
uniform if and only if Mg is colocal.

The uniform dimension of a module M is the infimum of those cardinal
numbers ¢ such that #I < ¢ for every independent set {V; };c; of non-zero

submodules of M. We denote the uniform dimension of M by unif.dimM .

Proposition 3.1.2. Let R be a ring. We consider the following three

conditions.

(a) R is right QF-3.
(b) R contains a faithful injective right ideal.
(¢) E(RR) is projective.

Then the following hold.

(1) (a) = (b) holds. Further, if R is a left perfect ring, then (b) = (a)
also holds.
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(2) If DCC holds on right annihilator ideals, then (b) = (c¢) does. And
if either ACC or DCC holds on right annihilator ideals, then (¢) =
(b) does.

Proof. (1). (a) = (b). Let M be a minimal faithful right R-module.
Then there exists a right ideal I of R with [ & My since Rp is faithful. And
M is injective because E(Rp) is faithful. Hence R has a faithful injective
right ideal I.

(b) = (a). We assume that there exists a faithful injective right ideal I of
R. Then I = ®}_,e; R for some primitive idempotent ey, ..., e, of R since R
is left perfect. We may assume that {e;}¥_, is a basic set of {e;}?_,. Then
we note that {S(e;Rp)}r_, is a set of pairwise non-isomorphic essential
simple socles since R is left perfect. Let N be a faithful right R-module.
For each ¢ = 1,...,k, we have a monomorphism ¢; : e, — N since
S(e;RR) is an essential simple socles. Then Zle Im ¢; = ®%_, Im ¢; since
S(e1RR),...,S(exRR) are pairwise non-isomorphic. Therefore we have a
split monomorphism : @5 _;e;R — N. Hence &%_,e; R is a minimal faithful
right R-module.

(2). First we note that the following Claim 1.

Claim 1. Let I be a right ideal of R. If there exists a monomorphism
©: R/T — R%, where S is a set, then I = rr(X) for some X C R.

Proof of Claim 1. Let n: R — R/I be the natural epimorphism.
And, for each s € S, let 7, : R® — R be the projection and put z, =
msen(1). We further put X = {zs}scs. Then rr(X) = Nsesrr(zs) =
Nses Kermspn = Kern = 1.

(b) = (c¢). Let eR be a faithful injective right ideal of R, where e is
an idempotent of R. Since eRp is faithful, there exists a monomorphism
f : Rr — (eR)®, where S is a set. From Claim 1, we have a subset
X of R such that rg({zs }ses) = 0. Then we have a finite subset F' of
S with rr({ zs }ser) = 0 because DCC holds on right annihilator ideals.

Now we may assume that F = {1,2,...,n}. Then a monomorphism ¢’ :
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Rr — (eR)™ is defined by ¢'(r) = (z17, zar, ..., x,r) for any r € R. Since
(eR)™ is injective, ¢’ is extended to a monomorphism ¢’ : E(Rg) — (eR)™.
Therefore E(Rg)r is isomorphic to a direct summand of (eR)™;. Hence
E(RR)r is projective.

(c) = (b). First we show the following Cliam 2.

Claim 2.

(1) For any right ideal A of R, Hompg(rgrlr(A)/A, E(Rg)) =0.

(2) For any mon-zero right ideals A,B of R with A+ B = A® B,
rrlr(A) < rrlr(A @ B).

(3) wnif.dim Rp < co.

Proof of Claim 2. (1). Suppose that Hompg(rrlg(A)/A, E(RRr)) # 0
for some right ideal A of R. Let 0 # ¢ € Hompg(rrlr(A)/A, E(RR)). ¢
is extended to ¢ € Homg(R/A, E(Rg)). And, since E(Rpg) is projective,
there exists ¢ € Homg(E(RRg), R) with ¢ # 0. We put a = ¢@(1). Then
aA = 0. Hence a-rrlr(A) = 0 since a € lg(A) = lgrrrlr(A). Hence
Yo = (a)L|rpig(a)/a = 0, a contradiction.

(2). Suppose that rrlr(A) = rrlr(A @® B). Then A@® B < rrlr(A).
On the other hand, Homg((A® B)/A, E(Rg)) # 0 since (A®B)/A = Bis
isomorphic to a submodule of E(Rg). Hence there exists an epimorphism:
Homg(rrlr(A)/A, E(RRr)) — Homg((A @ B)/A, E(RR)) because E(RRg)
is injective. This contradicts (1).

(3). This follows from (2).

Claim is shown.

From Claim 2 (3), we see that E(Rp) has a finite direct sum decom-
position E(Rg) = @, F; of indecomposable submodules. Then, for each
i1 =1,...,n, E; has the exchange property because End(F;) is a local ring.
On the other hand, since E(Rp) is projective, we have a (split) monomor-
phism ¢ : E(Rg) — R for some set S. So E; = e;R for some primitive
idempotent e; of R. Now we may consider that {E;, Es,..., E;,} is an
irredundant subset of {E;}!~,. Then >.I" ;R = @I e;R is a faithful
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injective right ideal of R. O

The following fundamental result is due to Faith.

Theorem 3.1.3. ([47, 20. 3 A and 20. 6 A] or [5, 25.1. Theorem]) If a

right R-module M is injective, then the following are equivalent:

(1) M is > -injective.
(2) ACC holds on {rgr(X) | X is a subset of M }.
(3) MM s injective.

Next we quote a characterization of QF-3 rings due to Colby and Rutter
([32, 1.1 Proposition and 1.2 and 1.3 Theorems]).

Theorem 3.1.4. For a ring R, the following are equivalent:

(1) R is right perfect and contains a faithful > -injective right ideal.

(2) R is right perfect and injective hulls of every projective right R-
module are projective.

(3) R is right perfect and projective covers of every injective right
R-module are injective.

(4) R is perfect and contains minimal faithful right and left ideals.

If the equivalent conditions hold, then R is a semiprimary QF-3 ring
and satisfies ACC on right, and also left, annihilator ideals.

Lemma 3.1.5. Let R be a left perfect ring. If ACC holds on right annihi-
lator ideals, then ACC holds on {rr(X’) | X' is a subset of eR/Sy(eRg) }
for any idempotent e of R and k € Ny.

Proof.  Assume that ACC holds on {rgr(X’) | X' is a subset of
eR/Sik(eRgr)} but ACC does not hold on {rgr(X”) | X" is a subset of
eR/Sk+1(eRg)}. Then we have a strictly ascending chain rg(Xy) C

=

rr(XY) € -+ in {rr(X”) | X" is a subset of eR/Si4+1(eRr)}. For any

=

i € N take r; € rp(X{’ ;) — rr(X{). We may assume that each X is



74 Classical Artinian Rings and Related Topics

contained in the set (Sg+1(eRgr) C) X; (C eR). Then rr(X/) = {r €
R| X;r C Spy1(eRr)} = {r € R| X;rJ**! = 0} since R is left per-
fect. Therefore X;r; J**t1 # 0 but X; r;JJ**' = 0. Take t; € J with
X;rit; J*F # 0 and let X/ be the subset of eR/Sy(eRg) induced from X;.
Then we have an ascending chain rg(X7) C rgr(X5) C -+ in {rr(X’) | X’
C eR/Sk(eRR) }. Moreover rit; € rr(X[, ) —rr(X]) since rr(Xj) = {r €
R | X;rl.r(J*¥) = 0}. This shows that rr(X]) C rr(X5) C ---, ie., ACC
does not hold on {rgr(X’) | X’ C eR/Sk(eRR) }, a contradiction. O

Let S C T be sets of R-modules. We say that S is a set of representatives
of T if each M € T is isomorphic to some element in S. Furthermore we
say that a set S of representatives of T is irredundant if no two elements in
S are isomorphic. Note that, for a right perfect ring, the irredundant set
of representatives of simple right R-modules is finite, and hence so is that

of indecomposable injective modules.

Proposition 3.1.6. Let R be a right perfect ring. Suppose that the family
of all injective right R-modules is closed under taking small covers, i.e.,
given any epimorphism ¢ : M — E, where E is an injective right R-module

and Ker ¢ is small in M, then M is also injective. Then the following hold:

(1) R is semiprimary QF-3.
(2)  Any indecomposable injective right R-module is isomorphic to
eR/Si(eRpR) for some e € Pi(R) and some k € Ny.

(3) Ewvery local non-small right R-module is injective.

Proof. (1). This follows from Theorem 3.1.4.

(2). Let E be an indecomposable injective right R-module and let
@ : P — E be a projective cover. We may express P as P = ®;cre; R,
where e; € Pi(R). Then P is injective by assumption. Suppose that E is
not local. Then we claim that Ker ¢ O S(P). If not, then Ker¢ 2 S(e;Rg)
for some j € I. Then, since 0 # ¢(S(e;Rr)) C E and E is indecomposable

injective, E = E(S(e;RRr)) = e;R. Therefore E is local, a contradiction.
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Thus ¢ induces an epimorphism @1 : P/S1(P) = ®;cre;R/S1(e;RR) —
E. Then Kerg; <« P/Si(P) since S1(P) C Kerp <« P. There-
fore P/S1(P) is injective by assumption. Hence e;R/S1(e;Rg) is injec-
tive for any ¢ € I. We now claim that Kery; D So(P)/S1(P). If
not, then Kery; 2 (Sa(ejRg) + Si(P))/S1(P) for some j € I. Then
E = E(e;R/S1(e;RRr)) = ejR/Si(ejRR). Therefore E is local, a contra-
diction. Hence Ker ¢ 2 Sa3(P)/S1(P).

Hence Ker¢ D S3(P) and ¢ induces an epimorphism ¢y : P/S2(P) =
PicreiR/S2(e;Rr) — E. Inductively we see that Kerp O S;(P) for any
i € N. Hence Kerp = P since R is a semiprimary ring by (1). This is a
contradiction. Therefore E is local.

Thus P = eR for some e € Pi(R). Let k € Ny such that Kerp 2
Sk(eRR) but Kerp 2 Sii1(eRg). Then ¢ induces an epimorphism ¢’ :
eR/Si(eRr) — E. Since eR is local, we have Kery¢' < eR/Si(eRpg).
Then eR/Sk(eRR) is injective by assumption. Hence S(eR/Si(eRg)) is
simple. Therefore ¢’ is an isomorphism since Ker ¢ 2 Si11(eRRg).

(3). Let M be a local non-small right R-module. Note that M is
a cyclic module. Put £ = FE(M) and let us express S(F) = P15,
where each S; is a simple module. For each ¢ € I, put E; = E(S;). Then
E; = e;R/ Sy (e;Rr) for some e; € Pi(R) and some k(i) € Ng by (2). Now
ACC holds on right annihilator ideals by Theorem 1.1.13 and hence ACC
holds on {rg(X’) | X" is a subset of e;R/Sy(;)(e;Rr) } by Lemma 3.1.5.
Therefore each E; is Y -injective by Theorem 1.1.13. Hence we see that
E = ®;c1 E; since any irredundant set of representatives of indecomposable
injective right R-modules is finite. Then, since M is cyclic, I is a finite set,
say I = {1,...,m}. Let m; : £ = @], E; — E; be the projection. Then
there exists ¢ € {1, ..., m} with m;(M) = E; since M is non-small and R is

right perfect. Hence M is injective by assumption. O

We say that a ring R is a right Harada ring (abbreviated right H-ring)

if it is a perfect ring satisfying the following condition:
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(x) Every non-small right R-module contains a non-zero injective sub-

module.
We have the following structure theorem for right H-rings.

Theorem 3.1.7. For a perfect ring R, the following are equivalent:

(1) R is a right H-ring.
(2) For any e € Pi(R) with eRgr non-small, there exists n(e) € Ny
such that
(a) eR/S;—_1(eRR) is injective for each i =1, ...,n(e), and
(b) eR/Sy(e)(eRR) is small.

Moreover, if R is a right H-ring, every indecomposable injective right
R-module is of the form eR/Sk_1(eRR) for some e € Pi(R) with eRp
injective and 1 < k < n(e).

Proof. (1) =(2). Let e € Pi(R) with eRp injective. If eR/S(eRp) is
non-small; it is also injective by (1). Repeating this argument, we obtain
injective modules eR, eR/S1(eRR), ..., eR/St(eRR) if they are non-small.
However eR/S;(eRpr) is small for some i because any irredundant set of
representatives of simple right R-modules is finite.

(2) = (1) and the last comment. Let M be a non-small right R-module.
Then M ¢ E(M)J since R is right perfect. Take x € M — E(M)J. Then
xR is a non-small right R-module. Let {e1,...,em, 91, ...,9n} be a com-
plete set of orthogonal primitive idempotents of R such that e R, ..., e, R
are injective and g1 R, ..., g, R are not injective. We claim that xesR is
non-small for some s € {1,...,m}. Note that zg;R is small for any
j=1,...,n by Lemma 3.1.1 (2) since the left multiplication by = gives
an epimorphism: g;R — xg;R. Suppose that ze; R is small for any i =
L,...,m. Then R = " xe; R+ 3 )_, xg; R < E(zR), a contradiction.
Put e = ey and consider an epimorphism (z)r, : eR — xzeR. Then either
Ker(z)y = Sk—1(eRRg) for some k < n(e) or we have Ker(z)r 2 Sy (c)(eRR)
since Sy(c)(eRRg) is uniserial by (2). Suppose that Ker(x)r 2 Sy (eRR)
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holds. Then we have an epimorphism: eR/S,)(eRr) — eR/Ker(z)r.
Hence eR/Ker(x)r, (& xzeR) is small by Lemma 3.1.1 (2), a contra-
diction. Therefore Ker(z)r = Sip_1(eRpr) for some k£ < n(e). Thus
zeR (2 eR/Sk—1(eRpR)) is injective by (2), i.e., M has a non-zero in-
jective submodule.

Hence, if M is an indecomposable injective right R-module, M = zeR,

ie., M =eR/S;_1(eRg), verifying the last comment. ]

Later in Corollary 4.3.6, we show that right H-rings are two-sided ar-

tinian. As a first step, we show the following

Proposition 3.1.8. Right H-rings are right artinian.

Proof. Let E be an indecomposable injective right R-module. First
we claim that E is ) -injective. We show this claim. Since R is left per-
fect, we may consider F = E(S) for some simple right R-module S. Put
M = ®e1E;, where E; = E for any i. Then (M + E(M)J)/E(M)J is a
direct summand of E(M)/E(M)J. We show that (M +E(M)J)/E(M)J =
E(M)/E(M)J. If not, there is an « € E(M) — (M + E(M)J). Then zR
is non-small and we may assume that xR is local, since xR/xJ is semisim-
ple. Then zR is injective by condition (x). Hence S(xRp) is simple and
TR=E.

We therefore have a finite subset F' of I such that S(xRg) C ®;crFE;.
Put EF = ®ierE; and E(M) = Er @ E’ for some E'. Let 7 : E(M) =
Er ® E' — FE’ be the projection. We claim that n(x) ¢ E'J. If not,
then 7(z) € E'J C E(M)J, so ¢ € Ep + E(M)J C M + E(M)J. But
x ¢ M+ E(M)J, a contradiction. Thus m(x)R = E in the same way
as xR is since F’ is injective. On the other hand, 7(S(xRg)) = 0 since
S(xRgr) C Ef. Hence 7|;r induces an epimorphism: £ — E which is not
injective. Because E = eR/S;_1(eRpg) for some e € Pi(R) and 1 < k <
n(e) by Theorem 3.1.7, we have an epimorphism ¢ : eR/Sy_1(eRr) —
eR/Sk_1(eRg) which is not injective. Let N be a submodule of eR with
N/Si—1(eRr) = Kerp. Then by the last comment of Theorem 3.1.7 we
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see that N = S;_1(eRpr) for some k < [ < n(e) and therefore we have
an isomorphism ¢ : eR/S;_1(eRr) — eR/Sk—1(eRp). There then exists a
unit v in a ring eRe with (u), = ¢. Then uS;_1(eRr) = Sk—1(eRr) and
uSi_1(eRg) = Si—1(eRRg) since u is a unit and S,,)_1(eRg) is uniserial
by Theorem 3.1.7 (2) (a). But S;_1(eRg) 2 Sk—1(eRg) because k < I.
This is a contradiction. Therefore M = E(M), ie., E is ) -injective. In
consequence, every indecomposable injective right R-module is Y _-injective.

Let E’ be an injective right R-module. We express S(E') = @;crSi,
where S; is simple for any i. Now, since R is left perfect, the irredundant
set of representatives of indecomposable injective right R-modules is finite.
Since every indecomposable injective right R-module is > -injective, this
implies that @;cr, F(S;) is injective, so B/ = ®;cr F(S;). Hence every injec-
tive right R-module can be expressed as a direct sum of cyclic indecompos-
able modules. Therefore we see that R is right artinian by Faith-Walker’s
theorem in [45] (see Faith [47, 20.17]). O

In Theorem 3.1.7 we showed that, if R is a right H-ring, every indecom-
posable injective right R-module is of the form eR/Si_1(eRp) for some
e € Pi(R) with eRp injective and 1 < k < n(e). In the following theorem
we show that, over an artinian ring R, this description of indecomposable

injectives characterizes right H-rings.

Theorem 3.1.9. For a ring R, the following are equivalent:

(1) R is a right H-ring.

(2) R is a right artinian ring and every indecomposable injective right
R-module is of the form eR/Sk(eRg) for some e € Pi(R) and some
k € Np.

Proof. (1) = (2). This follows from Theorem 3.1.7 and Proposition
3.1.8.

(2) = (1). We show that R satisfies condition (2) of Theorem 3.1.7.
Let e € Pi(R) with eRp injective. First we show the following claim.
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Claim. If eR/Sk(eRR) is non-small, then it is injective.

Proof of Claim. Suppose that eR/Si(eRgp) is mnon-small.
We express S(eR/Sp(eRg)) = @}_S;, where each S; is sim-
ple.  Then E(S;) = e;R/Sk(e;Rr) for some e; € Pi(R) and
k; € Ny by assumption. Therefore we have a homomorphism (;
eR/Sk(eRRr) — €;R/Sk, (e;Rr) with (;(S;) = S(eiRR/Sk,(eiRRr)). Put ¢ =
@ 1¢ieR/Sk(eRr) — @I e;R/Sk,(e;Rgr). Then ¢ is a monomorphism.
Therefore E(eR/Sk(eRRr)) = @€, R/Sk,(e; Rr). Then (; is surjective for
some j since eR/Sk(eRg) is non-small. We may assume e; = e and show
that k; = k. Let N be a submodule of eR with N/Si(eRr) = Ker(j.
Then N = Sj(eRpg) for some [ by assumption. Since (;(S;) # 0 and
Sk(eRgr) € N, | =k, and hence eR/Sy(eRr) = eR/Sy,(eRr). This iso-
morphism is of the form (u)r, where w is a unit element of eRe. Therefore

k; =k, and hence eR/Sy(eRp) is injective. This has established the claim.

If eR/Si(eRg) is non-small, it is injective by the claim. Further, if
eR/S2(eRp) is non-small, it is also injective. Repeating this argument, we
see that Theorem 3.1.7 (2) holds. O

Let M be a module and N a submodule of M with N = @®;c;N;.
Then we say that N is a locally direct summand of M (with respect to the
decomposition N = @®;c1N;) if ®;epN; is a direct summand of M for any
finite subset F of I.

The following lemma due to Harada [60] is a crucial result.

Lemma 3.1.10. If R salisfies (x), then every injective right R-module
contains a cyclic injective submodule and R contains a mon-zero injective

right ideal.

Proof. Let Egr be injective. Consider the homomorphism ¢ :
@rep Er — E, where E, = FE and ¢|g, = 1p for each # € E. Then
©(®rep xR) = E and hence ®,c g xR is non-small by Lemma 3.1.1. Hence

@®rcp TR contains an injective submodule F'. Since F satisfies the exchange
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property, some xR contains an injective submodule isomorphic to a direct
summand of F', as required.
Replacing ®,cp F, in the above argument by a free R-module, we ob-

tain the last part of the lemma. O

Proposition 3.1.11. If every injective right module over a ring R is a

lifting module, then R is a right artinian ring.

Proof. By Lemma 3.1.10, every indecomposable injective right R-
module is cyclic. Then, by [45, Theorem 3.1] or [47, 20,17], it suffices to
show that any injective right R-module E can be expressed as a direct sum

of indecomposable submodules. First we show the following claim.

Claim 1. For any independent family {A;}icr of submodules of E, if
BicrA; is a locally direct summand of E, then ®;crA; is a direct summand
of E.

Proof of Claim 1. Put A = @;c;A;. Since E is lifting, there exists
a direct decomposition £ = E; @ E5 such that £ C A and AN Ey < Es.
Then it suffices to show that AN Fy = 0. Suppose not and take 0 # x €
AN E,. Then z € ®;cpA; for some finite subset F' of I and there exists a
direct summand X of ®;crA; with zR C. X since ®;crA; is an extending
module.

Then X NE; =0. Thusif7: A= FE; ®(ANEy) - AN Ey is the
projection map then 7 |x is a monomorphism. Let ¢ : AN Ey — FE be
the inclusion map. Then, since F is injective, we have a homomorphism
¢ : E — FE with pur|x = 1x. Now E = X & X’ for some X’ since X
is a direct summand of @®;cpA; and P;cpA; is a direct summand of E.
Let 7' : E = X & X’ — X be the projection. Then (7'p)(im|x) = 1x.
Therefore E = 7(X) @ Kern'p, ie., AN Ey contains a non-zero direct
summand 7(X) of E. This contradicts AN Ey < E;. Hence A = Ej.

Claim 1 is shown.

Next we show another claim.
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Claim 2. Fvery non-zero direct summand of E contains a non-zero

indecomposable direct summand of E.

Proof of Claim 2. Assume that there exists a non-zero direct sum-
mand E’ of E which does not contain a non-zero indecomposable direct
summand of E. Take 0 # z € E’. We have a maximal independent fam-
ily {B;}icr, of submodules of E’ such that x € B = @, B; and B is a
locally direct summand of E’. Then E’ = B & B’ for some B’ by Claim
1. Now B’ # 0 since x ¢ B, and there exists an infinite set {B}};crs of
non-zero submodules of B’ with B’ = @®;c/ B} since B’ does not contain
any non-zero indecomposable direct summand of E. Then we have a finite
subset F' of L' with © € @;cp/ B.. Therefore x € B @ (®;er—p Bj). This

contradicts the maximality of {B;};cr. Claim 2 is shown.

Now let {E;}icx be a maximal independent family of non-zero inde-
composable direct summands of F such that @;cxF; is a locally direct
summand of E. Then K # ¢ by Claim 2 and ®;cx F; is a direct summand
of F by Claim 1. Hence E = ®;cx F; by Claim 2. O

In the following theorem we give several characterizations of a right

H-ring.
Theorem 3.1.12. For a ring R the following are equivalent:

(1) R is a right H-ring.
(2) Every injective right R-module is a lifting module.
(3) (a) R is right perfect, and
(b) the family of all injective right R-modules is closed under
taking small covers.
(4) Ewvery right R-module can be expressed as a direct sum of an in-

jective module and a small module.

If a ring R satisfies the above conditions, it is a right artinian QF-3

ring by Propositions 3.1.6 and 3.1.11.
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Proof. (1) = (2). Let E be an injective right R-module and let N be
a non-small submodule of E. Take a maximal independent family {N;};er
of non-zero injective submodules of N. Put Fy = ®;<;N;. Since R is right
noetherian by Proposition 3.1.8, F; is also injective. Thus E = E; & Es
for some submodule Ey of E. Then N = E; & (N N E3). Suppose that
NNEy £ E>. Then NNEj5 is non-small and hence, by (1), it has a non-zero
injective submodule. This contradicts the maximality of {IV;};c;. Hence
N N Ey <« FEsy. Thus E is lifting.

(2) = (1). R is right artinian by Proposition 3.1.8. Moreover it is
obvious that R satisfies (x). Hence R is a right H-ring.

(2) = (3). Let E be an injective right R-module and let ¢ : M — E be
a small cover. We have an extension epimorphism ¢ : F(M) — E. Since
E(M) is lifting, there exists a direct decomposition E(M) = E; & E5 with
Ei CMand MNEy; < Ey. Then M = E1 @ (M N Ey) and M N Ey <
E(M). Thus p(M N Es) = ¢(M N Ey) < E. Therefore E = ¢(E1) since
E=p(M)=¢(E1)+p(MnNEy). Hence M = FEy + Kery and so M = E;
since Ker ¢ < M. Thus M is injective.

(2) & (4) is obvious.

(3) = (1). R is semiprimary by Proposition 3.1.6 (1).

Let e € Pi(R) with eRp injective. If eR/S1(eRr)r is non-small, it is
injective by Proposition 3.1.6 (3). Further, if eR/S2(eRg) is non-small,
it is also injective by Proposition 3.1.6 (3). Repeating this argument, we

eventually satisfy Theorem 3.1.7 (2). O

By the proof of Theorem 3.1.12 we have the following remark.

Remark 3.1.13. For a right artinian ring R whose indecomposable injec-

tive right R-modules are finitely generated, the following are equivalent:

(1) R is aright H-ring.
(2) Every finitely generated injective right R-module is a lifting mod-
ule.

(3) The family of all finitely generated injective right R-modules is
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closed under taking small covers.
(4) Every finitely generated right R-module can be expressed as a

direct sum of an injective module and a small module.

3.2 A Dual Property of Harada Rings

In this section we consider a dual property of right H-rings. First we define
a dual notion of non-small modules.

A right R-module M is called cosmall if there exist a projective module
P and an epimorphism ¢ : P — M with Kerp C, P or, equivalently,
Ker®y C. L holds for any epimorphism ¢ : L — M.

If M is not a cosmall module, i.e., for any projective module P and
an epimorphism ¢ : P — M, Keryp €. P, then M is called a non-cosmall

module.

The following two lemmas are easily obtained from the definition of

non-cosmall modules.
Lemma 3.2.1. Let M be a right R-module and N a submodule of M.

(1) If N is non-cosmall, then so is M.
(2) If M/N is non-cosmall, then so is M.

Lemma 3.2.2. Let M be a right R-module. Then M is non-cosmall if
and only if M # Z(M).

Proof. This follows from the well-known fact that a module M is sin-

gular if and only if there exists an epimorphism ¢ : L — M with Kerp C. L
(see, for instance, Goodearl [55, Proposition 1.20 (b)]). O

Now we consider a dual of the condition (x):
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(x)* Every non-cosmall module contains a non-zero projective direct

summand.

In order to characterize condition (x)*, we give two preparatory lemmas.

Lemma 3.2.3. If R satisfies (x)*, then every indecomposable projective

right R-module is uniform.

Proof. Let P be an indecomposable projective right R-module and
suppose that there exists a submodule N of P with N . P. Then P/N
is non-cosmall and hence we have a direct decomposition P/N = X @Y
with X non-zero projective by (x)*. Let ¢ : P — P/N be the natural
epimorphism and let ¢ : P/N = X @Y — X be the projection. Then
1 splits and we have a direct decomposition P = Ker(¢¢) @ P’, where
P’ #0. Therefore N C Ker(¢¢) = 0 since P is indecomposable. O

Lemma 3.2.4. Suppose that R satisfies (x)*. Let P be a uniform projective
right R-module and N a submodule of P. Then N is projective if and only

if N ¢ Z(P).

Proof. (=) is obvious.
(«<). Suppose that N ¢ Z(P). Then N is non-cosmall by Lemma
3.2.2. Moreover N is indecomposable since it is a submodule of the uniform

module P. Thus N is projective since R satisfies ()*. ]

A module M is called completely indecomposable if End(M) is a local
ring. If M is completely indecomposable projective, it is a local module

(see, for instance, [5, 17.19. Proposition]).
Now we characterize condition (*)*.

Theorem 3.2.5. Let R be a ring with a complete set of orthogonal prim-

itive idempotents. Then the following are equivalent:
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(1) R satisfies (x)*.
(2) For any f € Pi(R), there exist e € Pi(R) with eRp injective and
j € Ng with fR=eJ7.

Moreover if these equivalent conditions hold, R is a semiperfect ring and,

for any e € Pi(R) with eRg injective, we have n(e) € Ny such that

(a) eJi=1 is completely indecomposable projective for any 1 < i < n(e),
and

(b) eJ™e) is singular.

Furthermore the integer j in (2) satisfies j < n(e).

Proof. (1) = (2) and the last comment. Let e € Pi(R) with eRp
injective. Then eRp is completely indecomposable by Harada [64, 5.4.9
Proposition| or [5, 25.4. Lemma]. If eJ is not singular, then it is projective
by Lemma 3.2.4. Further eJ is completely indecomposable again by [64,
5.4.9 Proposition] or the proof of [5, 25.4. Lemma] since it is quasi-injective.
Therefore eJ? is a unique maximal submodule of eJ. If eJ? is not singular,
then it is also completely indecomposable projective. Repeating this argu-
ment, we claim that there exists n(e) € N such that eJ~! is completely
indecomposable projective for any 1 < i < n(e) and eJ"(©) is singular.
Assume that eJ® is completely indecomposable projective for any s € Ny.
Then there exists an isomorphism 7 : eJ$ — eJ® for some distinct s, t € Ny
since there exists a complete set of orthogonal primitive idempotents of R.

! is extendable to a monomorphism eR — eR. This is

Moreover, 1 or n~
also an isomorphism since eR is injective. Therefore s = ¢, a contradiction.
Hence the second part of the last comment holds.

Let f € Pi(R) with fRg not injective. Then fR is uniform by Lemma
3.2.3 and hence E(fRp) is indecomposable. Furthermore Z(E(fRgr)) #
E(fRg) since fR is not singular. Therefore F(fRg) is indecomposable
projective by Lemma 3.2.2 because R satisfies (x)*. Say E(fRgr) = eRpg,
where e € Pi(R). Moreover there exists j € {1, ...,n(e)} with fR = eJi~!

since fR is not singular and we’ve already established the second part of
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the last comment. Thus fR is also completely indecomposable. Hence R
is a semiperfect ring (see, for instance, [5, 27.6. Theorem]).

(2) = (1). Every indecomposable projective module is quasi-injective
by (2). Thus R is semiperfect by [64, 5.4.9 Proposition] or the proof of [5,

25.4. Lemma]. Next we show the following

Claim. IfeJ?® is projective for some e € Pi(R) with eRp injective and
s €N, then eJ? is also projective for any 0 < i < s. Consequently we have
the unique chain eR D eJ 2D --- 2 eJ® of submodules of eR.

Proof of Claim. Let eJ* be as described. Take z € eJ*~1 —eJ* with
2R local and let 7 : gR — xR be a projective cover, where g € Pi(R).
Then eJ?® is a local right R-module since it is indecomposable projective
and R is semiperfect. Thus m(gJ) = eJ® and since gR is colocal by (2), 7 is
an isomorphism. Hence zR is projective and there exists an isomorphism

1 js extendable

n: xR — eJ for some j € Ny by (2). Then n or n~
to an endomorphism of eR and this is also an isomorphism. Therefore
xR = eJ*~! holds since z € eJ*~! — eJ*. Hence eJ*! is projective. The

claim now follows by induction.

Now let M be a non-cosmall right R-module. Then there exist m € M
and g € Pi(R) such that mgRg is non-cosmall by Lemma 3.2.2. Consider
an epimorphism (m)y : gR — mgR. Then Ker(m); Z. gR. Since gR is
uniform by (2), it follows that (m)y is an isomorphism, i.e., mgR = gR.
Furthermore, there exists an isomorphism ¢ : gR — eJ? for some e € Pi(R)
with eRp injective and ¢ € Ny by (2). Hence we have ¢ : M — eR such
that ¢ |mgr = @(m)7". Then Im¢) = eJ? for some ' <t since Im¢) D eJ*
and eR D eJ 2 --- 2 eJ' by the above claim. Therefore Im 1) is projective,
again by the claim, and hence v splits. Hence M contains a projective

direct summand. O

We say that a ring R is a right co-Harada ring (abbreviated right co-H-
ring) if it satisfies (x)* and ACC on right annihilator ideals.

Before giving an important characterization of right co-H-rings, we
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present a well-known fact and three lemmas.

A quasi-injective module M is called Y -quasi-injective if the direct sum

of any number of copies of M is quasi-injective.

First we recall the following theorem from [47, 20.2 A, 20.6A].

Theorem 3.2.6. For a quasi-injective right R-module M, the following

are equivalent.

(1) M is > -quasi-injective.

(2) MW is quasi-injective.

(3) E(M) is > -injective.

(4) E(M)MN is injective.

(5) ACC holds on {rr(X) | X CE(M)}.

Further, if these equivalent conditions hold, M can be expressed as a direct

sum of completely indecomposable modules.

Lemma 3.2.7. Let R be a semiperfect ring and {g;}7_, a complete set of
orthogonal primitive idempotents of R. If g;R is > -quasi-injective for any
i=1,...,n, then R is right perfect.

Proof. By Theorem 1.2.17, it suffices to show that every projective
right R-module has the exchange property. Let P be a projective right
R-module. We may assume that P = @?zl(giR)(Ii). Foreachi=1, ...,n,
(giR)(Ii) is quasi-injective by assumption and hence it has the exchange
property. We claim that P = @7, (¢g;R)/*) also has the exchange property.

Let L be a right R-module containing P and let L = (&1, (g; R)!)) @
N = ®;crL; be direct decompositions. Since (g1 R)U*) has the exchange
property, there exists a submodule L) of L; for any ¢ € I satisfying
L = (1R)") @ (©ierL}). Further, since (goR)U2) has the exchange
property, for any i € I there exist submodules M; and L! of (g;R)/)
and L/, respectively, satisfying L = (gaR)"2) & My @ (@e7LY). Then
M, and L! are direct summands of (g;R)") and L/, respectively. Let
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(g1 R)") = My &M, and L, = LY ©L;". Then M; & (®ie/L; ) = (92R)12)
because L = (g1R)") @ (@ser L)) = (My @ My) @ (@ier(L) @ L)) and
L = (g2R)"2) @ My @ (®ierLY). Therefore My = 0 by the Krull-Remak-
Schmidt-Azumaya Theorem (see, for instance, [64, 7.1.2 Theorem]) since
(g1R)") and (g2R)2) have no non-zero direct summands which are iso-
morphic to each other. Hence L = (g1 R)") @ (g2 R)"2) @ (®;erLY). Pro-
ceeding inductively, we see that L = (@, (g:;R)"")) @ (®ier L") for some
submodule L’ of L;. O

Lemma 3.2.8. Let M be a right R-module with M = ®]_,M;, where each
M; is uniform, let U be a uniform submodule of M, and set I = {1, ...,n}.
Suppose that, for any ¢ € Hompg(A;, M;), where i,5 € I and A; is a
submodule of M;, either of the following (1) or (2) holds:

(1) ¢ can be extended to an element of Hompg(M;, M;).
(2) Kery =0 and an isomorphism ¢~! : Im ¢ — A; can be extended

to an element of Hompg (M, M;).

Then there exists a direct summand M’ of M with U C, M'.

Proof. Let m; : M = @;e1M; — M; be the projection for any j € 1.
Put K={ ke I]| Ker(mg|y) =0 }. Then K # () since U is uniform. We
claim that there exists k € K such that m;(mg |v) ™! : 7 (U) — m;(U) can
be extended to ¥; € Hompg(Mj, M;) for any i € I. For any i, j € K, either
the following (1) or (2) holds by assumption:

(1) mj(mi|v)™t : m(U) — 7;(U) can be extended to an element of
Homp (M;, Mj;).

(2) mi(m;jlu)™' 7 (U) — 7 (U) can be extended to an element of
Hom g (M;, M;).

Assume that there exist i, j, | € K such that m;(m; |¢) ™" and m (7 [v) !
are extended to t;; and 1), respectively. Then ;;v;; is an ex-

tended homomorphism of 7;(m; |7) . Therefore there exists k¥ € K such
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that m;(mx |r)~! is extended to v¢; € Hompg(My, M;) for any i € K.
Then m;(my |p)~! is also extended to ¢; € Hompg(My, M;) for any i €
I — K by assumption. Put M" = {z 4+ > ,c; gy vi(z) | @ € M}
Then M = M' @© (®;er—(x3M;) and U C, M’ because U = {y +
Zie[—{k} mi(me ) () [y € m(U) 3. O

Lemma 3.2.9. Let R be a right perfect ring, M a projective right R-
module and N = ®;c1N; a locally direct summand of M. Then N 1is a

direct summand of M.

Proof. Since Mp is lifting by Theorem 1.2.17, we have a direct decom-
position M = M;®Ms; such that M; C N and NNMy < My. We show that
NNMs =0, i.e., M = N®M,. Given x € NN M, there exists a finite sub-
set F' of I with x € ®;crpN;. Put N’ = ®;crN;. Then there exists a direct
decomposition M = N'@N" since N = @;¢1N; is a locally direct summand
of M. Now let m; : M = My & My — M, be the projection for i = 1,2. Be-
cause M is projective, we have a direct decomposition M; = M| @ M, such
that M{ C m(N’) and m(N') N M{" < M{. Put X = N'n (M & My).
Then, since M = N’ + (M{ & M) = N' @ N" = M| ® M{ & M,, we
see that M/X = N'/X & (M{ & Mz)/X = N'/X & (N'"® X)/X =
(M| & X)/X ® (M ® My)/X. Thus N'/X = (M, ® X)/X = M, <6 M
and (M & Ms)/X =2 (N" @ X)/X =2 N’ <® M. Therefore N'/X and
(M{" ® M3)/X are projective modules. Hence M/X is projective and X
is a direct summand of M. On the other hand, since N = NN M =
NN (M; & My) = M; & (NN M), we have mo(N) = N N My < Ms. Thus
ma(N) < M. Let " : My = M| @& M{" — M/ be the projection. Then, be-
cause m (N') = my (N )NM; = m (N )N(M{@ M) = M{®(m (N)NM{'), we
further see that 7"/m1(N') = m(N') N M{ < M{'. Hence 7’7 (N') < M.
Consequently X C 7”7 (N') + m2(N') < M. Therefore X = 0 because X
is a direct summand of M. Hence xz = 0 since z € N' N M, C X. ]

Now we characterize right co-H-rings.
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Theorem 3.2.10. For a ring R, the following are equivalent:

(1) R is a right co-H-ring.

(2) Ewvery projective right R-module is an extending module.

(3) The family of all projective right R-modules is closed under taking
essential ertensions.

(4) Ewvery right R-module can be expressed as a direct sum of a pro-

jective module and a singular module.

Moreover, if these equivalent conditions hold, R is a semiprimary QF-3

ring which satisfies ACC on right annihilator ideals.

Proof. (1) = (2). We show this by the following Claims 1-7.
Claim 1. R has a complete set of orthogonal primitive idempotents.

Proof of Claim 1. Assume that, for any k& € N, we have a
decomposition 1 = Zle fi + fj, of orthogonal idempotents of R such
that f; = fer1 + fip. Then Rff 2 Rfy 2 Rf; 2 - and hence
rr(Rf]) C rr(Rf5) C rr(Rf5) C ---. Therefore there exists n € N such
that rgr(Rf,) = rr(Rf),,) since ACC holds on right annihilator ideals.

But rr(Rf)) = >, iR # Z?—T iR =7rr(Rf}1), a contradiction.

Claim 2.

(a) R is a semiprimary ring.

(b) For any projective right R-module P, Z(P) is Y -quasi-injective.

Proof of Claim 2. (a). For any f € Pi(R), there exists e € Pi(R)
such that eRp is injective and fR = eJ7 for some j € N by Theorem 3.2.5.
Therefore fR is Y -quasi-injective by Theorem 3.2.6 since ACC holds on
right annihilator ideals. On the other hand, R is semiperfect by Theorem
3.2.5. Hence R is right perfect by Lemma 3.2.7. Thus the Jacobson radical
of R is nilpotent by [5, 29.1. Proposition]. Hence R is semiprimary.

(b). Let {fi}’; be a complete set of orthogonal primitive idempo-
tents of R. By Theorem 3.2.5, we have Z(E(f;Rgr)) = Z(f;R) for each
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j=1,...,n. Then Z(f;R) is &}, Z(f;R)-injective since &} Z(f;R) =

Z(@?_fiR). Therefore &7 ,Z(f;R) is quasi-injective (see, for instance,

[5, 16.10. Proposition]). Hence it is Y -quasi-injective by Theorem 3.2.6.

Now we may assume that P is expressed as P = @7, (f;R)?) for some

I;. Then, since Z(P) = @, Z(fiR)¥), Z(P) is a direct summand of

(@, Z(f;R))!D) for some I. Therefore Z(P) is Y -quasi-injective because
", Z(f:R) is >_-quasi-injective.

Claim 3. Let P be a projective right R-module and P = ®;¢; P;, where
each P; is indecomposable. Then, for each uniform submodule U of P, there

exists a finite subset F of I with U C ®;cpbF;.

Proof of Claim 3. For each i € I, E(F;) is local > -injective by
Theorems 3.2.5 and 3.2.6. Therefore E(P) = ®;c; E(P;) since any irredun-
dant set of representatives of indecomposable injective right R-modules
is finite by Claim 2 (a). Moreover there exists j € I with E(P) =
E(U) © (®ier—1j3 E(P;)) since E(U) has the exchange property. Then
US(@ier—(1yP) Ce P. Put P! = @,c;_ (P andlet 7; : P = P;@P' — P,
and 7' : P = P; & P’ — P’ be the projections. Then, since U NP’ =0, we
may define a right R-homomorphism ¢ : 7;(U) — ' (U) by m;(z) — 7'(z)
for any x € U. Let ¢ : E(P;) — E(P’) be an extension map of ¢. Then
there exists a finite subset F' of I —{j} with ¢(E(P;)) C ®icrE(P;) because
E(P;) islocal. Then p(m;(U)) C @ierPi. Now U = {y+o(y) |y € m;(U) }
by the definition of ¢. Hence U C P; & (®ierF;).

Claim 4. Let P be a projective right R-module and U a uniform
submodule of P. Then there exists a direct summand P’ of P with U C. P’.

Proof of Claim 4. By Claim 2 (a), we have a direct decomposition
P = @, P;, where each P; is indecomposable. We may assume that [ is
finite by Claim 3. Therefore, by Lemma 3.2.8, it suffices to show that, for
any ¢ € Homp(A;, P;), where 4,j € I and A; is a submodule of P;, either
the following (1) or (2) holds:
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(1) ¢ can be extended to an element of Hompg(FP;, P;).
(2) Kery = 0 and an isomorphism ¢~ : Im ¢ — A; can be extended

to an element of Hompg(FP;, P;).

Let ¢ : E(P;) — E(P;) be an extension map of . Suppose that ¢ is a
monomorphism. Then ¢ is an isomorphism. Moreover we have e € Pi(R)
with eR = F(P;) 2 E(P;) and k;, k; € Ng with P; & eJ* and P; = eJ%i
by Theorem 3.2.5 and Claim 1. If k; > k;, then ¢(P;) = ¢(E(P;)J") C
E(P;)J* = P;. Therefore ¢ |p, € Homg(P;, P;). If k; < kj, then v ~! |p, €
Hompg(P;, P;) by the same argument.

Now suppose that ¢ is not a monomorphism. Then we claim that
Imey C Z(E(P;)). If not, then Imv is projective by Lemma 3.2.4 and
Theorem 3.2.5. Then the epimorphism v : E(P;) — Im4 splits and it is
a monomorphism since E(P;) is uniform. Hence ¢ is a monomorphism, a
contradiction. Thus Imvy C Z(E(F;)) = Z(P;) C P; by Theorem 3.2.5.
Hence ¢ |p, € Hompg(P;, P;).

Claim 5. Let P be a projective right R-module and A a submodule of
P. Then there exist direct decompositions P = P®Q and A = A® Z such
that A is projective with AC,Pand Zis a singular module with Z C Q.

Proof of Claim 5. Let {f;}7; be a complete set of orthogonal prim-
itive idempotents of R and let {e;}!; be a subset of {f;}? ; such that
{e; R}, is an irredundant set of representatives of indecomposable pro-
jective injective right R-modules. By Theorem 3.2.5, for each ¢ =1, ..., m,
we have n(i) € Ny such that e;J7~! is projective for each j = 1, ...,n(4)
and e;J") = Z(e;R). Next note that {e;J71 |1 <i<m, 1 <j<n(i)}
is an irredundant set of representatives of indecomposable projective right
R-modules.

If A=Z(A), then P=0® P and A =0@® A are the desired direct de-
compositions. Suppose that A # Z(A). Then A is non-cosmall by Lemma
3.2.2, and hence A has a non-zero projective direct summand by (*)*. Now

we may assume that there exist k € {1, ...,m} and [ € {1, ...,n(k)} such
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that

(f) A contains a direct summand which is isomorphic to e,J!~! and
(1) if A contains a direct summand which is isomorphic to e;J7 1,

then

(a) i=kandl<j<n(k)or
b)) k+1<i<m.

By (1), there exists a direct decomposition A = A’ @ A" with A’ = e}, J!~1.
Then A’ is uniform. Hence we have a direct decomposition P = P’ & P”
with A’ C, P’ by Claim 4. Then P’ is uniform, and so is P’ N A. Therefore
PNA=PnAaA") =A@ (P NnA")= A" In consequence, P’ is an
indecomposable direct summand of P such that P'NA (= A’) is a projective
direct summand of A satisfying P’NA = e, J'"! and P'N A C, P'. Hence,
using Zorn’s Lemma, we obtain a maximal family {P;};c; of independent

indecomposable direct summands of P such that

(t71) @icrPsis a locally direct summand of P and
(t111) A; = P;,NAis a projective direct summand of A with A; = e J! ™1
and A; C. P, for any 7 € I.

By Lemma 3.2.9 and (f 1), @icr P is a direct summand of P. Put P =
(@ierP) @ QW and let m; : P = (©;e1Pj) ®QW — P; be the projection for
any ¢ € I. We show that 7;(A) = A; for any i € I. The inclusion m;(A) D A;
is obvious. For the converse, suppose that m;(A) 2 A;. Then m;(A) is
projective with m;(A) = e, J7~! for some j < [ — 1 by Theorem 3.2.5 (a)
since A; is isomorphic to the projective module e;J!~1 by (f111) and 7;(A)
is a submodule of an indecomposable module P;. Thus 7; |4 : A — m;(A)
splits, and hence A contains a direct summand of A which is isomorphic
to exJ7~! because m;(A) = e J7~!. This contradicts ({1) since j < 1 — 1.
Hence 7;(A) = A;. Therefore A = ANP = AN (@erP;) @ QW) =
(@ie1 i) ® (AN QW) since m;(A) = A; C A.

Put ZM) = AN QM. We show that Z(!) does not contain a direct

summand which is isomorphic to ey J'~!. Assume, on the contrary, that
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there does exist a direct summand Z’ of Z() with Z’ = e J'~1. Then Q'
is a direct summand of Q") with Z’ C. Q" by Claim 4, and we see that
7' = ANQ’. Thus {P,;};c; U{Q’'} satisfies (1171) and (} 1 1T), contradicting
the maximality of {P;};c;. Put P = @;c;P; and AV = @;crA;. In
consequence, we obtain direct decompositions P = PM) ¢ QM) and A =
AW @ ZW such that AM is projective with A® C, PM | Z(M) does not
contain any projective direct summand which is isomorphic to ey J!~!, and
7 c QW

If ZW is singular, P = PM) & QW and A = A ¢ ZMW are the desired
direct decompositions. If Z(!) is not singular, the same argument works on
ZW € QW instead of A C P. Repeating this argument, we obtain direct
decompositions P = PO ¢ PA g ... PH ¢ Q*) and A = AV ¢ A?) g
@ AW @ Z*) guch that each A® is projective with A® C. P and
Z®) is singular with Z(*) € Q).

Claim 6. Let P be a projective right R-module, A a direct summand
of Z(P) and ®;crA; a locally direct summand of A. Then ®,crA4; is a

direct summand of A.

Proof of Claim 6. Since A is quasi-injective by Claim 2 (b), it
is extending by, for instance, [64, 9.9.1 Proposition]. Thus there exists
a direct summand A’ of A with @®;c;4; C. A’. Now each A; is > -
quasi-injective by Claim 2 (b) since A; is a summand of A, and hence
E(A") = E(®ic1di) = @ic1E(A;) by Theorem 3.2.6 and Claim 2 (a).
Hence Z(E(A")) = ®ie1Z(E(A;)). Furthermore, if we let {e;}™, and
{n(i)}™, be as in the proof of Claim 5, then Z(P) = &, (e;J") ) for
some K7, ..., K, by Theorem 3.2.5. Thus, since the quasi-injective module
A’ has the exchange property, A’ = @™ (e;J") K2 for some K7, ..., K/,.
Therefore A’ = Z(E(A')) because E(A") = @™ (e;R) KD by Claim 2 (b)
and Theorem 3.2.6. In consequence, A" = Z(E(A')) = ®ie1Z(E(4))).
Then, for any i € I, A" = A; @ (Djer—{iy Z(E(4;))) because the quasi-
injective module A; has the exchange property. Thus A; = Z(E(A;)) since
A; C Z(E(A;)). Hence A’ = @1 A;.
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Claim 7. Every projective right R-module P is extending. This es-
tablishes (2).

Proof of Claim 7. Let A be a submodule of P. By Claim 5, we may
assume that A is singular, ie., A C Z(P). Since Z(P) is quasi-injective
by Claim 2 (b), it is extending. Hence we may further assume that A is a
direct summand of Z(P). Now Z(P) may be expressed as a direct sum of
completely indecomposable uniform submodules by Theorems 3.2.5, 3.2.6
and Claim 2 (a), (b). Therefore there exists a non-zero direct summand A’
of A which contains a completely indecomposable uniform direct summand
A" by, for instance, [5, 12.6 Theorem]. Then there exists a direct sum-
mand P” of P with A” C. P” by Claim 4. Hence, using Zorn’s Lemma,
we obtain maximal independent families {P;};c; of indecomposable direct
summands of P and {A;};cs of indecomposable direct summands of A such
that ®;erA; Ce Bicr Py and @1 P; and ®;¢c 1 A; are locally direct summands
of P and A, respectively. Then, by Lemma 3.2.9 and Claim 6, ®;c;P; and
@icrA; are direct summands of P and A, respectively, say P = (B, P;)PQ
and A = (D;erA;) @ B.

We complete the proof by showing that B = 0. Suppose that B # 0.
Then there exists a uniform direct summand B’ of B since Z(P) is expressed
as a direct sum of completely indecomposable uniform submodules and A
(and so B) is a direct summand of Z(P). Let 7 : P = (®;e/P) @ Q —
@ be the projection. Then 7 |p is a monomorphism since Ker(w|p/) =
B' N (®icrPy), B' N (PicrAi) = 0 and BierA; Ce BierPi. Hence w(B’)
is uniform. Moreover we have a uniform direct summand Q' of Q) with
m(B') Ce Q' by Claim 4. Then (;c14;)BB’ Ce (BicrPi)®B’ = (Bic1 Pi)®
m(B") Ce (BicrP;) ® Q. Therefore the existence of the families {P;};cr U
{Q'} and {A;};crU{B’} contradicts the maximality of { P; };c; and {4, }ier.
Hence B = 0, and hence (2) is attained.

(2) = (4). Let M be a right R-module and let ¢ : FF — M be an
epimorphism, where F' is a free right R-module. There exists a direct

decomposition F' = P, & P, with Kerp C. P; since F is extending by
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(2). Then M = o(Py) ® ¢(P2), where ¢(P1) (& P/ Ker ) is singular and
©(P2) (2 P) is projective.

(4) = (3). Let P be a non-zero projective right R-module and let M
be a right R-module with P C, M. By (4), we may write M = P’ @ Z,
where P’ is projective and Z' is singular. Let 7 : M = P' & Z' — P’ be the
projection. By (4), we may write n(P) = P"” & Z", where P” is projective
and Z" is singular. Let 7’ : m(P) = P”" ®Z" — P" be the projection. Then
7’7 |p : P — P" splits, and hence Ker(n'm |p) is projective. So we see that
Ker(n'm |p) = 0 since Ker(n'w |p) C Ker(n'w) = 7= 1(Z2") = Z' ® Z" and
Z' ® Z" is singular. Therefore Z’ N P = Kerm N P = 0. Hence, because
P C. M, we have Z' =0, i.e., M = P’ is projective.

(3) = (1) and the last comment. We show this by Claims 1-4 as follows.

Claim 1.

(a) Every projective injective right R-module contains a completely
indecomposable > -injective submodule.

(b) Let {P}ier be a family of indecomposable projective injective right
R-modules. Then ®er, P, is Y -injective.

Proof of Claim 1. (a). Let P be a projective injective right R-
module. Choose a cardinal number 7 such that 7 > max{®g, #R} and put
E = E(P(). Then E is projective by (3), and hence we may consider E as
a direct summand of R() for some set I. Then, since the injective module
F has the exchange property, RY) = E @ (®;cre;R) for some e; € Pi(R).
Hence F = ®;cr(1 — €;)R, and we can write E = @;crz;R. Hence 7 <
unif. dim P = unif.dimE = Y, _; unif.dim(z;R) < #I x #R. Then 7 <
#1 since T > #R. Hence there exists J C I such that #J > Ny and z; R &
x; R for any i, j € J because, if v denotes the cardinality of an irredundant
set of representatives of {zR | x € R}, then v < #R < 7 < #I. Then
xjR is ) -injective for any j € J since (ij)(NO) may be considered as a
direct summand of @;crx; R = E which is injective. Therefore ;R can

be expressed as a direct sum of completely indecomposable modules by
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Theorem 3.2.6. Choose a completely indecomposable direct summand E’
of z;R. Then E’ is uniform, since it is completely indecomposable > -
injective, and hence it may be considered as a submodule of P(") because
P is injective. Since E’ has the exchange property, we have P(") = E' @
(Piex P)), where K is a set with #K =7 and P = P/ @ P/ for any i € K.
Thus E' = &,ex P/, and hence, since E’ is indecomposable, E' = P}
for some k € K. Therefore P contains a completely indecomposable -
injective submodule P}/, showing (a).

(b). Each P, is > _-injective by (a). Hence we may assume that P, 2
P, for any distinct I, m. Put P = @ P, and E = E(P(T)), where
we let 7 be as in the proof of (a). Then, as in the proof of (a), we can
write £ = @®;c;x; R, where each x;R = f;R for some idempotent f; of
R. For any i € I, there exists a non-zero element y; € z;R N P(™) since
P C, E = @icrz;R. Then E(y;R) C x; R since x; R is injective. Further
E(y;R) = @leLiPIk” for some finite subset L; of L and k;; € N because
E(y;R) C P) = (@1 P)(7), each P, is indecomposable and E(y; R) has
the exchange property. Thus we may assume that E(y;R) = P, for some
l; € L. Therefore each x;R contains a direct summand F(y;R) which is
isomorphic to some F;.

Now we consider the partitions I = Uyerly and I' = I'y UT'2, where, for
any i € I, and j € I,

{xiR%ijif v=1,
i RE TR v #9/,
and
{#Iw >xoif yely,
#I, <ooif yeTls.
Put I, = User, I, for n = 1,2. For any i € I, (2;R)®) is isomorphic
to a direct summand of E = @®jcrz;R since #1, > Ny for any v € I'y.
Then (z;R)X0) is injective. Now x; R can be expressed as a direct sum of
indecomposable modules by Theorem 3.2.6. Hence we may assume that
z;R is indecomposable and is isomorphic to P;,. Put E, = ®;c;, z;R for
n=1,2.
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On the other hand, for any [ € L we now show that there exists i; € Iy
with P, = z;, R. Assume, on the contrary, that there exists [ € L such
that P, 2 ;R for any i € I;. Now PI(T) C FE = E1 ® E5. If there exists
0+#z¢ PZ(T) N Eq, then E(zR) C PI(T) N E; since PZ(T) and F; are direct
sums of injective modules. Therefore E(zR) contains a direct summand
which is isomorphic to both P, and some direct summand of Ey, i.e.,
P, = x; R for some i € I, a contradiction. Hence PZ(T) N E; = 0. Thus, if
m: FE=F @& Fy — Fs is the projection, then w |PZ<T) is a monomorphism.
Therefore it follows that #F. > 7. Hence #I's > 7 since 7 > #R and
#1I, < oo for any v € I's. But #I'y < #I' < #R because each z; R is
isomorphic to some f; R for some idempotent f; of R. This contradicts the
definition of 7. Hence, for any [ € L, there exists i; € I; with P, = z;, R.
As a consequence, F contains a direct summand which is isomorphic to P
since P, % P, for any distinct [, m.

Moreover E§N°) = @WGFI(G%EHQQR)(NO) 2 Oyer, (Dier,wiR) = Ey by
the definition of I'y. Therefore E; is > -injective. Hence P is also > -

injective.

Claim 2. Let P be a projective right R-module. Then E(P) is projec-
tive Y -injective.

Proof of Claim 2. By (3), E(P) is projective. Thus we have a
non-empty maximal independent set { P; };cr of indecomposable > _-injective
submodules of E(P) by Claim 1 (a). Then @, P; is Y -injective by Claim
1 (b). We have a direct decomposition E(P) = (®;erP;) ®E’. Then E' =0
by Claim 1 (a) and the maximality of {P;}ics.

Claim 3. R is a semiperfect ring which satisfies (x)*.

Proof of Claim 3. By Claim 2 and Theorem 3.2.6, E(Rg) can be
expressed as a (finite) direct sum of indecomposable right R-modules and
hence unif.dim(Rp) < oo. Therefore there exists a complete set {f;}7_; of
orthogonal primitive idempotents of R.

Let f € {f;}}-1. We may express E(fRg) as a direct sum E(fRg) =
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@, y; R of completely indecomposable projective modules by Claim 2 and
Theorem 3.2.6. We claim that m = 1. Suppose that m > 2. Let
T, ¢ @ty R — yrR be the projection for each £ = 1,...,m. Then
fR C. & mi(fR) since fR C. E(fRgr) = & ,m(E(fRg)). Therefore
mi(fR) is projective for each ¢ = 1,...,m by (3). Then m; |g is monic
because m1 |fr : fR — mi(fR) is a split epimorphism and fR is indecom-
posable. Therefore fRN (&72,y; R) = Ker(m |fr) =0, ie., ®,yR =0,
a contradiction. Hence m = 1.

Consequently F(fRpg) is an indecomposable projective injective mod-
ule, and hence we have an isomorphism ¢ : E(fRgr) — eR for some
e € {f;}, since E(fRpg) has the exchange property. Then eJ' is indecom-
posable quasi-injective for any i € Ny. Since E(eJ?) = eR and it is uniform,
eJ' is quasi-injective and uniform. Then eJ® @ eJ? is quasi-injective and
satisfies the exchange property, and hence eJ? is completely indecompos-
able by Theorem 1.1.14. Now there exists s € Ny such that ¢p(fR) C eJ®
but ¢(fR) € eJ**! because eJ® % eJ’ for any distinct i, j € N. Then
eJ?® is completely indecomposable and projective by (3), and hence it is
local. Therefore, since o(fR) € eJ*™!, we have o(fR) = eJ*. Hence R is
a semiperfect ring which satisfies (*)* by Theorem 3.2.5.

Claim 4. R is a semiprimary QF-8 ring which satisfies ACC on right

annihilator ideals.

Proof of Claim 4. By (3) and Theorem 3.1.4, it suffices to show that
R is a right perfect ring.

Let f € Pi(R). Then fRpg is quasi-injective by Theorem 3.2.5 (2) and
hence Y -quasi-injective by Claim 2 and Theorem 3.2.6. Therefore R is a
right perfect ring by Lemma 3.2.7 and Claim 3. O

In view of the arguments in the proof of Theorem 3.2.10, we have the

following remark.

Remark 3.2.11. For a right noetherian ring R whose indecomposable in-
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jective right R-modules are finitely generated, the following are equivalent:

(1) R is aright co-H-ring.

(2) Every finitely generated projective right R-module is an extending
module.

(3) The family of all finitely generated projective right R-modules is
closed under taking essential extensions.

(4) Every finitely generated right R-module can be expressed as a

direct sum of a projective module and a singular module.

3.3 The Relationships between Harada Rings and Co-
Harada Rings

In this section we present the important fact that a ring is a left H-ring if

and only if it is a right co-H-ring.

We begin with the following lemma.

Lemma 3.3.1. Let R be a semiprimary ring which satisfies ACC on right
annihilator ideals and ey, ... e,, f € Pi(R). Then the following are equiv-

alent:

(1) Rf/Sj—1(rRf) = E(T(grRe;)) holds for each j =1, ...,n.
(2) (a) e1Rpg is injective with S(e1Rr) = T(fRr), and
(b) ejR e J7™! holds for each j =1, ...,n.

Proof. (1) = (2). gRf is injective with S(rRf) = T(rRe1) by (1).
Therefore (a) holds by Corollary 2.4.6.

Next we show (b). First note that {e;}_; is pairwise non-isomorphic
by (1). We now use induction on j. Let k& € {1,...,n} be such that
e;R = e;J771 holds for any j < k — 1.

Claim. Then e;J¥=1 /ey J* is isomorphic to a direct sum of copies of
T(ekRR).
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Proof of Claim. Choose = € e;J¥~! — JF with g = z for some
g € Pi(R). We show that Rg = Rej. Since e, 1R = e;J*=2 by our
inductive assumption, e;J*~2 = yR for some y € e;J*?e;_1. Thus there
exists r € ex_1Jg — J? with yr = x. Then we have an epimorphism
¢ : Rr — S(rRf/Sk—2(rRf)) because S(rRf/Sk—2(rRf)) = T(rRek—1)
by (1). Moreover there exists an extension map @ : Rg — Rf/Sk—2(rRf) of
¢ by (1). Then 0 # (9)¢ € Sk(rRS)/Sk-2(rRf) = Sk—1(rR[)/Sk—2(rRS)
since r € Jg — J?. Hence g(Sx(rRf)/Sk_1(rRf)) # 0. Therefore Rg =
Rey, because Sip(rRf)/Sk—1(rRf) = T(rRer) by (1). This shows the

claim.

Now  grRf/Sk—1(rRf) is  quasi-projective  injective  with
S(rRRf/Sk—1(rRf)) = T(rRex) by (1). Further Si_1(rRf) = rrs(exR)
by (1) since {e;}}_; is pairwise non-isomorphic. Hence exR is a quasi-
injective right R-module with S(exRgr) = T'(fRgr) by Corollary 2.4.5. On
the other hand, e; Rey, C e1J*~! by our inductive assumption since {e; };L:l
is pairwise non-isomorphic. Hence e;J*! = ¢, R by the claim above
because e1R = E(T(fRr)) and ey Rpr is quasi-injective with S(exRp) =
T(fRg). Thus (2) holds.

(2) = (1). We use induction on j. Firstly Rf = E(T(rRe1)) fol-
lows from (2) (i) and Corollary 2.4.6. Let k € {1,...,n} be such that
Rf/S;—1(rRf) = E(T(rRej)) forany 1 <j <k —1.

Claim. S(Rf/Sk—1(rRYf)) is isomorphic to a direct sum of copies of
T(rReg).

Proof of Claim. Take x € Si(rRf) — Sk—1(grRf) with gx = z for
some g € Pi(R). We show that gR = exR. Since S(rRf/Sk—2(rRf)) =
T(rReg—1) by our inductive assumption, we have Si_1(rRf) = Ry for
some y € ex_1Sk—1(rRf). Therefore there exists r € e,_1Jg — J? with
rz = y. Hence gR = ei, R because e,_1J = e1J*71 2 ¢, R by (2) (ii). This

shows the claim.

Now e, R is a quasi-injective right R-module with S(exRr) = T(fRR)
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by (2)(ii). Thus Rf/rgs(exR) is an injective right R-module with
S(rRf/rrs(exR)) = T(gRex) by Corollary 2.4.5. Further rgs(exR) =
Sk—1(grRf) by our inductive assumption and the claim above since
{e;j}j—; is pairwise non-isomorphic by (2) (ii). Hence Rf/Sk—1(rRf) =
E(T(rRek)), ie., (1) holds.

Using Lemma 3.3.1, we can easily show the following proposition.

Proposition 3.3.2. Let R be a semiprimary ring which satisfies ACC
on right annihilator ideals and let {ei]}znlg() and {f;i}i~, be two sets of

primitive idempotents of R. Then the following are equwalent:

(1) {fi} satisfies the following conditions:
(a) {Rf;}™, is an irredundant set of representatives of indecom-
posable projective injective left R-modules,
(0) Rfi/Sj-1(rRf;) = E(T(rRei;)),
(C) RRfZ/STL(l)(RRfZ) is small
for anyi— 1,...,m, j=1,....n(i).
(2) {eijtimi 2 () s a basic set of primitive idempotents of R which

satisfies the following conditions:

(d) {eaR}™, is an irredundant set of representatives of indecom-
posable projective injective right R-modules with S(e;1Rp) &
T(fiRr),

(e) ey ;R=ejnJ ™t

(f) eﬂJR() is singular

foranyi=1,....m, j=1,...,n(%).

Proof. (1) = (2). S(rRf:) 2 T(gReip1) holds for each i =1, ...,m
by (b). Therefore (d) follows from (a) and Corollary 2.4.6. Moreover

{ew}znlzl() is a basic set of primitive idempotents of R by (a), (b), (c)

and Theorem 3.1.7. Further (e) follows from Lemma 3.3.1. Thus (f) also

follows from Theorem 3.2.5 since {e;;}i- 12(1)1 is a basic set of primitive

idempotents of R.
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(2) = (1). We can show this using the dual of the argument for (1) =
(2). However we give a proof for the benefit of the reader.
From (d) and Corollary 2.4.6, (a) holds and S(rRf;) = T(rRe;1) for

each ¢ = 1,...,m. Hence, in particular, we have E(T(rRe;1)) = Rf; for
each ¢ = 1, ...,m. Further (b) holds by Lemma 3.3.1. Thus (c¢) also holds
since {e;; }:ilr;(:z)l is a basic set of primitive idempotents of R. ]

The following theorem is the main theorem of this section.

Theorem 3.3.3. A ring is a left H-ring if and only if it is a right co-H-

Ting.

Proof. Assume that R is a left H-ring. Then R is right artinian by
Proposition 3.1.8. Further condition (1) of Proposition 3.3.2 holds by The-
orem 3.1.7. Thus R satisfies (*)* by Proposition 3.3.2 (d), (e) and Theorem
3.2.5, and hence R is a right co-H-ring.

Conversely assume that R is a right co-H-ring. Then R is a semiprimary
ring by Theorem 3.2.10. Moreover condition (2) of Proposition 3.3.2 holds
by Theorem 3.2.5. Thus R is a left H-ring by Proposition 3.3.2 (a), (b), (c)
and Theorem 3.1.7. D

Let R be a left H-ring with Pi(R). Then, by Theorems 3.2.5 and 3.3.3,
Pi(R) can be arranged as Pi(R) = {eij}znzlz(:i)l, where

(1) e;1R is an injective right R-module for each i =1, ..., m, and
(2) ejR = e ;1R or ej;R = e;;_1J forany i = 1,...,m, j =
2, ...,n(i).

In case R is a basic left H-ring, the condition (2) can be replaced by

(2)) e jR=epn’ tforanyi=1,...,m, j=2,....n(i).

m  n(i)

We say that such an arranged Pi(R) = {e;;},_, ;- is a left well-indezed
set. Symmetrically, we can also define a right well-indexed set for a right

H-ring.
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For later use, we say that the left H-ring R has m-row blocks if R has a
left well-indexed set Pi(R) = {e;;}i- 17;(1

By Proposition 3.3.2, we have the following theorem.

Theorem 3.3.4. Let R be a basic left H-ring with o left well-indexed set
Pi(R) = {e;; }i- n(i)l. Then the following hold:

i=1,j=

(1) Reo(iyp(iy/Si—1(rRe(iypiy) = E(T(rRey)) for any i =
1L,...,m, k=1,...,n().

(2) o ® ()Rea@ o)/ Si-1(rRe(i)p() = E(R/J).

(3) ar, EB Reg(z)p(z)/Sj 1(RReq(i)p(s)) s a finitely generated in-

jective cogenerator in R-FMod.

We close this section with the following example which shows that in

general left H-rings need not be right H-rings.

Example 3.3.5. Consider the local QF-ring Q = K|z,y]/(22,y?), where
K is a commutative field. Then J(Q) = (z,y)/(2?,9?). Put

= (J(%) g) - (J(%) g) / (8 gggi) |

Then R is a left H-ring. But, since the second column of R does not have

simple socle, R is not left QF-2. Therefore R is not right Harada.

COMMENTS

The conditions (x) and (*)* were introduced in Harada [60]. The nomen-
clature “Harada ring” and “co-Harada ring” are due to Oshiro [147] and
almost all the results of this chapter are taken from this paper and Oshiro
[150], [151] and [152]. It should be noted that the study of lifting modules
and extending modules originated in the works Harada [63] and Harada-
Oshiro [73] in the early 1980s. In these papers, the lifting property was first
studied for simple factor rings while the extending property was considered
for simple submodules. However it soon became apparent that these no-

tions were important more generally in module theory. Indeed many ring
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theorists have studied continuous modules and discrete modules using the
extending and lifting properties without their specific mention.

In [18], Baba and Iwase called a right artinian ring a right quasi-Harada
ring when every indecomposable injective right module is quasi-projective.
In this paper, basic results of quasi-Harada rings are given and it is shown
that quasi-Harada rings are constructed by @QF-rings. Further in Baba
[12] and [13], quasi-Harada rings are well characterized using the structure
theorem of Tachikawa-Ringel on QF-3 rings. Furthermore, in Koike [100],

the self-duality of quasi-Harada rings is investigated.



Chapter 4

The Structure Theory of Left Harada
Rings

This chapter is concerned with the matrix representation of left H-rings.
We show that, for a given basic left H-ring R, there exists a QF-subring
F(R) of R and R is represented as an upper staircase factor ring of a block
extension of F(R). The subring F(R) is uniquely determined for a given
Pi(R) and is called the frame @QF-subring of R. As we see in Chapter 7,
Nakayama rings are H-rings and, therefore, this reprentation theory holds
for any basic Nakayama rings, namely, any basic Nakayama ring R has
a frame Nakayama @QF-subring F(R) and R is represented as an upper
staircase factor ring of its suitable block extension. The terminologies of
the frame subrings, block extensions and upper staircase factor rings are

new and are introduced in this chapter.

4.1 Left Harada Rings of Types () and (*)

Before we develop the structure of left H-rings, we introduce left H-rings of
type () and of type (x). Let R be a left H-ring with a left well-index set
Pi(R) = {e;;}1" ", Pi(R). We recall that

(1) e;1 R is an injective right R-module for each i =1, ..., m, and
(2) €Z‘jR = ei)jflR or €in = 62‘7]‘,1J for any T = 1, e, M, j =
2, ...,n(3).

In case R is a basic left H-ring, the condition (2) can be replaced by

107
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(2)) ejR=epnJ’ tforanyi=1,...,m, j=2,....n(i).

For each i = 1, ..., m, since e;1 R is injective, there exist s € {1, ...,m}
and t € {1, ...,n(i)} such that (e;; R; Rest) is an i-pair. This s is uniquely
determined, and if R is a basic ring, ¢ is also uniquely determined. If R
is not basic, we let this ¢ as the largest one. Then we may define two
maps o, p : {1,...,m} — N by the rule: o(i) = s and p(i) = ¢, so that
(ei1 R; Rey(3)p(iy) is an i-pair and 1 < p(i) < n(o(4)).

When o is a permutation of {1, ...,m}, we say that R is a left H-ring
of type (1), and when o is a permutation of {1, ..., m} and p(i) = n(c(3)),
ie., (ei1R;Res(in(o(i))) is an i-pair for each i = 1,...,m, we say that R

is a left H-ring of type (x).

4.2 A Construction of Left Harada Rings as Upper Stair-
case Factor Rings of Block Extensions of QF-Rings

Let F' be a basic semiperfect ring with Pi(F) = {e1,...,ey}. We put
A;j = e;Fej for any 4, j and, in particular, put Q; = A;; for any i. Then

we may represent F' as

A Agg -+ Aly Q1 Az - Aly
F— A1 Agg -+ A2y _ Ay Q2 -+ AQy
Ayl Ay2 Ayy Ayl Ayyyfl Qy

For k(1), ..., k(y) € N, we define the block extension F(k(1), ..., k(y))
of F as follows: For any i,s € {1,...,y}, 7 € {1,...,k(®)}, t €
{1, ...,k(s)}, let

F’ij,st = J(Qz) it i = S, .7 > t7
Ais if 4 7é S

and put
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P Pasz - Piisk(s)
Pli,s) = Pias1 Posa -0 Pia k(s
Piriy,s1 Pikgi)s2 - Pik(i),sk(s)

Consequently, when i = s, we have a (k(%), k(¢))-matrix

R R

Q) - 1Q)

which we denote by Q(i) and, when 7 # s, we have a (k(i), k(s))-matrix

Ajg - Ay
P(i,s) = e
Ais Ais
Furthermore we put
P(1,1) P(1,2) --- P(1,y)
P=F(H(), . k() = | 7BV P22 PR

Since F' is a basic semiperfect ring, P is also a basic semiperfect ring with
the matrix size k(1)+- - - +k(y). We say that F(k(1), ..., k(y)) is a block ex-

tension of F for {k(1), ..., k(y)}. In more detail, this matrix representation
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is given as

Py oo Praaray o0 Puagr o P
Py, 0 Preyae) 0 Pie@),yt © 0 Pie),pk(y)

Ppar - Ppaka)y 0 Pyt 0 Pk

Pyran = Pyr)aw) = Pyrwywr = Pyry).wkty)
Put

pij = (1)ijs
for each ¢ = 1,...,y, j = 1,...,k(i), then {p;;}_ 1 )1 is a com-
plete set of orthogonal primitive idempotents of P = F(k(1), ..., k(y)).

To distinguish it from any other Pi(F(k(1),...,k(y))), we denote it by
Pi*(F(k(1), ...,k(y))) or Pi*(P).

Remark 4.2.1. For Pi*(P), we note that
pi; Pp = an(P)ié_l

foranyi=1,...,yand j =1, ..., k().

Theorem 4.2.2. Given the situation above, the following are equivalent:

(1) Fis QF with the Nakayama permutation:

( 61 DR ey )
Co(1) = Coly)
(2) P=F(k(1),...,k(y)) is a basic left H-ring of type (x) with a left

well-indezed set Pi*(P) = {p;; }{_ 1,];(1

Proof. (1) = (2). Since (e;F'; Fe,(;)) is an i-pair, we see that
(i1 P; Ppo(iyn(o@iy)) is an i-pair for each i = 1, ..7y Therefore p;1 Pp
is injective. As we noted above, p;; Pp = p;1J (P ) Yforanyi=1,...,y,
j=1,...,k(i). Hence P is a basic left H-ring of type (x).
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(2) = (1). Since P is a left H-ring of type (), (pi1P; PPo(iyn(o(i))) 18
an i-pair for any i. This fact shows that each (e;F'; Fe,(;)) is an i-pair;

whence each e; F'r is injective. O

From now on, we assume that F' is a basic QF-ring with a Nakayama

<e1 S )

Co(1) " Coty))

and we take the block extension P = F(k(1),...,k(y)) of F. Let
i € {1,...,y} and consider the i-pair (e;F;Fe,(;y). Put S(Ay) =
S(g,4ij) = S(A,-ij). We define an upper staircase left Q(i)- right Q(o(i))-
subbimodule S(i,0(i)) of P(i,0(i)) with tiles S(A;;) as follows:

permutation

(I) Suppose that ¢ = o(i): Then, by Lemma 2.1.1 (2), we see that
S(A;;) is simple as both a left and a right ideal of Q; = A;;. Put Q = Q;,
J=J(Q;) and S = S(Q;). Then, in the k(i) x k(i) matrix ring

Q ...... Q
Q) =Pl =| " ,
S

we define an upper staircase left Q(i)- right Q(¢)-subbimodule S(i,i) =
S(i,0(7)) of Qi) as follows:
0---0 S

S(iyi) = ( (1,1)-position = 0),

0
where, for the form of S(i,4), we assume that, when @ is a division ring

(namely, @ = 5),
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Then, since S is an ideal of @, we see that S(i,7) = S(4,0(7)) is an ideal of
QGi)-

We let Q(i) = P(i,0(i)) = P(i,0(i))/S(i,0(i)) for the subbimodule
S(i,0(i)). In Q(i), we replace Q or J of the (p, ¢)-position by @ = Q/S or
J = J/S, respectively, when the (p, q)-position of S(i,i) is S. Then we may

represent (i) with the matrix ring which is made of these replacements.

For example,

QRQQQQ\ [QQQQQQ\ (055555
JQQQQQ JQQRQQQ| [0sssss
(1) OG) = JJQRQQAQQ| JJQQQQ/OSSSSS
|l JJIJIQRQQ| |JJJQQAQ 0000SS
JJJJQQ JJ JJQQ S S
JJJJJQ JJ J J JQ S S
QQ Q ......... Q
(2) Q) = =
0 Q 0 Q 0

(IT) Now suppose that i # o(i): Put S = Si,) = (@, Aicqi)) =
S’(Aw(i)Q (_)). Then S is a left Q;- right Q4 (;)-subbimodule of A = A;; ;.
In a left Q(i)- right Q(o(i))-bimodule

A A
P(i,a(i))( ) ((k(i), k(o(i)))-matrix ),
A A

we define an upper staircase subbimodule S(i,0(i)) of P(i,0(i)) with tiles
S of P(i,o(i)) as follows:

S(i,o(i)) = ( (1,1)-position = 0)
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and put P(i,0(i)) = P(i,0(i))/S(i,0(i)). We may represent P(i,0) as

A A A
P(i,o(i)) = ( (1,1)-position = A).
A
Next we make a subset X of P = F(k(1), ...,k(y)) by
X(1,1) X(1,2) --- X(L,y)

where X (i,7) (C Q;) and X (7,5) (C P(i,7)) are defined by

X(z@z‘)z{ O Al
S(i,1) if i =0o(i),

Then X is an ideal of P = F(k(1),...,k(y)). The factor ring
F(k(1),...,k(y))/X is then called an upper staircase factor ring of P =
F(k(1),...,k(y)). In the representation

P(1,1) P(1,2) --- P(1,y)
P(2,1) P(2,2) --- P(2,y

P(y,1) P(y,2) -~ P(y,y)
we replace P(i,(i)) with P(i,0(i)) and put P = F(k(1), ..., k(y))/X. We
represent P with
p(171)...m . P(1,y)

P(i,1) --- P(i,0(i))

ol
Il

P(y,1) -+ - o P(y,a(y)) -+ Py,y)
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From the form of P together with (1, 1)-position = 0 in the matrices S(i,1)
and S(i,o(i)) in (I), (II) above, we see that P = F(k(1), ..., k(y))/X is a
basic left H-ring.

Thus we obtain the following theorem
Theorem 4.2.3. For a given basic QF-ring F', every upper staircase factor
ring P/X of a block extension P = F(k(1), ..., k(y)) is a basic left H-ring.
Let us confirm this theorem in two examples.

Example 4.2.4. As F, we take a local QF-ring ) and consider the block
extension Q(4):

R QQQ
aw-|5900
JJJQ
and let
00SS
x=[0 233 (s=s0).
000 S
Then
QQQeQ
auix=|595%8
JJ JQ

Example 4.2.5. As F', we take a basic QF-ring R with a Pi(R) = {e, f}.

Assume that
e f
fe

is a Nakayama permutation of R. Put

R-(Q A)_(eRe eRf>
=\Bw) = \tre trs)

Consider a block extension R(3,3) of R:
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QQRQAAA
JQQ A A A
| JJQAAA
R(3,3) = BBBWWW
BBBKWW
BBBKKW
and let
00 0 00 S(4
00 0 00 S(4)
¥ - 00 0O 00 O
00SB)0OO O
00 0O 00 O
00 0O 00 O
Then

R(3,3)/X =

4.3 The Representation of Left Harada Rings as Upper
Staircase Factor Rings of Block Extensions of QF-Rings

Now, as our first stage of the matrix representation of left H-rings, we show
that any basic left H-ring can be represented as an upper staircase factor
ring of a block extension of a suitable semiperfect subring.
Let R be a basic left H-ring with a left well-indexed set Pi(R) =
{e”}:';l?(;)l For each i, j € {1, ...,m}, put
Aij = enRejn

and, in particular,

Qi = Aj;.
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We further put

A A - A Q1 Az - A
Aoy Asp -+ Aoy Aoy Q2 -+ Aoy
Aml AmQ e Amm Aml Am2 e Qm

As in Section 4.2, define Pj; s, P(i,s) and a block extension P =
T(n(1),n(2), ...,n(m)) with Pi*(P) = {p;;}/~,""), ie., for each i, s €
{1,....om},j€{l,...,n(@)} and t € {1, ...,n(s)},
Qi ifi=s, j<U,
Pijse=q J(Qi)if i=s, j>1,

Ay if i s,
P11 Pis2 0 Piisn(s)
P(i,s) = Pias1 Pizs2 - Piasn(s)
Pin(i),sl -Pzn(z),SQ to -Pzn(z),sn(s)
<Qz) Qi if i=s,
= J(Q ) (Ql) Qt
Pis e st
......... if i#s
Pis T st

and

P(1,1) --- P(1,m)
pP= e e (O n(i), > n(i))-matrix).
P(m,1) --- P(m,m)
Here, instead of the X (¢, s) C P(i, s) used in Section 4.2, we define a simpler
K (i, s) as follows:
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)

K(i,s) = oD

if s=0(i)

T P
K(1,1) K(1,2) --- K(1,m)
o | K21 K(@22) - K2n)

K(m,1) K(m,2) --- K(m,m)
Put

P(i,o(i)) = P(i,0(i))/S(i, 0(i))

and

P(1,1) .- P(1,0(1)

!

P(i,1) --- P(i,0(i))

if s+#o0(i),

117

- P(1,m)

P(m’l) P(m’o—(m)) P(m’m)

Under this preparation, we show the first representation theorem of left

H-rings.

Theorem 4.3.1. Let R be a basic left H-ring with a left well-indexed set

Pi(R) = {e; }iv 17;(1 Let P be the ring defined above. Then there exists a

surjective matriz ring homomorphism 7 : P — R such that Kerm = K and

7(pij) = €ij foranyi=1,...,m, j=1,...,n(i), ie, R=P.
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Proof. (1). We construct a surjective ring homomorphism 7: P — R
such that Ker7 = K and 7(p;j) = ¢;; foreachi=1,...,m, j =1, ...,n(%).
It will then follow that 7 is a surjective matrix ring homomorphism.

Since R is a basic left Hring and Pi(R) = {e;;}i",""} is a left well-
indexed set of R, we have an isomorphism 6;; : e;; R — ei1J7~ ! for any

t=1,...,mand j=1,...,n(7).

Claim 1. We can define an abelian group homomorphism

Tij,st * Pij.st — €ijRest

by x — (0;5) " (205t (est)) for each i, s € {1,...,m}, j€{1,...,n(i)} and
te{l,...,n(s)}.

Proof of Claim 1. For any = € P;; 5, we must show that 26 (es) €
ei1J771 =Im(0;;).

If i = s and j <t, then 205 (est) € e J' ! C e J771 = Im(6;5).

Ifi =sand j > t then = € e;1Je;1. Hence xJ C e;1J™ by the
definition of {e;; }." ;" j . Thus 20, (est) € e J™D CenJi—1 = =Im(6;;).

Ifi#s, Pyjs = eilResl and e;1Res1 C e;1J™® holds by the definition

of {ei;}iv 12( Therefore 6, (est) C €j1Res C e ™0 C e1 It

Claim 2. 7y @ Pij o — eijRes s an epimorphism for any i, s €
{1,....m}, 7€{1,...,n()} and t € {1, ...,n(s)}.

Proof of Claim 2. For any y € e;;Res, we consider the right R-
homomorphism 6;;(y)r, : estR — e;1R. Then there exists « € e;1 Res such
that ()05 = 6,;(y) L since e;1 R is an injective right R-module and 6;; is
an isomorphism. Thus 26 (es:) = 0;;(y). Further we see that zf4(es) €
Im(6;;) by the same argument as in the proof of Claim 1. This implies that

Hence 7;j 5¢(z) = (0;;) " (z0st(est)) =y, and hence 7;; 5 is surjective.

Claim 3.
(1) Ifs+# o(i), then 7 s is an isomorphism.
(2) If s=o0(i) and t < p(i), then Ty s is an isomorphism.

(3) If s = o(i) and t > p(i), then the epimorphism T is

not monic. In particular, Ker7;; oyt = S(ejy Rep€i1Reqiy1) =
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S(ei Reg(iy

module and as a Tight e, ;)1 Req(;)1-module.

eﬂ(i)lRea(i)l) and this is simple both as a left e;1 Re;q -

Proof of Claim 3. (e R; Req(iy,(:)) is an i-pair by the definition of
o and p. Hence we have a right R-epimorphism ¢ : €5, R — S(ei1Rr).

(1). We must show that 7;; s is monic. Assume, on the contrary, that
0 # z € Ker7yj s, iee., (Hij)’l(xﬁst(est)) = 0. Then zf(es:) = 0, ie.,
xJt=0.

Now consider the epimorphism (z); : es1R — xR. Then R 2
S(eiiRgr) = Imp, and hence there exists a right R-homomorphism ¢ :
eo(iptiyR — es1R with (z)p@ = ¢ since e, (), R is a projective right
R-module. Put y = @(eq(i)p)). Then y € esqReqiye) C e 51" by
the assumption that s # (i) and the definition of {e;;};

m n(z

i=1,j—1- Hence

zy € xJ"®) C zJt~1 =0, a contradiction.
(2). This follows by the same argument as used for (1) by using the
assumption that s = o (i) and ¢t < p(4).
(3). First note that
Ker 7y 00yt = {2 € Pijogiye | (0i) " (20501 (eo(iye)) = 0}
={2 € Py | 20s(i)(eq(ipe) =0}
={2 € P,y | vesinJ " =0}
since 0,y (€x()e) R = Im b,y = €51 J

Subclaim 1. Ker7; 5(;): 7 0.

Proof of Subclaim 1. Since (e;1 RR; Rey(;)p(i)) is an i-pair, we have an
epimorphism ¢’ : e,,(i)lJp(i)_l — S(ei Rgr). Let @ et — enR
be an extension homomorphism of ¢’. Then Kery¢/ = Kery' since
eg(i)lR/eU(i)ng(i) is uniserial. Moreover, Ker ¢’ = eg(i)lJ”(i) B) eg(i)l.ﬁ_l
by the assumption that ¢t > p(i). Thus Ker¢’ D o1 Therefore,
if z = é’(eg(i)l), then 0 # x € Ker7; o) since Ker7; . = {2 €
Pij oyt | Teo@iynJi ™1 =0}, as required.

Next, given any x € Pj; ,(;):, we consider (x); € Hompg(e, ;)1 R, ei1R)
and set X = {x € Pjj 0y | Ker(z)p = ea(i)lJp(i) tu{o}.
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Subclaim 2. Ker7;;,;: = X. (We also see that X = {z €
Pijoy | Ker(z)r 2 eg(i)ljp(i) 1)

Proof of Subclaim 2. (2) We have eg(i)lJt_l C e(,(i)lJ”(i) by the
assumption that ¢ > p(i). Hence Ker7;; 5y 2 X.

(€) For any 0 # x € Ker 7;; ,(;)¢, there exists u < ¢ —1 with Ker(z), =
eq(i)1J* because eg(i)lR/eg(i)lJf{l is uniserial.  Then (z) induces
ea(i)l.]“_l/ea(i)lju = S(eqRpr). Moreover, S(e;1Rr) = T(eq(i)pi)RR)
because (e;1R; Reg(iyp(s)) is an d-pair.  Hence eg(i)lJ“_l/eU(i)lJ“ %
T(eqi)piyRr). Now eq(;y1J" "1 is projective since u < t — 1 < n(o(i)).
Therefore e,(;y1J" ™ = €, ()0 R (= eg(i)lJp(i)_l), ie, u = p(i). Hence
Ker 7 0y € X.

The parenthetical remark is also clear by the above proof.

Consider a map ¥ = (0o()p(i) (€o(i)p(i))) R  €i1REs(i)1 — €i1Req(i)p(i)-
Then ¢ is a left e;1 Re;1-isomorphism since ¥ = Tj1 5(5)p(i) and T, o(i)p(s) 18
an isomorphism by (2) shown above.

) and this is

simple both as a left e;; Re;1-module and as a right €4 ;i) Fes (5) p(i)-module

Now S(erea i1 Reoino(i) = S Reotinotine, ), ke
because (e;1R; Req(i)p(y) is an i-pair. Put Y = S(c;, e,y €i1Req(i)p(i)) =

S(e“ReU(i)p(i)ea(i)p(wReampm )

Subclaim 3. ¢¥(X)=Y.

Proof of Subclaim 3. Let 2 € e;1Re ;) and put y = 9(x).
Then yR = Y(@)R = 2053:)p05)(€o(i)p(i)) B = 20(i)p(i)(€o(i)p(i) )
xea(i)lJ"(i)_l. Therefore, if 0 # & € X, then yR = S(e;;Rg) by Sub-
claim 2. Now S(e;1 Rg) = S(eilRea(i)p(i)e”(i)p(i)Reﬂ(i)pm
basic ring. Hence y € Y. On the other hand, if 0 # y € Y, then x € X by
Subclaim 2.

) =Y since R is a

Now 7o(i)p(i),a(i)p(i) * Co(itBea(iny = €o(i)pi)Res(i)p(y 15 an abelian
group isomorphism by (1), (2) above. Further it is clear that 7,(;),(:),0 (1) ()

is a ring isomorphism.

Subclaim 4. Consider e;1 Req i),y as a right eq ;)1 Re,(;)1-module
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induced by 7,(i)p(i),0(i)p(:) Then v is a (left e;1 Reji-) right e, )1 Reqiyi-
isomorphism.

Proof of Subclaim 4. For any x € ej1Rey(;),) and 7 € e;Rei,
W(ar) = 20005 (€atip) = P0o(i)p@) (O iyp0) (Moot (€atip@))) =
Do) p(5) (o (1p(i) Oriinotiy (Moot (€otiro@))) = V(@) Ta(i)pi).0 ()0 (1)-

By Subclaims 3 and 4, we see that X is simple and the essential socle of
ei1Req(i)p(i) both as a left e;1 Re;i-module and as a right e, () (i) Req(i)p(i)-

module since Y is simple essential. This completes the proof of Claim 3.

Claim 4. We can define a surjective ring homomorphism
7:P—R

by ei/jrT’([xij’st]ij,st)esrt/ = Ti/j/’slt/(xi/j/’slt/) for any il, Sl c {1, ...7m},
joe {1,...,n()} and ¢’ € {1,...,n(s")}, where z;; s is the (ij,st)-

component of an element of the matrix ring P.
Proof of Claim 4. For any z € F;j,q and y € Ppg s,
Tijpa(0)Tog,st (4) = (033) ™" (20pq (epq) (Fpg) ™" (Y0st(est)))
= (035) ™" (20pq ((0pq) ™" (¥0st (e5t))))
= (0:;) 7" ((
)

= Tij,st(TY)-

zy)0si(est))

Therefore, for any [2;; stlijst, [Yijstlijst € P, V', 8 € {1,...,m}, j €
{1,...,n()} and ' € {1, ...,n(s")}, we have

ei'j’T/([xij,st]ij,st [yij7st]ij,st)es't’

= Tirgr st > Tirj pgYpg.s't’)
1<p<m,1<q<n(p)

= Z Ti’ 5! s't! (xi’j’,pqypq,s/t’)
1<p<m,1<q<n(p)

= > Ti’jhpq(xi'jﬁpq)qu,s%’ (ypq,s/t’)
1<p<m,1<q<n(p)

- > (€srj 7' ([ij,stlij,st)epq) (€pg (T ([Wijostlizst) Jester)
1<p<m,1<q<n(p)

= ey (7' ([Tijst)ig.se) T ([Wig,stlij,st) )€t
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Le., T'([wijstlijstlYijstlijst) = 7' ([@ijstlijse) T ([Yigstlijse). Hence 7 is a

surjective ring homomorphism.

By Claim 3, Ker 7 = K. Hence the matrix map

711,11 0 Titin() 0 Tii,ml ° Til,mn(m)
Tin(1),11 """ Tin(1),1n(1) ~°° Tin(1),m1 " Tin(1),mn(m)
T =
Tm1,11 " Tmlin(1) “°° Tmlml " Tmlmn(m)
Tm(n(m),11 " Tmn(m),1n(1) *°° Tmn(m),m1 " Tmn(m),mn(m)

is a surjective ring homomorphism with Ker 7 = K. Accordingly, a proof

of Theorem 4.3.1 is completed. O

Notation. We let R*) denote the factor ring P = P/K and identify

R with R*) when we are considering basic left H-rings R.
By the structure of R = R™), we obtain the following theorem.

Theorem 4.3.2. Given the situation above, we obtain the following:

(1) Foranyie{l,....,m}, if i =0(i), then Q; is a local QF-ring.
(2) RY™ is type (1) if and only if T is QF.

Proof. (1) follows from the structure of R = R*) and (2) follows from
Theorem 4.2.2. D

When R™ is left H-ring of type (f), we say that the QF-subring T is
the frame QF-subring of R (with respect to Pi(R)) and we denote it by
F(R). We note that R is represented as an upper staircase factor ring of
F(R)(n(1), ...,n(m)). We will later define the frame QF-subring F'(R) for
any basic left H-ring R.

We now illustrate Theorem 4.2.2 with two examples.
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Example 4.3.3. Let R be a basic left H-ring with a left well-indexed
set {e11,e12,€13,€21,€02}. Put Q; = enRey, J; = J(Q;) fori = 1,2,
A =e11Res; and B = ez Reqy.

(1) Suppose that (e11R; Rear) and (ea1 R; Repa) are i-pairs, so o(1) =
2, 0(2) =1,p(1) =1 and p(2) = 2. This gives

Q1 Q1 Q1 A A
P(171) = Jl Ql Ql ) P(laz) = AA )
Ji 1 @1 A A

_(BBB _ (Q2 Q2
_(BBB>’ P(2’2)_(J2 Q2>’
000 0 S(Ag,)
=1000], 0 S(Ag,) |,
000 OSAQ2

0 0 5(Bg,
(OOSBQ1>’ K22 =

Therefore

P(1 72 K(1,1) K(1,2)

R=P/K = ( (2,2) /(K<2,1) K<2,2)>
QlQlQlA 00 0 0S(A)
JLO1Q, A A 00 0 0S(A)
JL QA Al/l00 0 0S4
B B B QsQs 00S5(B)0 0
B B B J,Q, 00S5(B)0 0

We abbreviate this as

Ql Ql Ql A
J Q101 A

=

I

=~

o
SNISSIES
;/

(2) Suppose that (e11R; Rear) and (ea1 R; Regs) are i-pairs. Then
Q1 Q1 Q1 A g
J1 @@ A A
Re|J J1 QL A A

B B B Q2 Q2
B B B JQ,
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Later we can see that R is represented more simply as follows:

Q1 Q1 Q1 Q1 Q1
J1 Q1 Q1 Q1 Q1
Ji i Q1 Q1 Q1
Jv 1 J1 Q@
Jv i 1 S @

=
1%

Remark 4.3.4. Any basic left H-ring of type () with m blocks is trivially

an upper staircase factor ring of type (x) with m blocks.

Now we are in a position to show the following fundamental represen-

tation theorem of left H-rings.

Theorem 4.3.5. Let R be a basic left H-ring with a left well-indexed set
Pi(R) = {ei; }iv 1?(11. Then the following hold:

(a) There exists a subset

{€i11, €ir1s ~~~,€z‘y1} = {60(1'1)1;60(1'2)17 "'aea(iy)l}
of {ei1 }iL, such that, putting e = e;1 + - +e;,1,
ei1lRe; 1 - 6111R€iy1
F(R) = eRe = e
eileeill te eileeiyl
18 a QF-ring with the Nakayama permutation
( €1 €yl )
Co(i1)l " Co(iy)l
(b) There exist k(1), ..., k(y) € N with k(1) + k(2) + --- + k(y) =
n(1) +n(2) +--- +n(m) for which R can be represented as an up-
per staircase factor ring of the block extension F(R)(k(1), ..., k(y))

with respect to {e; 1, ...,€;,1}.

Proof. When R is of type (f), the statement follows from Theo-
rems 4.2.2 and 4.3.1. Suppose that R is not of type (#). Then m > 1
and {o(1),...,0(m)} € {1,...,m}. Therefore there exists a subset
{i1,42, ..., 4} of {1,2,...,m} such that
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() o(i1) = o(iz) = -+ = o(it) # o(t) for any t € {1,...,m} —
{il,ig, ...,il}, and

(B) plir) < pliz) < ... <p(ir).

Without generality, we may let 1 =141, 2 =19, ..., I =14;. So

B

SN

=
I

0(2)=---=0(l) # o(t) for any | < ¢, and

Hence the representation P = R has the following form:

P(1,1) - P(L,o(1)) -+ o P(1,m)

P(,1) - P00 -

P:
P(m,1) - - P(m,o(m)) --- P(m,m)
and
P(1,0(1))
P(2,0(2))
P(1,0(1))
p(1) p(2) p(l)
\Y V V
Aoy Aoy ALe) - Ao
Ar o) Azo) 0 Azo) Azoe) 0 o Aag(2)
Aoy Aoy - Aoy Aoy Ao

We consider the following cases:

() o(1)=0(2) #1,2, (i) o(1) =0o(2) =1, (iii) o(1) = o(2) = 2.

In case (i), R can be represented as
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p(1) p(2)
vV
A---AA.-.-4AA..- A
A---AA--.4AA.--- A
B.--BB---BB---B
R: * * e N .o * 9
B.--BB---BB---B
* * * *

where A = A11,a(1)1 = ellRea(l)h B = A21,a(2)1 = 621R60(2)17 A=

A/S(A) and B = B/S(B). In the first row block, we replace the leftmost
Ao A A A

by to get W as follows:
A A A--- A
p(2)
\/7 —
A AA-.-AA... A
* * *

i
i
i
i
8
i

8y
Sy
Sy
Sy
|
oo

Sy
Sy
Sy
Ss)
3]
|

Then, by (a) and (8), we see that W is a basic ring and R = R™) is a
factor ring of W. Furthermore we claim that W is a basic left H-ring with
m — 1 row blocks. Let f;; be the element of W, where each (ij,ij) entry
is the unity (of @; or @Q;) and all other entries are zero. Then {f;; }211?(21)1
is a complete set of orthogonal primitive idempotents of W. This implies

that W is a basic left artinian ring such that

O J(fisWw)w = fijiWw foranyi=1,...,m, j=1,...,m(i) -1

and
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(I1) fiuWw is injective for any i # 2.

Since W is basic and S(fuulWw) = -+ = S(finayWw) = S(faWw) =
<o+ 2 S( fan2)Ww), we see that forWw S J(f1a)Ww)w. It is easy to see
that both J(fi,1)Ww) and f21W canonically become right R-modules by
(B). Since J(fin1)W)r is indecomposable and fa1 Rp is injective, we have
that J(finyWw)w = faiWw. Thus W is a basic left H-ring with m — 1
row blocks.

Our key method for making W is to replace

A AA- A A A
PLo()\ |A-AA-..AA ... A
P(2,0(2))) |B---BB---B B ---B
B..-BB---BB .---B
by
A AA-..ARA
PlLoM)\" |A--AA-..AA... 4
P(2,0(2)) ~ |B---BB---B B --- B
A---BB---BB ---B
When o(1) = --- =o(l) # ¢ for each i = 1, ...,l, by similar arguments we
used all in one for
P(1,0(1))
P(2,0(2))
P(l,o(l))
we can make
P(Lo(1)\’
P(2,0(2))
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and, by their replacement in the representation:

PO - PLW)

ol
[

P(m,1) --- P(m,o(m)) --- P(m,m)
we can make a new basic left H-ring with m — [ + 1 row blocks.

A similar argument produces such left H-rings for the other cases (ii)
and (iii) or, more generally, for the case: (k) = k for some k; 1 < k <.
Though we only considered the subset {e;,1, ..., e;,1} C {e11,€21, ---,€m1},
we also consider all other such subsets and, by replacements all in one, we
can make a basic left H-ring, where the number of row blocks is smaller
than m. We denote it by W (R). Note that R is a factor ring of W(R).

Next, if W(R) is not type (), then we can also make W(W(R)). Put
W2(R) = W(W(R)). Inductively, we make W (R), W2(R), ..., and finally
reach W*(R) which is a basic left H-ring of type (). Here we adopt the
frame QF-subring of W¥(R) as the frame QF-subring of R and we denote
it by F(R).

Now, by the construction of F'(R), there exists a subset

{61‘11761'21, "'7eiyl} = {ea(il)lvea(ig)la ~--7eo(iy)1}
of {e11,€21, ..., em1} for which, putting e = e;;1 +--- +e;,1,
eiy1Rein -+ eip1Rein
F(R) =eRe =
ei,1Re; 1 -+ e 1Re; 1

with the Nakayama permutation

< el v €1 >
€o(in)l " " Co(iy)l
and there exist k(1), ..., k(y) € N with k(1) + k(2) +--- + k(y) = n(1) +

n(2) + .-+ + n(m) and R can be represented as an upper staircase factor
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ring of the block extension F(R)(k(1), ...,k(y)) of F(R) with respect to

{eill, ...,eiyl}. O

As an immediate corollary of Theorem 4.3.5 together with Proposition

3.1.8, we obtain the following important fact.

Corollary 4.3.6. Left H-rings are left and right artinian rings.

Example 4.3.7. Let R be a left Hring with a left well-indexed set
Pi(R) = {e11, €21, €22} such that (e11 R; Rea1) and (e2; R; Regs) are i-pairs,
so o(1) =2,0(2) =2,p(1) =1 and p(2) = 2. Then, by Theorems 4.3.1,

Q1 A A
R=| B Q2Q2],
B Jy Q2

Q1 A A Q1 Q1 Q1
WR)=| B Q2Q2|=|J1Q1Q1],
B J Q2 Ji J1 Q1

where Q1 = ey Req1, Jo = J(Q2), A = e1Rey and B = eyRey. Since
W (R) is of type (#), we obtain that F(R) = Q1.

Example 4.3.8. Let R be a basic left H-ring with a left well-indexed set
Pi(R) = {e11,e12, €21, €22, €31, €32} such that (e;;R; Res1), (e21R; Ress)
and (eg1R; Reas) are i-pairs, so o(1) = o(2) = 3, ¢(3) = 2, p(1) =
1, p(2) = 2 and p(3) = 2. Then R is not of type (f). Put e; = eq1, €2 =
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€12, €3 = €21, €4 = €99, €5 = e31 and eg = e32. We represent R as

e1Req e1Res e1 Res e1 Rey e Res eq Reg
eoReq eaRes e Res ea Rey e Res eo Reg
esReq e3Res esRes e3Rey e3Res esReg
esReq e4Res esRes esRey ey Res eqReg
esReq es Res esRes esRey es Res es Reg
egRey egRes egRes egRey egRes egReg

Q1 Aip A1z A1y Ars Age
A1 Qo Azsz Agy Ags Agg
Az Az Q3 Azg Ags Asg
Agr Aga Agz Qu Ags Age
Asy Asz Asz Ass Qs Ase
Ag1 Agz A3z Ass Ass Qs

Q1 Q1 Az A1z Ass @
J1 Q1 Az Az A5 Ass
Az1 As1 Q3 Q3 Aszs Ass
Az As1 J3 Q3 Aszs Ass |
Asy Asy Asz Asz Qs Qs
Asy Asy As3 Asz Js Qs

where Jl = J(Ql), Jg = J(Qg) and J5 = J(Q5) Then

Q1 Q1 Q1 Q1 A5 Ass
Ji Q1 Q1 Q1 A Ass
Ji Ji Q1 Q1 Ais Ass
Jio i S Q1 A Ass
Asy As1 Asy As1 Qs Qs
As1 As1 Asy Asy Js Qs

1%

W(R) =

Since W(R) is of type (f), we obtain

[ Q1 A
F(R) = (A51 Q5> ’

Example 4.3.9. Let R be a basic left H-ring with a left well-indexed
set Pi(R) = {e11, e12, €21, €22, €23, €31, €32} such that (e11R; Rea),
(e21R; Regs) and (es1R; Regs) are i-pairs, so o(1) = 0(2) = 0(3) = 2,
p(1) = 1, p(2) = 2 and p(3) = 2. Then R is not of type (). Put
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e1 = e11, €2 = €12, €3 = €31, €4 = €32, €5 = €31, €5 = €32 and ey = e3a.

We represent R as

€1R61 €1R€2 €1R€3 €1R€4 61R€5 €1R66 €1R€7
€2R81 €2R€2 62R€3 €2R€4 82R€5 €2R66 €2R€7
€3R81 €3R€2 63R€3 €3R€4 83R65 €3R86 €3R€7
R = €4R81 €4R€2 €4R€3 €4R€4 €4R65 €4R86 €4R€7
€5R81 €5R€2 €5R€3 €5R€4 85R€5 €5R86 €5R€7
€6R61 €6R€2 €6R€3 €6R€4 €6R€5 €6R66 €6R€7
€7R61 €7R62 €5R€3 €7R€4 €7R€5 67R66 €7R€7

Q1 Ay A1z A1g Ars Are Arr
A1 Q2 Aoz Azy Aos Azg Aoy
Az Azy Q3 Asy Aszs Az Asr
= | Ay Auz Auz Qa Aus Ays Aur
As1 Asy Asz Asy Qs Ase Asy
Ag1 Agz Ass Aes Ass Qs Asr
Ay Agy Az Aqy Azs Az Q7

Q1 Q1 Az @@ A Asg
Ji Q1 Az Aig Aig Are Ase
Az Az1 Qs Q3 Q3 Ase Ase
Az As1 Js Q3 Q3 Ase Ass |
Az1 Az1 J3 Q3 Q3 Asze Ase
Ag1 Ag1 As3z Aez Asz Qs Qs
Ag1 Ac1 As3z Aez As3 Jo Qs

1%

where J; = J(Q1), J3 = J(Q3) and Js = J(Qg). Then

Q1 Q1 A1z A1z Az A Ass
J1 Q1 Az Az A1z Ass Ass
Az1 Az1 Q3 Q3 Q3 Asze Ase
W(R) = | A31 A31 J3 Q3 Qs Ass Ase
Az1 Az1 J3 Q3 Q3 Asze Ase
Ag1 Ag1 Ag3 Asz Ass Qs Qs
Ag1 Ag1 A3 Aez Ass Jo Qs

Since W(R) is of type (ff) with one row block, we see that F(R) = Q1 and
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R is represented as

Q1 Q1 Q1 Q1 Q1 Q1 Q1
Ji Q1 Q1 Q1 Q1 Q1 Q1
JiJi @1 Q1 Q1 @1 @y
R=|J Ji J Q1@ g@

Jv Ji S Q1 Q1 Q1 Qs
Jl Jl J1 J1 Jl @&
Ju Jy Jy Jy Jr Jr O

Remark 4.3.10. Let G be a basic indecomposable QF-ring and R an upper
staircase factor ring of a block extension of G. Then we note that, in general,

F(R) need not be G. For example, let G be a local QF-ring and consider

the ring R:
-(69-( )
Then F(R) = R # G.

In the following theorem, for a given basic indecomposable left H-ring,
we shall observe the relationships between its minimal faithful right ideal

and its frame @QF-subring.

Theorem 4.3.11. Let R be a basic indecomposable left H-ring with a left
well-indezed set Pi(R) = {e;; }:n 1?( ) Put f=en1+ean+---+emn1. Then
the following hold:

(1) fR=ennR+exq R+ -+ em R is a minimal faithful right ideal of
R.

(2) fRf = End(fRg) is also a basic indecomposable left H-ring. Put
A(R) = fRf. If A(R) is not QF, we can also define A(A(R)).
Put AY(R) = A(R) and A%(R) = A(A(R)), and inductively we de-
fine A3(R), AY(R), ..., A¥(R), ... . Then there exists p such that
AY(R), A%2(R), ..., AP"L(R) are not QF but AP(R) (= APTY(R) =

-+) is QF. Put M(R) = AP(R). Then M(R) coincides with the
frame QF-subring F(R).
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Proof. (1) is obvious.

(2) When R is QF, there is nothing to prove. Suppose that R is not
QF.

Claim. Take any k € {1,...,m} with n(k) > 1 and [ € {2,...,n(k)}
and put W = (1 — eg)R(1 — eg;). Then the following hold:

(a) e;;Ww is not injective for any i € {1,...m} and j € {2,...,n(i)}
except (i,7) = (k,1),

(b) W is a basic left H-ring,

(¢ F(W) = F(R).

Proof of Claim. (a) The statement is easily shown.
(b) First we consider the case that both gRey ;1 and gRey are in-
jective. We may assume that there exists s € {1,...,m — 1} such that

(es1R; Reyi—1) and (esy1,1R; Rey;) are i-pairs. Then we see that

(I) (i) enWw is injective for any i € {1,...,s,84+2,...,m} and
(1) esy1,1Ww is not injective with ey, o)/ (W)w = esy11Ww,
() (i) ey j JW)w = e j+1Ww for any ¢ € {1,...m} and j €
{1,...,n(i) — 1} except (4,5) = (k,1 —1), (k,1),
(1) eri1JW)w = ep 1 Ww if 1+ 1 < n(k).

Therefore W is a left H-ring.

Next we consider the remainder case. Then

(I) e Ww is injective for any i € {1,...,m},
(I1) (i) ei;JW)w = e j4-1Ww for any ¢ € {1,...,m} and j €
{1,...,n(i) — 1} except (4,5) = (k,1 — 1), (k,1),
(1) eri—1J(W)w = ep i Ww if I +1 < n(k).

Therefore W is a left H-ring.
(¢) By the way of making the frame QF-subrings F(W) and F(R), we
can see that F'(W) = F(R).

Using the claim above finite times, we see that A(R) is a basic indecom-
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posable left H-ring with F(A(R)) = F(R). Therefore clearly the statement
holds. D

Example 4.3.12. Let R be a basic left H-ring with the well-ordered
indexed set PZ(R) = {611, €12, €21, 622} such that (GllR; R621) and
(e21 R; Reqy) are i-pairs, so o(1) =2, 0(2) =1, p(1) =1 and p(2) = 1. Put

e1 = e11, €3 = €12, €3 = €91 and e4 = ey and represent R as

e1Re; ey Rey e1 Rez e1 Rey Q1 Ap Az Ay
R— eaRey eaRey eaRez eaRey _ Az Qo Azz Ay
esRer ezRez ez Res e3Rey Az Azp Q3 Az
eqRey esRey ey Rez egRey Ay Agp Agz Q4

Then, since R is of type (),

_ (@1 Az
F(R) = <A31 Q3> ’

On the other hand, a minimal faithful right ideal of R is e;1 R + e21 R and
its endomorphism ring is

(@1 A
F(R) = (A31 Qs) ’

Example 4.3.13. Let R be the left H-ring mentioned in Example
4.3.8, that is, R is a basic left H-ring with a left well-indexed set
Pi(R) = {e11, e12, €21, €22, €31, €32} such that (e11 R; Res1), (e21R; Resa)
and (egyR; Reaz) are i-pairs and o(1) = o(2) = 3, 0(3) = 2, p(1) =
1, p(2) =2 and p(3) = 2. Then

Q1 A2 A13 Ay Ars Ass
Asr Q2 Azsz Aoy Ags Age
Asy Azy Q3 Azy Azs Asg
Ay Ago Ays Qu Ays Age
Asy Asy Asz Asy Qs Ase
A1 Ae2 As3z Ass Ass Qs

Q1 Q1 Az A1z Ags E
Ji Q1 Az Az Ay Ass
Az1 Az1 Q3 Q3 Azs Ass
Az Az1 J3 Q3 Ass Ass |
As1 As1 Asz Ass Qs Qs
As1 Asp Asz Ass Js Qs

1%
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where Jl = J(Ql), J3 = J(Qg) and J5 = J(Qg,)
As we saw, R is not of type (#) and

(@1 Ass
F(R) = (A51 Q5> ’

On the other hand, the minimal faithful right ideal of R is e;1 R+e21 R+e31 R

Q1 Az A
AR) = | As1 Q3 Ass | .
As1 Ais Qs

and hence

Therefore A(R) is not QF and

A(A(R)) = (le fﬁ) .

Example 4.3.14. Let R be a basic left H-ring with a left well-indexed set
PZ(R) = {611, €12, €21, €22, €31, 632} such that (611R; R€21), (621R; Re22)
and (es; R; Reyy) are i-pairs, so o(1) = 0(2) = 2 and ¢(3) = 1. R is not of
type (f) and it has the representation:

Q1 Q1 Aiz Aiz Ais Ass

J1 Q1 A1z Az Ags Ags

Az Az1 Q3 Q3 Ass Ass

Az Az J3 Q3 Aszs Aszs |

Asy E Asz Asz Qs Qs
Asy Asy As3 Asz Js Qs

=y
1%

where J; = J(Q1),J3 = J(Q3) and J5 = J(Qs5). Then

Q1 Q1 Q1 Q1 A5 Ass
Ji Q1 Q1 Q1 Ais Ass
Ji 1 Q1 Q1 A Ass
S S Q1 Avs Ass
As1 As1 As1 Asi @5 Qs
Asy A5y As1 As1 Js Qs

We note that W(R) is not of type (f) yet and

r (5 6)

(matrixz isomorphism).
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We represent W(R) as
Qs Qs Asi A5y Asy Asy

Js Qs Asy Asy As Asy
~ | A5 Ais Q1 Q1 Q1 @1
A As 1 Q1 Q1 Qs
Ais Ais 1 1 Q1 @
Ais Ais T ST i @

In view of this representation, we reach the representation:

Qs Qs As1 As1 Asy Asy Qs Qs Qs Qs Qs Qs

Js Qs As1 As1 Asy Asy Js Qs Qs Qs Qs Qs
Ais Ais Q1 Q1 @1 @1 Js Js Q5 Qs Qs Qs

W((W(R)) = o
(W(R)) Ais Ais 1 Q1 @1 @1 Js Js Js Qs Qs Qs
Ais Ais 1 J1 @1 @1 Js Js Js Js Qs Qs
Ais Ais T i 1 @1 Js Js Js Js Js Qs

Accordingly F(R) = Q5 and
Q5 Q5 Qs Qs Qs Qs

J5 Qs Qs @@@
Js Js Qs Qs Qs Qs
Js Js J5 Qs Qs Qs
Js Js Js J5 Qs Qs
Js Js Js J5 J5 Qs

Next, by using a minimal faithful right ideal of R, we show F(R) = Q5.

=
IR

Put e; = e11, e = €31 and e3 = e3;. Then e; R + es R + e3R is a minimal
faithful right ideal of R. We represent A(R) as

e1Re; e1Res e1 Res Q1 Az A
A(R) = 62R61 €2R€2 62R63 = A31 Q3 A35
esRe, e3Res e3Res As1 Ass Qs

0 S(A13)0
S<A<R>>< 0 S(Qy) o).
S(As)) 0 0

Therefore A(R) is not QF and its minimal faithful right ideal is e; A(R) +
esA(R). This implies that

Then

2 [ Q1 Ass
AR = <A51 Q5>'
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Further, since the first row can be embedded to the second row as right
ideals, A?(R) is not QF and its minimal faithful right ideal is the second
row e3A%(R). Hence we reach A3(R) = Q5 = F(R).

COMMENTS

Most of the material in this chapter is taken from Oshiro [150]-[152].
In Chapter 5, using the relationships between left H-rings and their frame
@H-subrings, we study the self-duality of left H-rings. In Chapter 7, the
fact that any left H-ring can be represented as an upper staircase factor
ring of its frame @F-subring plays an important role for developing the
structure theory of Nakayama rings, and thereby we can give a complete

classification of these classical artinian rings.



Chapter 5

Self-Duality of Left Harada Rings

In Chapters 3 and 4, we obtained fundamental theorems on left H-rings.
One of these is Theorem 3.3.3, in which we showed that left H-rings and
right co- H-rings are one and the same. This fact strongly urges us to study

the following problem:
Problem A: Are left H-rings self-dual 7

For the study of the self-duality of left H-rings, by the Azumaya-Morita
Theorem 1.1.10, we should confirm that each left H-ring has a finitely gen-
erated left injective cogenerator. This is guaranteed. Actually, by Theorem
3.3.4, if R is a left H-ring, then F(T(grR)) is finitely generated. Hence
R has a Morita duality. Then, as we see later, the corresponding ring
D(R) = End(E(T(gR))) becomes right co-Harada and so is a left H-ring.
Since the structure of D(R) is also similar to R, by the Azumaya-Morita
Theorem 1.1.10, Problem A is equivalent to the following problem:

Problem B: Is R isomorphic to D(R)?

In this chapter, by examining Problem B thoroughly, we show that Problem

B can be translated into the following problem:
Problem C: Do QF-rings have Nakayama automorphisms ?

However the answer to Problem C (and hence to Problems A and B) is
negative in general as we see later by Example 5.3.2 due to Koike [98]

which is deduced from an example in Kraemer [103]. Although, in general,

139
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left H-rings need not be self-dual, we show instead that left H-rings are
almost self-dual in the sense of Simson [166].

There is another reason why we study Problem A. In the early 1980s,
the self-duality of Nakayama rings was studied by Haack [56], Mano [110],
Dischinger-Miiller [37] and Waschbiisch [181], among others. However
Waschbiisch pointed out that, in 1967, Amdal and Ringdal [4] had already
proved the self-duality for this class of rings and he himself supplied a proof
of this following ideas of Amdal and Ringdal.

In Chapter 7, we can see that Nakayama rings are H-rings. Consequently
the problem as to whether Nakayama rings are self-dual can be translated
into the problem of whether Nakayama automorphisms of Nakayama QF-
rings exist or not. In this regard, although Haack [56] did not succeed in
showing the self-duality of Nakayama rings, he did establish the existence
of Nakayama automorphisms for Nakayama QF-rings. Therefore, in this
respect, Problem A also arises naturally. In Chapter 7, we confirm the
existence of Nakayama automorphisms for Nakayama @F-rings and hence,

by this approach, the self-duality of Nakayama rings.

5.1 Nakayama Isomorphisms, Weakly Symmetric Left H-
Rings and Almost Self-Duality

We first recall the concept of Nakayama automorphisms for QF-rings. Let
R be a basic QF-ring with Pi(R) = {e;}; and let

er ey o en
(ea(l) €o(2) - eU(n))
be a Nakayama permutation of R. If there exists a ring automorphism ¢ of
R satisfying ¢(e;) = e,(;) for each i = 1,...,n, then ¢ is called a Nakayama
automorphism of R.
We now generalize a Nakayama automorphism to the concept of a

Nakayama isomorphism for a basic left artinian ring with a finitely gen-

erated left injective cogenerator. Let R be a basic left artinian ring with
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Pi(R) = {e;}_,. We represent R as
(ela el) e (e’na en)
R = . 7
(617 en) T (eTM en)
where we put (e;,e;) = Hompg(e;R,e;R). In this expression, e; = (1),
where 1 is the unity of (e;,e;).
Now suppose that the injective hull E(T'(gR)) is finitely generated. Put
G = E(T(grR)) and T = End(gG). Then R-FMod is Morita dual to FMod-
T (see Theorem 1.1.10). Put G; = E(T(gRe;)) for each i =1, ...,n. Then
G =@ ,G;. We represent 1" as
[G1,G1] -+ [G1, Gy
T = S
[G’I’H Gl] e [Gn7 Gn]
where [G;, G;] = Homg(G;, G;). Put f; = (4);; in this matrix representa-
tion. Then {f;}7, is a complete set of orthogonal primitive idempotents
of T. Let ¢ be an isomorphism from R to T. Then the following are

equivalent:

(1) ¢ is a matrix isomorphism.
(2) o(e;) = fi foreachi=1,...,n.
(3) ¢(e;R) = fiT for each i =1,...,n.

If these equivalent conditions are satisfied, we say that ¢ is a Nakayama
isomorphism with respect to Pi(R). Of course, when R is a basic QF-ring,

it is just a Nakayama automorphism of R.

Remark 5.1.1. (1) If a basic left artinian ring R has a Nakayama iso-
morphism and is Morita equivalent to W, then W has also a Nakayama
isomorphism.

(2) If R is a basic left artinian ring and has a Nakayama isomorphism ¢
with respect to Pi(R) = {e;}_,, then we claim that R has also a Nakayama
isomorphism with respect to any other complete set of orthogonal primitive
idempotents of R. Let T and {f;}?, be as above for Pi(R). Consider
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another complete set Pi(R)" = {g;}7_; of orthogonal primitive idempotents,
and put 77 = End(E(T(rRg1)) ® - - - @E( (rRgrn))) and f/ = (1) in T".
Let  be an inner automorphism of R such that n({e;}) = {¢;}. We may
assume that n(e;) = g; for any i. Since e;R = ¢;R for any i, there exists
a canonical isomorphism @ from T to 7”. Then fpn~! is a Nakayama
isomorphism of R for Pi(R)’. Thus Nakayama isomorphisms are uniquely

determined up to inner automorphisms.

Let R be a basic left H-ring with a left well-indexed set Pi(R) =
{eu}znlj( 1- Recall that the maps ¢ and p : {1,...,m} — N are de-
fined by (i) = s and p(i) =t when (e;1 R; Rest) is an i-pair. Then we say
that R is a weakly symmetric left H-ring if o (i) = i for all ;. We note that R
is weakly symmetric if and only if it is of type (f) and its frame QF-subring
F(R) is a weakly symmetric QF-ring, i.e., the Nakayama permutation of
F(R) is identity.

Let A = B; and B = B,, be rings, where n > 1. Following Simson [166],
we say that A is almost Morita dual to B if there exist rings Bs, ..., B,_1
such that B,y is almost dual to B; for each i =1, ...,n — 1. In particular,
we say that B is almost self-dual when B = A.

5.2 Self-Duality and Almost Self-Duality of Left Harada
Rings

Let R be a basic left H-ring with a left well-indexed set Pi(R) =
{eij - 17;( For each e;1 R, by Theorem 3.3.4, we have
(1) Reo(iypi)/Sk—1(rRRes(i)pi)) = E(T(rRe;y)) for each i =1,...,m,
kE=1,...,n(i),
(2) @1y &1 Reo(ip(o/Se-1(rReoip(n) = E(T(rR)),
(3) &, @Zg Req(iyp(i)/ Sk—1(rRRes(i)p(iy) is a finitely generated in-

jective cogenerator in R-FMod.
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Put g; = ey@)p(i), and denote the generator g; + Sp_1(rRg;) of
Rgi/Si-1(rRg;) by gir for each i = 1,...,m, k =1,...,n(i). Note that

gi1 = gi = €q(i)p(i) for each i =1, ..., m. Put

Then, since G = E(T(grR)), rG is a finitely generated injective cogenerator.
Set T' = End(gG). Then we say that T is the dual ring of R and also denote
it by D(R).

By the Azumaya-Morita Theorem 1.1.10, R-FMod is Morita dual to
FMod-T under the functor Homp(—, gGr). Hence it follows that every
indecomposable injectiveve right T-module are finitely generated. Since
the class of all finitely generated injective left R-modules is closed under
small covers, we see, from the duality theorem, that the class of all finitely
generated projective right T-modules is closed under essential extensions.
As a result, by Remark 3.1.13, T is a left H-ring.

To observe T in more detail, we express it as

911, 911] -+~ [91179171(1)] g gm] [gll7gmn(m)]
T =
where [¢;;,9x] = Hompg(Rgij, Rgry) for each i,k € {1,...,m}, j €

1,...,n()} and I € {1,...,n(k)}. In this representation, put h;; =
J
1)ii44, i.e., h;; is the matrix such that the (ij,:j)-position is the iden-
3,13 J
tity of [gi;,9i;] and all other entries are the zero maps. Then Pi(T) =
hii}o i(i), i.e., this set is a complete set of orthogonal primitive idem-
JJi=1,5=1
potents of T. Again using the duality, together with (1) and (2) above, we

shall show the following theorem.

Theorem 5.2.1. Under the above assumptions, the following hold:

(1) T is a basic left H-ring for which

(a) haTr is injective for each i =1,...,m and
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(b) J(hik—1T) = hiT foreachi=1,...,m, k=2,...,n(i).

(2) If (es1R; Reyt) is an i-pair, then (hiyT;Thy) is also an i-pair. In
particular, the functions o and p for Pi(T) are as given for Pi(R).

Proof. (1). (a). Since hjyT = Hompg(Rgi1,G), hiTr is injective for
eachi=1,...,m.

(b). From the exact sequence
0 — Sk(rRg:)/Sk—1(rRgi) — Rgi/Sk—1(rRgi) © Rgi/Sk(rRgi) — 0,

we can obtain the exact sequence
0 — hiT = Homp(Rgir, G) & hix_1T = Homp(Rgi x—1, G)
— Homp(Sk(rRgi)/Sk-1(rRg:), G) — 0.

Since the last term of the above exact sequence is a simple right T-module,
Im ¢* is a maximal submodule of h; _1Tr. Hence (b) holds.

(2). We assume that (e;1 R; Regt) is an é-pair, ie., (k,t) = (o(4), p(2)).
Then g;1 = eg:. Since S(rRgxt) = T(rRey:), there exists an epimorphism

0 : Rgin — S(rRgrt). Then we have an exact sequence

0 — Hompg(S(rRgr:), G) LN hiT = Homp(Rgi1, G)
— HOmR(J(Rgﬂ), G) — 0

Therefore Im 6* = S(h;;Tr). On the other hand, from the exact sequence
0 — S(grRgkt) — Ryt,
we have the exact sequence
hitT = Hompg(Rggt, G) — Homp(S(rRgrt), G) — 0,
i.e., we have an epimorphism hiT = Hompg(Rgi:, G) — S(hsTr). Then

S(rThyt) = S(hi1Tr) and (hiyT; Thy:) is also an i-pair. O

In view of Theorem 5.2.1, the structure of T is quite similar to that of
R.
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Now we consider the case when R is type (). Then the frame QF-

subring F(R) of R is

(611,611) (621,611) (€m1,€11)
F(R): (611,621) (621,621) (€m1,€21)
(611767)11) (62176m1) (6m176m1)
ennlRerr ernRear -+ ernRep
_ | ezrRenr exReyr -+ eaiRenn
emi1Re11 emiResy -+ emi1Remt

and R can be represented as an upper staircase factor ring of
F(R)(n(1), ...,n(m)), which is of type(f).

Note that gi1 = e,(i)p(o(i)) for each i =1, ..., m. By Theorem 5.2.2, we
see that the frame QF-subring of T is

F(T)
hi11Thi1 hi1Tha hi1Thp
| hoaThir h21Thoy ho1Thm
him1Thit hpiThor -+ - Ay Thoa
[911,911] [9117921] [9117gm1]
(921, g11] (921, g21] (921, 9m1]
[gml,gll] [gml,gzl] [gml,gmﬂ
leo(1)p(o(1)) ¢a(D)p(c()]  [Co()p(e(1)) o@)p(c2)] " [¢a(1)p(a(1)) Co(m)p(o(m))]
— | oe@oe@) opean!  [o@pe2) o@pe@n] 7 [Co@)p(0(2)) Co(m)p(o(m))]
[eo(m)p(a(m)) Co(W)pe ()] [fa(m)p(a(m)): €o(2)p(a(2)]  [€a(m)p(a(m)) €o(m)p(o(m))]
€o()p(o (1) Reo(1)p(0(1)) €o(1)p(o(1) LB (2)p(0(2)) " " €o(1)p(o(1)) REc(m)P (a(m))
€o(2)p(o(2) Reo(1)p(0(1)) €o(2)p(o(2) R (2)p(0(2)) " €o(2)p(e(2)) s (m)p(a(m))
€o(m)p(o(m)Reo(1)p(0(1)) €o(m)p(o(m)Res(2)p(a(2)) "+ €o(m)p(a(1)REe(m)p(e(m))
esy1les(1)1 es)1Res(2)1 0 es(1)1Reo(m)1
es2)1es(1)1 es2)1Res(2)1 0 es(2)1Reo(m)1

IR

es(m)1Res(1)1 €o(myt Res(2y1 -~

(matrix isomorphisms) cee (*)

€o(m)1Reo(m)1

Therefore we can adopt (x) as F(T). Hence F(T) = eRe, where e =
Dy €s(i)1- And T can be represented as an upper staircase factor ring of
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F(T)(n(1), ...,n(m)) with respect to {e, ;)1 }i~;, which has the same form
of type(t) as R.

Now, since D(R) is also a basic left H-ring, we can obtain the dual ring
D(D(R)) of D(R). Let Ty = D(R) and Ty = D(T}). Then, by the same
argument as above, we can take F(Ty) as follows:

602(1)1R€a2(1)1 602(1)1R602(2)1 602(1)1Rea‘2(m)1
F(T») = 602(2)1.1.“3.%2(1)1 602(2)1.1.%.%2(2)1 602(2)1:??0'2(m)1

€s2(m)1 sz (1)1 €oz(my1flesz(2)1 *** €o2(m)1 €52 (m)1

and T, can be represented as an upper staircase factor ring of
F(Tz)(n(1), ...,n(m)) with respect to {e,2(;y1}j~;, which has the same
form of type(f) as R. Proceeding inductively in this fashion, we can define
T1,T5,Ts, ... such that T;4; is right Morita dual to T} for each i = 1,2, ....
However, since o™ = 1 (the identity permutation), we see that T' ntl — R
Thus we obtain the following theorem.

Theorem 5.2.2. If R is type (£), then the following hold:

(1) R is almost self-dual.
(2) D(R) is also type (#).

Co1fies ()1 eoifles@n o)1 les(my
3) F(D(R)) = co@1Res1)1 eo@1Reo2)1 o o Resmn

eom)1fles(1)1 Eom)1eqs(2)1 *** Co(m)1es(m)1
(4) D(R) can be represented as an upper staircase factor ring of
F(D(R))(n(1),n(2), ...,n(m)) with respect to {es()1}iz1, which
has the same form of type (1) as R.

Noting that o is the identity if and only if D(R) = R, we obtain the
following theorem.

Theorem 5.2.3. R is a weakly symmetric left H-ring if and only if F(R)
is a weakly symmetric QF-ring, i.e., the Nakayama permutation of F(R)
is the identity.

Now we return to our general setting for R by dropping the assumption
that R is of “type (f)”. We recall the representation of R as an upper
staircase factor ring of a block extension of the frame @QF-subring F(R).
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F(R) is made by taking a subset {%1}?21 C {e;1}™, with {eijl}gzl =
{eo(iyn}j=y as follows:

ei,1Rei1 ei1Reiy1 - e 1Re;

ei1Rei1 ei1Reiyn - e1Req
F(R) =

ei,1Rei 1 e 1Rei,n -+ e 1Re; 1

By Theorem 5.2.2 and the process above, we can take F(T) as
F(T)

€o(in)p(in) Lo (in)p(in) Colin)p(in)Beo(in)p(in) ~** €olin)p(i) Bes(iy)n(iy)
Co(in)p(in) o (ir)p(in) Colin)p(in) Beo(in)p(in) * " Colin)p(iz) Reo(iy)n(iy)

€o(iy)p(iy) o (in)plin) Coliy)p(iy) Bea(in)p(iz) ** €oliy)p(iy) Rea(iy)n(iy)

ea(il)lRea(il)l 60(11)1360(12)1 eo(il)lReo(iy)l
ea(ig)lRea(il)l 60(12)1360(12)1 60(12)1360(@)1

1%

eo(iy)lRea(il)l eo(iy)lRea'(ig)l ea(iy)lRea(iy)l
( : matrix isomorphism ).

Thus, by taking k(1), ..., k(y) € N such that Y7 k(i) = >." | n(i), we
can represent R as an upper staircase factor ring of F(R)(k(1), ..., k(y))
with respect to {e;;1}7_;. In view of the features shared in common by R
and T given in Theorem 5.2.2, we see that T' = D(R) can also be represented
as an upper staircase factor ring of the block extension F(T)(k(1), ..., k(y))
with respect to {eg(ij)l}gzl, where the upper staircase representation forms
of R and T are the same. Since D(R) is a basic left H-ring, by using the
same argument to D(D(R)), we see that its frame @QF-subring is

602(i1)1R602(i1)1 eoz(il)lRea2(i2)1 602(11)1R€a2(iy)1

602(i2)1Re¢72(i1)1 eaz(i2)1R€a2(i2)1 602(12)1R€a2(iy)1
F(D(D(R))) =

€o2(i, ) 1R€52(i1)1 €o2(i,)1RE02(i0)1 *+ €52(i, )1 RE52(1, )1

and D(D(R)) can be represented as an upper staircase factor ring of the
block extension F(D(D(R)))(k(1), ..., k(y)) with respect to {es2(i;)1}j=1
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which is of the same form as R. As earlier, let T} = D(R) and T>, = D(Ty) =
D(D(R)), and proceed inductively to form T}, for any k € N. Then

eak(il)lReak(il)l %k(il)lReak(izn €ak(i1)1R€ak(iy)1
eok(i2)1R€ak(i1)1 eak(iz)lReak(izﬂ eok(iQ)lRecrk(iy)l
eok(iy)lReok(il)l ea’“(iy)lRea’“(ig)l Tt k(g 1R60k(iy)1

and Ty = F(Ty)(k(1), ..., k(y)) with respect to {eqr ;)1 }j—1-

Since T;41 is almost dual to T; for each ¢ = 2,3, .. and Ty =11 =R,
R is almost self-dual. Accordingly we can improve Theorem 5.2.2 for the
general case as follows.

Theorem 5.2.4. Let R be a basic left H-ring with a left well-indexed set
Pi(R) = {e;; }iv 1?(11, Then the following hold:

(1) There exist a subset {e;;1}]—; C {en}j2y and k(1), k(2), ..., k(y)
€ N such that
(a) 3oiiy k(i) = 3202, n(i),
(b) {erl}j:]_ - {60'(7;]')1}5217

ei;1Rei1 e 1Reiy1 - e 1Re
ei,1Rei1 e1Reiy - e1Req

(¢) F(R)= and
ei,1Rei 1 e 1Rei1 - e 1Re; 1

(d) R=F(R)(k(1),k(2),...,k(y)) with respect to {es()1}ity-

o (i) 1 Reo(ir)1 €o(in)1 REc(in)1 *** €o(iy)1Req(iy)1

€o(iz)1 Reo(i1)1 €o(in)1 REa(in)1 *** €o(iz)1Req(iy)
(2) F(D(R)) =

ea’(iy)lRea(h)l ea(iy)lRea(i2)1 eo(iy)lReU(iy)l

and D(R) can be represented as an upper staircase factor ring of
F(D(R))(k(1),k(2), ..., k(y)) with respect to {ey(i)1}ivy, which is
the same form as R.

Theorem 5.2.5. FEvery left H-ring is almost self-dual. Hence every left
H-ring has a finitely generated right injective cogenerator.
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As an immediate consequence of Theorem 5.2.4, we obtain the following
theorem.

Theorem 5.2.6. Let R be a left H-ring represented as an upper staircase
factor ring P of a block extension P of F(R). Then the following are
equivalent:

(1) R has a Nakayama isomorphism.

(2) F(R) has a Nakayama automorphism.

(3) P has a Nakayama isomorphism.

(4) Every upper staircase factor ring of a block extension of F(R)

has a Nakayama isomorphism or, equivalently, any basic left H-
ring with a frame QF-subring isomorphic to F(R) has a Nakayama
isomorphism.

The following theorem is the main theorem in this section.
Theorem 5.2.7. Let F be a basic QF-ring. The following are equivalent:

(1) F has a Nakayama automorphism.

(2) Every left H-ring R with F(R) isomorphic to F has a Nakayama
isomorphism.

(3) Ewvery left H-ring R with F(R) isomorphic to F is self-dual.

Proof. (1) & (2). This follows from Theorem 5.2.4.
) is obvious.

(1). Let Pi(F) = {e;},. Consider a block extension R =
F(n(1),n(2), ...,n(m)), where

n(l) <n(2) <---<n(m) - (xx).

Let {h”}zn 17;(11 be a complete set of orthogonal primitive idempotents of
the dual ring D(R) (see Theorem 5.2.2). We shall prove that there exists
an isomorphism ® : R — D(R) such that ®(e;;) = h;; for all e;;. Since
R has a self-duality, there exists a ring isomorphism ®; : R — D(R). Put
hi; = ®1(es;) for each i = 1,...,m and j = 1,...,n(i). Then {h;j}f;l’;(:z)l
is also a complete set of orthogonal primitive idempotents of the dual ring

D(R) such that

(i) hj 1 D(R)p(r) is injective for each i = 1,...,m and
(i) J(hi,_D(R)) = hj;D(R) for any i = 1,...,m and k =
2,...,n(4).
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Then there exists an inner automorphism ®2 : D(R) — D(R) such that
®y(h};) = hyj for all h};. Considering the injective modules hj; D(R)p(r)
and hj1D(R)p(ry and the condition (+*), we see that ®a(hi;) = hij.

Accordingly we have a desired ring isomorphism ® = ®,®; such that
®(e;;) = hy; for all e;;. Hence R has a Nakayama isomorphism and, by
Theorem 5.2.6, F' has a Nakayama automorphism. O

5.3 Koike’s Example of a QF-Ring without a Nakayama Au-
tomorphism

For Problem C, Koike [98] pointed out that an example of Kraemer [103] is a
QF-ring without a weakly symmetric self-duality and this QF-ring does not
have a Nakayama automorphism, Thus Problem C was solved negatively.
We shall introduce this example following Koike’s presentation.

Let A, A’, B and B’ be rings, let « : A — A’ and 8 : B — B’ be
ring homomorphisms, and let 4Mp and 4/ Mp, be bimodules. An additive
homomorphism ® : M — M’ is said to be («a, 8)-semilinear if ®(amb) =
a(a)®(m)B(b) holds for any a € A, b€ B and m € M.

In the following, given m € N, we let [i] denote the least positive residue
of the integer ¢ modulo m.

Proposition 5.3.1. Let Ay, Ay, ..., Ay (m > 1) be basic artinian rings
and let A, U1 a,, A,Uz24,, -+ 5 A,,Umna, be bimodules, each of which defines
a Morita duality. Let
AU 0 - 0 0
0 A2 U 0 O 0
0 Az Us :
R = . . .
0
0 0 O "'Amfl Umfl
Un O 0 -~ 0 A,

and define a ring structure on R by the usual matrixz operation and the
relations U;Uj; 1) = 0 for 1 <i < m. Then the following hold:

(1) Ris a QF-ring.
(2) The following two conditions are equivalent:

(a) R has a Nakayama automorphism.
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(b) For each i = 1,...,m, there exist a ring isomorphism 7; :
A — Ajyq) and a (75, Tjig1))-semilinear isomorphism ®; :
Ui — Uliqq) such that T'(a,Aje) = S(4,UsT(e)) for any e €
Pi(A;).

Proof. (1). By assumption, all A; have complete sets of orthogonal
primitive idempotents consisting of the same number (n, say). Thus, for
each i = 1, ..., m, there exists a complete set {e;; };L:l of orthogonal prim-
itive idempotents of A;. Then, since 4,U; 4, - defines a Morita duality,
there exists a permutation m; on {1,2,...,n} such that S(e;;Uia,,, ) =
T(e[i+1]’m(j)A[iJrl]A[Hl]) and S(AiUi e[i+1],m(j)) = T(AiAieij) for each
j=1,...,n. Foreachi=1,...,mand j=1,...,n,let f;; be the idempo-
tent of R in which the (4, j)-entry is e;; and all other entries are zero and let
fi= Z?zl fij be the idempotent of R in which the (4,¢)-entry is 14, and
all other entries are zero. Then {f;;}{, /., is a complete set of orthogonal
primitive idempotents of R. By the definition of R, we can easily check
that S(f”RR) = T(f[i+1],7r7¢(j)RR) and S(RRf[i+1],7ri(j)) = T(RRfij) for
any i = 1,...,m and j =1, ...,n. Thus each (fi; R; Rf{i+1],x(;)) becomes
an i-pair, and hence R is a QF-ring.

(2). (a) = (b). For the setting above, a Nakayama permutation of
R is given by o : fij = flit1),m(j)- Assume that R has a Nakayama
automorphism 7. Then 7(fi;) = fi41],m(j) for any i = 1,...,m and j =
1,...,n. Since 7(f;) = 7(35_, fij) = 25 7(fiy) = i firumg) =
Jli+1), it follows, from A; = fiRf; and U; = f;Rf};;1), that 7 induces ring
isomorphisms 7; : A; — Aj;4q) and additive isomorphisms ® : U; — Uj4q]-

(b) = (a). Let 7 be the automorphism of R defined by =; and ®;. It
is clear that 7;(e;) = €i41],r,(j)- From this, it follows that T'(4, Ase;;) =
S(aUietiz,mi)) = S(a,Uiti(eiz)). Thus T'(4,Ase) = S(a,U;Ti(e)) for
any e € Pi(R). Therefore 7 is a Nakayama automorphism of R. D

Let C and D be division rings and ¢« Mp a bimodule. Set M; = «Mp
and, for each ¢ = 2,3, ..., define inductively

M — cHomc(DMZ'_lc, CCC)D if 4 is Odd,
T DHOIIID(CMi_u), DDD)C if ¢ is even.

Example 5.3.2. ( Koike [98], “Kraemer’s Formulation” ) There exists an
extension C' D D of division rings satisfying the following conditions (see
[103, Theorems 6.1; 6.2]):
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(1) dim(pC) =2 and dim (Cp) = 3.

(2) There exist ring isomorphisms A : D — C and p: C — D.

(3) There exists a (A, u)-semilinear isomorphism: ¢ : pCsc — ¢Cip.

(4) (al,az,ag,a4,a5) = (3,172,2,1) and (bl,b27b37b4,b5) =
(1,3,1,2,2), where a; and b; are the right and left dimensions of
C;, respectively.

Then, by [103, Lemma 6.3],

(5) themap ¢ :¢c C7p —p Cac defined by ¢(cr)(c1) = p(er(0™'(e1)))
(for each ¢7 € C7, ¢1 € C1) is a (u, A)-semilinear isomorphism.

Let
(C Ci) if i is odd,
A — 0 D
o D G if 4 is even
0o C
and
D 0Y .. ..
o (Ci C’> if ¢ is odd,
L ¢ 0 if 4 is even
C; D ’

Then, by [184, Corollary 10.3], U, +1 becomes an (A; 2, A;)-bimodule which
defines a Morita duality. By using A, u, % and ¢, we can see that Ag = A
and A7 & A, as rings. Therefore we may regard Us as an (A7, A4)-bimodule
that defines a Morita duality. Similarly we regard U; as an (A, As)-
bimodule that defines a Morita duality.

Now let us consider the QF-ring

AsUgs 0 0 O
0 A3 Uy 0 0
R=|0 0 AU O
0 0 0 Ay Us
Ui 0 0 0 A,

Using the dimensions a; and b; of C;, we see that all A; (1 = 1,2,3,4,5)
are pairwise non-isomorphic. Therefore, by Proposition 5.3.1, R is a basic
@F-ring that does not have a Nakayama automorphism.

The ring R was given in Kraemer [103] as an example of a QF-ring
without weakly symmetric self-duality.



5.4 Factor Rings of QF-Rings with a Nakayama Automorphism 153

5.4 Factor Rings of QF-Rings with a Nakayama Automor-
phism

By Theorem 5.2.7, if R is a basic QF-ring with a Nakayama automor-
phism, then any upper staircase factor ring of a block extension of R has
a Nakayama isomorphism and hence it has a self-duality. However, for a
basic @F-ring R without a Nakayama automorphism, we can make a block
extension of R without a self-duality. This difference is a remarkable fact
concerning Nakayama automorphisms.

In this section, we provide the following additional result.

Theorem 5.4.1. Let R be a basic indecomposable QF-ring R with Pi(R) =

{e;}_, and let
( 61 DR en )
Co(1) " Ca(n)

be a Nakayama permutation. Put R = R/S(R). Then the following hold:

(1) Je; is injective as a left R-module and E(T(gRe;)) = J(R)eq )
as a left R-module for eachi=1,... n.

(2) Je1 @ ---@® Je, is an injective co-generator in R-FMod.

(3) R has a self-duality.

(4) If R has a Nakayama automorphism, then R has a Nakayama
isomorphism.

Proof. Let e € Pi(R). Assume that pRe is simple. Then eRp is also
simple and eRf = fRe = 0 for any f € Pi(R) with f # e. Since R is
indecomposable as a ring, this implies that R = eRe and R is a division
ring. Therefore we may assume that all Re; are not simple, i.e., all Je;
are non-zero modules.

(1). Since S(R)Je; = 0, each Je; is a left R-module. To show that
Je; is injective as a left R-module, let I be a left ideal of R and take any
0 # ¢ € Homg(I, Je;). Since gRe; is injective, we have a homomorphism
¥* : RR — rRe; which is an extension of 1. Setting z = (1), we must
show that Rx C Je;. If Rx = Re;, then 0 = S(R)xz = S(R)e; = S(Re;),
whence Je; = 0, a contradiction. Therefore Rz C Je;. Since S(rJeqs(;)) =
S(rReq(iy) = T(rRe;), we see that Je,;y = E(T(rRe;)).

(2). Since Je; # Je; for any distinct 4, j € {1,...,n}, Je1 & --- & Je,
is an injective co-generator in R-FMod.
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(3). Put g; = e, foreachi =1,....nand W = Je; & --- @ Je, =
Jeg1)y @ - D Jes(n). We represent R and End(rW) as follows:

ler,en] -+ [en,eqy] oo cor [enen]
S ,
emrer] <o+ o [eneoqm] - [ensen]
[Jei, Je1] -+ [Jer, Jeg)] < [Jey, Jep]
End(W) = . - ’
[Jen, Jei] - [Jen, Jeam)] -+ [Jen, Jen]

where [e;,e;] = Hompg(Re;, Re;) and [Je;, Je;] = Homp(Je;, Je;). We
shall define a surjective matrix ring homomorphism ® = (¢;;)1<i, j<n :
R — End(gW). First we define
©ij : [Rei, Rej] — [Je;, Jej]

by a — «a| e, for any 4, j and put

P11 Pin

O = ..

©n1 " Pnn

Then ® : R — End(rW) is a matrix ring homomorphism.
We claim that each ¢;; is epimorphic. Let § € [Je;, Je;] and consider
the diagram

0— J@i — Rei

1B

Jej
Since rRe; is injective, there exists & € Hompg(Re;, Je;) such that o | ., =
B. Thus ¢;; is epimorphic.

Further we claim that
0 if j # o(i),
Ker pi; = e .
Homp(Re;, S(rRe;)) if j=o(i).

Suppose that j # o(i) and there exists (0 #) « € Kerg;;, ie., ¢;(a) =
alse, = 0. Then T(rRe;) = S(gRej;). Hence (e;R; Rej) is an i-pair,
and hence j = o(i), a contradiction. Hence Kerg;; = 0 if j # o(i).

Next assume that j = o(i). Then it is clear that Ker p;; = Ker p;5;) =
HOI’IlR(Rei, S(RRej)).
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We put X,y = Kery;oi;)y = Hompg(Re;, S(rRej)) for each i =
1,...,n. Then
0 Xigay 0 -0
Ker & = ' o
0 0 Xpgmy - 0
Thus, by Lemma 2.1.1, Ker ® = S(R). Hence ® induces an isomorphism
@ : R~ End(zgW), which shows the self-duality of R.

(4). Since R has a Nakayama automorphism, there exists a matrix
isomorphism © = (6;;)1<;, j<n from

le1,e1] - - [61760(1)] o [er, en]
R:

[enael] [en760(n)] [enyen]
to

[91,01] -+ [91,90y] -+ - [91,9n]

- N

[Gns 1) - o 90 Go(m)) 0 [9ns 9]

Let

©:R/S(R) — D(R)/S(D(R))
be the induced isomorphism. We put
[nganl} [ngnga'(l)] [ngajgn]
Y-

[(Jgn: Jg1] - (9, JGo(m)] =+ [T gns T gn]

Applying the argument in the proof of (3) to D(R), we obtain a matrix
isomorphism

W = (Yij)1<i, j<n : D(R)/S(D(R)) — X.
Further, by using (1), there exists a matrix isomorphism
Q= (wij) : X - End(E(T(rR))) = End(E(T'(rRe1))®- - -PE(T(rRen))).
Consequently Q¥ O : R — End(E(T(grR))) is a matrix isomorphism,
which completes the proof. O

As an immediate consequence, we obtain the following result.

Corollary 5.4.2. If R is a weakly symmetric QF-ring, then R/S(R) is
self-dual.
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COMMENTS

Most of the material in this chapter is based on Kado-Oshiro [89] and
Koike [98], [99]. Koike gave Example 5.3.2 by using Kraemer’s example
in [103]. This important example shows that in general left H-rings need
not be self-dual though @QF-rings and Nakayama rings are self-dual. This
is an important fact about the structure of left H-rings. The almost self-
duality of left H-rings is shown in Koike [99] but the proof presented here
is different from Koike’s original one. For recent developments on artinian
rings with Morita duality, the reader is referred to Koike [101].



Chapter 6

Skew Matrix Rings

In this chapter, we introduce skew matrix rings which generalize the usual
matrix rings. These rings were first introduced by Kupisch [104] in 1975
under the name VPE-rings for his study on Nakayama rings and indepen-
dently by Oshiro [149] in 1987 for the matrix representation of left H-rings
and its applications to Nakayama rings. In this book, we use the definition
of these rings given in the latter article. The main purpose of this chap-
ter is to describe fundamental properties of these rings and apply them to
Q@F-rings. One such application produces a QF- ring whose Nakayama per-
mutation corresponds to any given permutation. In Chapter 7, we give a
complete classification of Nakayama rings by using skew matrix rings over
local Nakayama rings.

6.1 Definition of a Skew Matrix Ring

Let @ be aring and let ¢ € Q and ¢ € End(Q) with o(c) = c and o(q)c = cq
for any ¢ € Q. Let R denote the set of all n X n matrices over Q:

R =

Q- - Q
We define a multiplication on R with respect to (o, ¢) as follows:

For any (z:x), (yik) € R, the multiplication of these matrices is defined
by

(zik) = (wir) (Yir),

157
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where z;, is given by the following:

Yo wijo(yik)e+ Do Ty + > wigyjee i i <k,
3 k<j

Jj<i 1<j<k

Zik =
> wio(yie) + >0 wigo(yje)e+ D wijye i k<.
i<k k<j<i i<

We may write this multiplication as follows:

(a)ij(b) =0 if j#k,

(ac(b))u if j<k<i,

(ac(b)c)y, if k<j<i or j<i<k,
(a)ij{b)je = 4 (ab)i if i=j,

(abe) i if i <k<j,

(ab)ik if k<i<j ori<j<k.

It is straightforward to check that this multiplication satisfies the associa-
tive law:

(2 )i (Y )ie) (20 = (2 )i (Y ) a2 )ht)

Furthermore R becomes a ring under this multiplication and the usual
addition of matrices. We call this ring R the skew matrixz ring over (Q with
respect to (o, c¢,n) and denote it by
Q- Q
R= e
Q- Q

o,cm

or, simply, by (Q)s,c,n. Note that, for the identity map idg of @ and the
identity 1 € Q, (Q)idg,1,n is the usual matrix ring over @ and (Q)g,c,1 is @
itself since o and ¢ do not impact.

We may consider @) as a subring of R by the map:

g 0 -0
0

ql—)
oo 0
0--- 0 ¢

Put a;; = (1) for each 4, j € {1,...,n}. We call {ai;}i jeqi,...n) the
skew matriz units of R. For these matrix units, we obtain the following
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relations:
When j#k, ajjop =0.
o(q)aij = ayjq for any ¢ € Q,
When ¢ > j, ik if i>k>j,
QijQjk = . . .
age  if k>4 or j>k.
(%) - a;; = ayiq for all g €
When i=j, qQi; ijq q Q)
Q505 = Q.
goi; = ayjq for all ¢ € @,
When i< j, ape if 1 <k <y,
Qi Qg = . . .
ik if k<i or j<k.

Consider the set R’ defined by

Qair -+ Qaig
R = e
Qanl e Qann

Then R’ becomes a ring by the relations (x) above. And there exists a
canonical matrix ring isomorphism between R and R’ by the map

qi1 - Qin q11Q11 - qinQin

dnl " 9nn qn1Qnl *** qnnQnn

Under this isomorphism, we often identify R and R’ and represent R as
Qo Qaiz -+ Qaiy
R— Qazr Qaag -+ Qazy,
Qanl QanQ e Qann

Furthermore using the canonical ring isomorphisms Qay; = @, we often
represent R as

o,cm

Q Qo s Qain
- Qaz Q ' :
: . Qan—l,n

Qo'énl Qan,n—l Q

o,c,n
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In order to make calculations easier, we put 8j; = aj; for each j > i in
these representations. Moreover, instead of {cv;}; je(1,...,.n}, We take the
sets {ay; ti<i<j<n U {Bji}1<i<j<n as the skew matrix units of R. Then

Qa1 Qouz -+ Qain Q Qaiz - Qain
R= | @21 Qaz _ | @B @ . :
o Qam-in o Qo
@Bp1 -+ QBnn-1 Qann /. QBn1 -+ QBrn-1 Q oem
with relations:
g = qov; for any ¢q € Q,
Bija =o(q)By;  forany q € Q,
Q0L = Qg ifi <j<k,

BijBik = Birc itk <j<i,

Q;iC if 1 <k <j,
i Bjk =

Bik ifk<i<j,
5 QrC if j <i <k,
3Ok =
Y Bik if j <k <.

Remark 6.1.1. We look (Q)s,c., for some particular cases.
(1) If n =2, then the multiplication is as follows:
(CU1 902) (yl y2> _ ( T1Y1 + Z2Y3c  T1Y2 + TaYs )
T3 Ta) \Y3 Y4 130 (y1) + r4y3 w30 (y2)c + T4ys
(2) If Q is a local ring, then R is a semiperfect ring since e; Re; = @
for each i = 1,...,n, where e; = (1).

(3) If Q is a right (left) artinian ring, then so is R.
(4) If Q is a right (left) noetherian ring, then so is R.

The following theorem is an important result on a skew matrix ring.

Theorem 6.1.2. The matriz map 7 = (7;5) : R — R given by

T11 T12 " Tin Tnn Tnl o Tn,n—1
Ty Ty o wan | [ olww)  olen) oo o(@ina)
Tnl Tnp2 " Tpn a(xn—l,n) U(xn—l,l) e U(xn—l,n—l)

is a ring homomorphism; in particular, if o € Aut(Q), then 7 € Aut(R).
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Proof. This is straightforward. O

Now, for each i = 1,...,n, let
Wi=(Q)i1+ - +(Q)ii—1 +(Qc)ii +(Q)iit1+ -+ (Q)in
0

=1lQ - QQcQ--- Q<.
0

Then W; is a submodule of e;Rr. For i =2, ...,n,let 0; : R — W;_1
be the map given by

0 0
X1 0 Ti—2 Ti—1 Tj "+ Tp | <@ X1 o+ Ti—2 Ti—1C T4~ Tp | <i—1
0 0

and let 61 : e R — W, be the map given by

Ty v Tn 0 0
0
—
o --- 0
0 «vvvn- 0 0'(331) 0'(.13”_1) U(xn)c

Then, for each ¢ = 2,...,n, 6; is realized by the left multiplication by
(1);—1, and 6; is realized by the left multiplication by (1),1. Hence we
have the following result.

Proposition 6.1.3. Fach 0; is an R-homomorphism. Moreover, if o is
an onto homomorphism, then each 0; is an onto homomorphism and

0 -+ 0 lg(e)
Ker 6, = 0.0 0 ,
0 --v «-- 0
i—1

Ker6; = (lg(c) )ii—1 =[01lg(c) 0| <i fori=2,...,n.

o= o<l

By the above observations, we show the following fundamental result.

Theorem 6.1.4. Let Q be a local QF-ring, o € Aut(Q) and ¢ € J(Q)
with o(c) = ¢ and o(q)c = cq for any ¢ € Q. Set R = (Q)s,e.n- Then the
following hold:
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(1) R is a basic indecomposable QF-ring with the Nakayama permu-

tation:
61 62 .« .. en
b)
€n €1 " Ep—1

where e; = (1) fori=1,...,n. Namely R is a basic indecom-
posable QF-ring with a cyclic Nakayama permutation.

(2) For any idempotent e of R, eRe is represented as a skew ma-
trix ring over @Q with respect to (o,c,k (< n)), where k =
#Pi(eRe). Thus eRe 1is a basic indecomposable QF-ring with a
cyclic Nakayama permutation.

(3) R has a Nakayama automorphism.

Proof. (1). Put X = 5(Qq) (= S( ¢Q)). Noting that cX = Xc =0,
we can easily see that

Serkr)= |07 " 0| = S(Rey) and

0---00

0

0 0

00 .
S(e;RR) = X0 = S(gRe;i—1) fori=2,...,n.
0 -
O 00

Hence we infer that (e; R; Rey,), (esR; Rey), ..., (enR; Re,—1) are i-pairs,
whence R is a basic indecomposable QF-ring.

(2). For any subset {f1, ..., fx} C Pi(R), clearly fRf is represented as
a skew matrix ring over @ with respect to (o, ¢, k), where f = f1 +-- -+ fx,
whence eRe is represented as a skew matrix ring for any idempotent e of
R.

(3). This follows from Theorem 6.1.2. O
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6.2 Nakayama Permutations vs Given Permutations

The purpose of this section is to provide several examples of basic indecom-
posable @QF-rings by using skew-matrix rings.

Let k be a field. We consider Q = k[z]/(z?) and put ¢ = x + (). Then
Q is a local ring and its only ideals are Q, Qc, Qc?, Qc?, 0. Using Q, for
any given permutation, we shall construct an example of a QF-ring with a
Nakayama permutation which corresponds to the given permutation.

Let R be the skew matrix ring (Q)idg,c,w With skew matrix units {c;;} U
{B;i}. We take {n(1),n(2), ...,n(m)} C {1,2, ..., w} such that

1<n(l)<n(2)<---<n(m) and n(l)+n(2)+ - +n(m) =w

and put
(1L,H)=1, (1,2)=2, ..., (1,n(1)) =n(1),
(2,1) =n(1)+1, (2,2) =n(1)+2, ..., (2,n(2)) =n(1)+n(2), ...
(m,1) :.n(l)—|—n(2)—|—~~—|—n(m—1)—|—1, cory (myn(m)) = w.

For the sake of convenience, we use kl instead of (k,l). Then
{1,2, ...,w} ={11, 12, ..., 1In(1), 21, ..., 2n(2), ..., ml, ..., mn(m) }.

We make the following partition of {1,2, ..., w}:
{1=11, 12, ..., In(1)) }U{21, 22, ..., 2n(2) } U -~

U{m=D1,...,(m—=1n(m-—1)}U{ml, m2,..., mn(m) }.
For each 4, j € {1,...,m}, we construct blocks R;; of R as follows:

Qairin  Qair iy T Qail,in(i)
R — QBi1+1,i1 Qair+1,i1+41 e
" T Qain(i)—l,in(i)

Qﬁzn(i),zl T Q/Bin(i),in(i)—l Qazn(z),ln(z)
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Qair g1 Qoirjivr -+ Qi jn(y)
R._ Qairt1,1 Qitt1 141 -+ Qi1 jn()) for i < j
/L] - .« . .« .. . .. ’
Qain(i),jl Qam(i),j1+1 Qain(i),jn(j)
QB QBjiit1 - QBj1ing)
R QBj1+1.1 QBj1+1141 -+ QBji41,in() for i < j
Jl e .« .. .« .. .« .. :

QBjn),i1 @Bjn()ir+1 * + QBjn(),in()
Then R is represented as

Ri1 -+ Rim
R=
le"' Rmm

For ¢ < j, we consider the following subsets T;; C R;; and Tj; € Ry

Qcall7jl ... DY DY DR Qcall’jn(‘])
Q0204u+1,j1 a :
Tij =
2 2
Qc Min(i),51 " Qc Qin(i),jz Qcam(i),sz Qcain(i),jn(j)

where x =n(i) — 1,
QclBirin -+ e QcBi1,in(i)

QABj141.01 - QcBir41,in(i)

Jji = A )

chﬁjs,in(i)fl Qcﬁjs,m(i)

Qc2ﬂjn(j),i1 QCQan(j),m(i)—l Qcﬂjn(j),m(i)
where s =n(i) — 1. Put

Rll T12... Tlm

. . Tmfl,m
Tml """ Tm,mfl Rmm
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Then T is a basic indecomposable artinian subring of R. In T, we put
fe = (1) for each k =1, ...,w. Then {f1, ..., fu} is a complete set of
orthogonal primitive idempotents of T'; note that f;Tf; = Q.

For each 7 < j, we define I;; C Tj; and I;; C T}; as follows:

=

QCQQZI,jl ... DRI DRI ... QCQQ’Ll’jn(‘])
;o | QP
1] . )
Qc?)ain(i),jl T QC Ain(i),x QC Ain(i),z+1 =" QCQQin(i),jn(j)
chﬁjl,il Q025j1,m(i)
Qc3ﬁj1+1,i1 :
Iji =
QCBﬂs,in(i)—l Qc2ﬂs,in(i)
Q35j.....Q3ﬁ. Q2ﬁ.....
€ Pjn(j),i1 € Pjin(j5),in(i)—1 WC Pjn(j),in(:)
Put
0 Tig -or --- Lim
Iy 0
1= o
Im—l,m
Iy ooe v Lm—1

Then [ is an ideal of T. Here we put G = T/I and g; = f; + I for all
i. We show that G is a basic indecomposable QF-ring. Actually, by the
description of G and I together with the structure of R (cf. Theorem 6.1.4),
we can easily see that the following pairs are i-pairs:

(911G; Ggin(ny)s (91141G; Ggir), (91142G; Ggiigr)s -+ -5
(9 (H)— 1G; Ggln(l 2)) (gln(l)G§ G911)7 cee
(9m1G5 Gmn(m)))s (Gm1+1,m1G; Ggm1), (Gm1+2G5 Ggmiy1), -+,
(gmn ,1G Ggmn(m)fZ)a (gmn(m)Ga Ggmn(m)fl)'
Hence G is a QF-ring whose Nakayama permutation is the product of the
following cyclic permutations:

( g11 91141 91142 - Gin(1) )
Jdin(1) 911 g114+1 " Gin(1)-1
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( 921 g21+41 92142 *°° G2n(2) >
92n(2) 921 Gg21+1 " G2n(2)-1 ’

( Im1l  Imi+1 Imi+2 **° Gmn(m) )
Imn(m) 9Iml Imi+1 " mn(m)—1

Next, under this QF-ring G, we shall make another type of QF-rings.
In order to make it, put Q* = k[z]/(2%) and ¢ = z + (2°) in Q*. Though
we already used ¢ = 2+ (z*) in @, no confusions occur in below arguments.
We note that Q*/S(Q*) = @ and each Qu;jk and QB ki are (Q*,Q*)-
bimodule.

Let ¢ > 0. In addition to the above ring

Tiy -+ Tim
T = e
Tml T Tmm
we make more blocks ¢ x t-matrix Ty, t X n(é)-matrix Ty, and n(j) x t-
matrix T}jo as follows: Put

Q* Q02a11 ce QCZOén

Q02a11 Q* T QCZOéu

T00: (txt-matr]x)

2 . 2 *

Qcony Qctanr @

Q* QC20¢01,02 cee Q020401,0t
Q02a02,01 Q* to QC20402,0t
= ... R
QC2040t,01 T T QCQOéOt,o(t—l) Q"

where, of course, aoior = Qoo = ai for any 1 < 4, k < t. In Tjy,
for 1 < i < t, we can define multiplications: (c?)1;(c?)i1 = ()11, so
(3)1:(c?)in = ()11 = 0 and (?)1;(c3)i1 = (® )11 = 0. Therefore Ty
canonically becomes a ring.

Put
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Qc?a1,11 Qeonr 41 Qeantigs -+ Qeany in()

To1 =
2
Qc 11,11 QCOé11,11+1 QCOé11,11+2 Qcan,ln(l)

QC2 Qcarz Qeagy -+ Qcaln(l)

(t x n(1)-matrix ),

Q02 Qcaiz Qeags - Qcaln(l)

Q020411,11 s QC2a11,11
Q0ﬁ11+1,11 e Q0511+1,11
Q02511+2,11 Q02ﬁ11+2,11

Tyo =
Q02511+3,11 Q02ﬁ11+3,11

QCQﬁln(l),n QC2/81n(1),11

QC2 e QCQ
Qcﬁgl ce Qcﬁm
2 2
Qcfs1 -+ Qc P (n(1) x t-matrix).

T QBu - Q*Ba
QA Bray -+ QB
For 1 <4, put
Qcarrin Qean ity -+ Qeany in(i
e e (t x n(i)-matrix ).

To; =
Qcarrin Qean ity -+ Qeany ingi

For 1 < j, put

QcBiiin -+ QcBji
QABj14111 -+ QcABji41,11
Tjo = | Qc*Bjr2,11 -+ QBj142.11 (n(j) x t-matrix).

chﬁjn(j),u QCQBjn(j),ll)

And put
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Too To1 -+ Tom
Ty Ti1 -+ Tim

TmO Tml T Tmm

Then we can canonically define a multiplication: (Tok, Tko) — Too. And
hence we can define a multiplication on U. By this multiplicative operation,
U becomes a (basic indecomposable artinian) ring.

Next we make Iy - Too, Iij - TU and Iji - Tﬂ for any 0 <1 < j as
follows:
0 Qc3 Qc3
Ipo = @ (t x t-matrix ),
: QC3
Qc3 Qc3 0
ch Q02a12 Q02041n(1)
I = : : : (t x n(1)-matrix ),
QC?’ Q02a12 chaln(l)
Qc3 PR Qc3
QAP -+ QP
QB -+ QP :
I = n(1) X t-matrix).
10 QB - QcfBu (n(1) )
QA Bnay -+ QA By
For 1 < 3,
Q026Y11,i1 QC20411,m(i)
Iy = (t x n(i)-matrix ).
Q02a11,i1 Q02a11,m(¢)
For 1 < j,
Q025j1,11 cee Q025j1,11
373. 33.
Ljo = Qi1 Qc*Bjen (n(j) X t-matrix).

QC3/8jn(j),11 QC?’ﬁjn(j),u
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For 1 <1 < j, we use I;; and I;; mentioned above:

QCQQil)jl ... DR DR .. chail’jn(‘])
[o— | QP
L/ . )
B iy a1 oo QS (s 2 i s e OC i i
QC Min(i),51 QC Ain(i),x QC Ain(3),z+1 QC Qin(i),jn(j)
QB - e QA Bi1,in(i)
Q035j1,u' :
Iji =

chﬂs,m(i)—l chﬂs,m(i)

chﬁjn(j),il Qc3ﬂjn(j),m(z‘)—1 QC2/Bjn(j),in(i)

Put
Ioo loy lo2 -+ -+ Iom
o 0 Tig - - Tim
Iy Iog 0 Ipz - Iom,
I = . . . .
Imfl,m
ImO Iml """ Im,mfl

Then I is an ideal of U. And put H = U/I, and H is a basic indecomposable
artinian ring.

In H, we use 0i-th row (i0-th column) to mean i-th row (i-th column)
for any 1 < ¢ < t and use p-th row (column) to denote (t+p)-th row ((t+p)-
th column) for any p € {1 =11, 11+1, ..., In(1) }U---U{m(1), m(1)+
1,..., mn(m)=w}. Put

hoi = (1)i0,0; for any i=1,...,¢t and
hpy = (1)i4payp for any p € {1 =11, 11 +1,..., In(1)}U---U
{m(1), m(1)+1, ..., mn(m)=w}.

Then Pi(H) = { ho; }1§i§t U { hy; }1Si§n(1) e U s }1§i§n(m) and we
can easily see that the following pairs are i-pairs:
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(h()lH;HhOl), ...,(hOtH;HhOt),

(hllH;thn(l))a (h11+1H;Hh11), (h11+2H;Hh11+1),

ey (hln(l)—1H§Hh1n(1)—2))v (hln(l)H;thl);
(hmlH,Hhmn(m))7 (hm1+1H;Hhm1), (hm1+2H;Hhm1+1),
(hmn(m)—1Hs Hhonpmy—2)s (R (m) Hs Hhunp(my—1)-

Hence H is a basic indecomposable QF-ring and its Nakayama permutation
is the product of the permutations:

<h01 hOt) ( hi1 hiigr -+ hinq )

hor --- hot) " \Man@y hir - hipay-1/)

( hml hm1+1 hmn(m) )
"Nlmn(m) hmi -+ hmpmy-1/

Here we note that, for e = hg1 + - - - + hot, eHe is a basic indecomposable
QF-ring with the identity Nakayama permutation:

<h01 h0t>
ho1 -+ hot
Thus we obtain the following result.
Theorem 6.2.1. For a given permutation
< 1 .-+ n )
p(1) -+ p(n))’
we can construct a basic indecomposable QF-ring R with Pi(R) =
{e1, ..., en} with a Nakayama permutation

(61 en>
€p(1) " * " €p(n)
Example 6.2.2.

(1) For w =4 and the partition {1,2,3,4} = {1,2} U {3,4},

Q Qa2 Qcoiz Qcauy 0 0  Qcais Qctaa
QP21 Q Qc’as Qeana / 0 0 Qclazs Qctas

¢= QcBs1 Qecfsz Q  Qasa Qc*B3s1 Qc*Bs2 0 0
Qc’Ba1 QcPaz QBss @ Qc*Bau1 QB2 0 0
(2) Fort=2and w=2,
Q* Qc Qc Qcara 0 Qc Q3 Qctais
H — Q02 Q* Q02 Qcaiy / QCS 0 QC?’ QC20412

QA QF  Q Qaip Qcc Q3 0 0
Qcfa1 Qb1 QB2 Q Qc?Bo1 Qc?Par 0 0
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6.3 (QF-Rings with a Cyclic Nakayama Permutation

In this section, we show the following theorem (cf. Theorem 6.1.4).

Theorem 6.3.1. Let R be a basic indecomposable QF-ring such that, for
any idempotent e of R, eRe is a QF-ring with a cyclic Nakayama per-
mutation. Then there exist a local QF-ring Q, an element ¢ € J(Q) and
o € Aut(Q) satisfying o(c) = ¢ and o(q)c = cq for any ¢ € Q and R is
represented as the skew matriz ring:

Q- Q

R ... ,
Q T Q g,c,n

where n = §Pi(R).

Proof. For any e, f € Pi(R), let (e, f) denote Hompg(eR, fR).
We first consider the case §Pi(R) = 2. Letting Pi(R) = {e, f}, we have

_(QA
= (5)
where Q = (e,e), A= (f,e), B= (e, f)and T = (f, f). By our assumption,
Q@ is a local QF-ring. Since
e f
(7)

is a Nakayama permutation, we see that

S(eRR) = S(rRf) = (8 S(OA)) and S(fRgr) = S(rRe) = (S(OB) 8) :

Noting these facts, we can easily prove the following:

Lemma A.
(1) {a€A|aB=0}={a€A| Ba=0},
(2) {beB|bA=0}={beB|AV=0}.

We denote the sets in (1) and (2) by A* and B*, respectively. Note that
these are submodules of A7 and 7Bg, respectively, and

0 A* and 00
00 B* 0

are ideals of R.
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Now, for the sake of convenience, set

-(32)/(30) -5
(8

for each r € R. Then {€, f} is a complete set of orthogonal primitive
idempotents of R and

and

ST = (g sy

Since eRp is injective and S(fRp) is simple, we see

QA 5 00
00/)<\BT
as R (and as R)-modules. Since S(Ar) is simple, it follows that

AT =Tp.

Hence oI = A for some o € A. If Qoo € A, then S(Q)a = S(Q)Qa = 0,
whence S(Q)A = 0, which is a contradiction. Hence Qo = oT = A. If
g € @, then there exists t € T with g = at. Then the map ¢ : Q — T
given by ¢ (¢q) =t is a ring isomorphism. We may therefore replace T by

Q@ to get
_ (@A
(50
with g = aq for any ¢q € Q.
Next, similarly, considering the factor ring
QA / 04*\ [(QA
BQ 00/ \BQ)’
we can obtain 8 € B and ¢ € Aut(Q) such that

B=QB=pQ and fBq=0(g)8 forany q€ Q.

Let ¢ = af. Noting that (3 )21({a)12(B)21) = ((B)21()12)( B )21, we see
that

B(af) = (Ba)B.
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Suppose that a8 — Sa # 0. Then (af — Ba)A # 0 and hence 0 # (of —
fa)a = afa — faa = affa — afa = 0, a contradiction. Thus af = fa.
Hence

o(c) =c.

Moreover it is easy to see that ¢ € J(Q) and o(q)c = ¢q for any ¢ € Q.
Now, for

[ 71 2200 {1 (@1 Qa
X_(x?)ﬂ SU4>’Y_(Z/3/3 y4>ER_(Qﬂ Q),

we have

XYy = ( T1y1 +z2y3c  (T1y2 + x2y4)a>
(230 (y1) + 2ay3) B T30 (y2)c + Tays)

~ (QQ
R‘(@QLC

1 Tl T T2
— .
T30 T4 T3 Tq

We note that the maps

(OB 2) H (gi)c o ) ’ (3 o ) H (a(gw a?w)

determine right R-epimorphisms:

(wo) = (T0) (30)— (el
(o) ()

respectively. Hence it follows that
Qcg = ZQ = EQ.
Next we consider the case #Pi(R) = 3, say Pi(R) = {e1,ea,e3}. We

may assume that
€1 €2 €3
€3 €1 €2

Hence

under the map

with kernels
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is the Nakayama permutation. Then we can represent R as
(e1,e1) (e2,e1) (e3,e1) Q1 A1z Ais
R = (e1,e2) (e2,€2) (e3,e2) | = | Az1 Q2 Az |-
(e1,e3) (e2,e3) (e3,€e3) Azr Azz Q3
Put @ = @;. Considering
<Q1 A12> <Q1 A13> <Q2 A23>
Ao Q2) Az Q3 )7 Az Q3 )
we can assume that @ = Q2 = QY3 by the same argument as above; hence
Q Az Az
R= A2 Q Ax],
Az Azz Q

and then Ay, = Qq for each distinct 4, j € {1,2,3}.

Noting that
0 0 S(Ai3)
S(e1Rgr) = S(rRe3)= (00 0 )
00

0

0 00
S(egRR) = S(RRel) = (S(Azl) 0 0) 5
0 00

0 0 0
S(egRR) = S(RRGQ) = (O 0 O) B
0 S(As2) 0

we prove the following:

Lemma B.

(1) {r €Az [2A =0} ={2xc A3y | Ayzz =0}
={r €Az | 1A =0}
={r €Az | Azx =0}

(2) {x €Ay |2A1=0}={x€ Ay | 2A13=0}
={r €Ay | Apz=0}
={z €Ay | Az =0}.
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(3) {$€A13 ‘ rA31 :O}:{.’L‘EA13 | A31$U:0}
:{IEAlg | IA32:O}
:{$€A13 | Agl.’L‘:O}.

Proof of Lemma B. (1). By Lemma A, {z € Asy | 2A33 =0} =
{{)3 € Aso | Agzx = 0}

Now let x € Ass such that zAs3 = 0. If Az # 0, then AszxzAsy #
0, whence Aszx # 0, a contradiction. If Aj3x # 0, then Aj3xAss # 0,
whence xAs3 # 0, a contradiction. Thus {z € A3z | 2423 =0} C {x €
Aso | Ay = 0} and {m € Ass | rAg3 = O} - {33 € Ass | Aizr = 0} Let
x € Aszp such that A = 0. If x Az # 0, then it follows from @ = gAs;
that zAs3A431 # 0, so £A2; # 0, a contradiction. Thus {x € Asy | xda3 =
0}={$€A32 | TAs :0}

Now let & € Azg be such that Ajzx = 0. If xAsz # 0, then A3 A3 # 0,
so Aizz # 0, a contradiction. Thus {x € A3y | xdy3 = 0} = {z €
A32 | A13$ = O}

Similarly we can prove (2) and (3).

We denote the sets in (1), (2) and (3) of Lemma B by Aj,, A%, and
Ajg, respectively. It is easy to see that A3, A3 and @Ajsq are
submodules of gA32¢, gA21¢ and gAi3q, respectively. Put

00 Al 0 00 000
Xis=[00 0|, Xau=[A4500], Xp=[00 0
00 0 000 0 A%, 0

These are ideals of R. Put X = X3 + X217 + X32. We consider the factor
ring R = R/X and put 7 = r + X for any » € R. Then we represent R as

- &Amfm Q1 Az Ais 0 0 Xi3
R=1A42 Q2 Ass | = | A21 Q2 Asz | /| X1 0 0
Az Aszy Qs Az Aszz Qs 0 X3 0
It is easy to see that
0 S(A1) 0
S(eRy) = S(eRg)=(0 0 0],
0 0 0
00 0
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0 00
S(esRy) = S(@EsRer)=| 0 00
S(As1) 00

Therefore, as each e; Rp is injective, there are left multiplications (a3 )a3 :
esRp — eaRp, (012)12: eaRp — e Rp and (031 )31 : e; Ry — e3Rp which
are monomorphisms.

We put v1 = <931 >31771, Y2 = <912 >12772 and y3 = <923 >23773, where 7;
is the canonical homomorphism e, Rp — e;Rp.

Noting that

0A20 000
g4 000 =0 0 0},

000 0A320

00 0 00A;3
V2 00 Aas =100 0 ],

00 O 00 O

0 00 000
3 0 00 =[A45;00

A31 00 0 00

and using Lemma B, we can show the following:

Lemma C.

(1) {.’EGAgl‘LEA12:O}:{£L'€A31|£L'A13:O}
:{$6A31|A13l‘:0}
:{$€A51|A23.’E:0}

(2) {I€A23‘IA31:0}:{JC€A23|:CA32:O}
:{.’L‘EA23 | A32$:0}
:{I€A23|A12$:O}.

(3) {'rEAlQ‘$A2120}2{$6A12|$A23:0}
={x €A | A5z =0}
:{$6A12|A21Jj:0}.
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Proof of Lemma C. (1) Put K1 = {z € A3 | 2412 =0}, Ky =
{ZL’GAgl ‘.’EAlg :0}7 K3 = {.’E€A31 | Algl':()} and K4:{(E€A31 |
Agsx = 0}. By Lemma A, we see Ko = K3. And using 72, we see K3 = K.
To show K1 = KQ, let xr31 € Kl. If (E31A13 7& 0, then 1’31A13A32 7é 0 since

0 0 0
S(esR)=10 0 0
0 S(Asz) 0

But w31 413432 C 231412 = 0, a contradiction. So x31A13 = 0 and hence
xr31 € KQ. COHVGISGly let xr31 € KQ; 11331A13 =0.1If 0 7& I31A12 (Q Agg),
then <931 >3_11(.’£31A12) Q A12. Hence 0 7é <931 >3_11((E31A12)A23. But
<931>§11($31A12)A23 = <931>§11($31)A12A23 Cc <931>§11($31)A13 =0, a
contradiction. Hence x31 412 = 0 and z31 € K; as desired. (2) and (3) can
be proved by the same argument.

We denote the sets in (1), (2) and (3) of Lemma C by A%, Aj; and
A7,, respectively, and put

000 00 O 0 A7, 0
X3 = 0 00], Xos=([00A4%], Xi2=(0 00
A3, 00 00 O 000

Then these X;; are ideals of R and

v3(X31) = Xo1,  72(Xa3) = Xi3,  71(X12) = X30.

Lemma D. There exist a1 € A1, ao1 € Aoy, ¢ € J(Q) and o €
Aut(Q) such that

1) )
(i) a12q = gz for any q € Q,
(iii) o(q)ao1 = aziq for any q € Q,

Q A12> (Q Q) < q11 Q12a12> <Q11 CI12>
2 i~ d ,
@ <A21 Q ONOY T \gmam @ )T \de e
0 0 O
(3) (Z) Im 923 = Agl CQ Agg 5
0 0 O
cQ Az Ars

(Zl) Im912: 0 0 0 5
0 0 O

C = Q2021 = (21012,



178 Classical Artinian Rings and Related Topics

0O 0 O
(i) Iméyu=| 0 0 0],
Asy Asp cQ

(4) Imé6sy, Imbio, Imbss, Imns, Imne and Imn; are quasi-injective
(or, equivalently, fully invariant) submodules of esRp, e1Rg,
eaRp, e1Rp, esRr and esRp, respectively.

Proof of Lemma D. Considering

(Q A12>
A21 Q ’

we get as € Aja, g1 € Aoy, ¢ € J(Q) and o € Aut(Q) which satisfy (1)
and (2). Furthermore considering

<Q A23> (Q A13)
Az Q)7 Az Q)7
we get co,c3 € J(Q) and 09,03 € Aut(Q) for which
<Q A23>g(Q Q) (Q A13)g(Q Q) .
4 @) \ee), . aw o) ),
By Lemma A, we have
QA12¢ = @eQq: @420 = @Qq.  @A130 = @c3Qq

QA310 = 93Qqg, QA3 = Q. Ao = Qq,

where Tw = Aij/A;-“j. Now set Y = X + X3 + X291 + X32. Then Y is an
ideal of R and we can represent the factor ring R = R/Y as follows:

(e T
R= (M @ A
Az Ay Q3
Since
Q Az Az 0 0 O
€1R/Y: 0 0 0 = 0 0 0 g63R/X32,
0 O 0 A31A73203Q
00 0 cQ Az Ags
GQR/Y = (1421621423 = 0 0 0 - €1R/X13
0 0 O 0 0 O

and
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0 0 O 0 0 O
€3R/Y = 0 0 0 = Tm CQQ A23 Q 621:3/)(217
Az Az Q 0 0 0

we see that TUQ = TMQ for i # k and cQq = c2Qq = c3Qqg. Since
cQq,c2Qq and c3Qq are fully invariant submodules of @), we see that
cQ = c2Q = c3Q. Hence (3) is proved. (4) is clear.

Lemma E.

) For any ¢ € (e3,e2), Im C Imbos.

) For any ¢ € (ea,e1), Imy C Im6s.

) For any ¢ € (e1,e3), Imvy C Im6s;.
(2) (i) For any € (e3,e1), Imyp C Imb260s3.

) For any ¢ € (ea,e3), Imvy C Im031615.

) For any ¢ € (e1,e2), Imv C ImBOy36s3;.

Proof of Lemma E. (1). (i). Let ¢ € (ez,ez2). If x € A%, and
1/)(<1‘>32) # 0, then

00 O 00 0
Y((x)32) =0 0Az3 ] #0 but (x)32| 00 Ay | =0,
00 O 00 0

which is impossible. Hence 9({ (z )32 | © € A3, }) = 0 and there exists an
epimorphism from

0 0 0 0 00
Im03 = A21 CQ A23 to 0 0 0 /KGI"LZ) = Imz/;
0 0 0 Az Az Q

Since Im 03 is a fully invariant submodule of es R, we see Im ) C Im 653.
(ii), (iii). These can be shown in the same way as (i).
(2). (i). Let ¢ € (e3,e1). Then

0 00
¥ 0 0o0|]=o0
A5y A5 0

This implies Im ¢y C Im 012053.
(ii), (iii). These can be shown in the same way as (i).
This completes the proof of Lemma E.
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Now consider the factor ring R = R/X35 and denote r + X35 by 7 for
each r € R. We can represent R as

_ (e1,€1) (e2,€1) (€3, €1) Q Az Az
R=ecR®esR®esR = | (e1,€2) (e2,€2) (€3,€2) | = | A2r Q Azs |,
(e1,€3) (e2,€3) (€3,¢€3) Az Azs Q
where Agy = Aga/A3,.
Lemma F. The map
T11 T12 T13 Q Az Aro . Q Aqo A13
T= (T m2ms]|:|4n Q@ @ — R=[A4xn Q Asx],
T31 T32 T33 Ay I Q As1 Asy Q
where I = 03Aso, given by
q11 q12 P12 quu  qi2  Dpi2bs
Go1 g2 P22 | V| @21 qo2  p22l3
ta1 ta2 Yoo 05 'to1 03 "tan 05 Y200

is a Ting isomorphism.

Proof of Lemma F. By Lemma E, 7 is well defined and, furthermore,
a ring monomorphism. Noting that e; Rg is injective, we see that 713 is an
onto map. Noting es Ry is injective, we see that 193 and 733 are also onto
maps. It is easy to see that 731 is an onto map and 739 is clearly onto.
Hence 7 is a ring isomorphism. Hence Lemma F is shown.

By Lemma F, TPQQ = Jg. And hence I = ¢Q). Under the isomorphism

Q A12 A12 Q A12 A13
T[4 Q@ Q@ — | Az Q@ Az,
A21 I Q A31 A32 Q

we put (asi )31 = 7({a21)31), (013)13 = 7({012)13), @32 = aziais and
(@23 )23 = 7({1)23). Since A3, is a small submodule of A3z, we see that
a32() = Ass. Hence R is represented as

Q  12Q a12Q
R=|an@Q Q a3
az1@Q az3p@ Q

with relations:

(1) ¢ =ag012 = 12001,
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(il) o(c) =c,

(1i1)  @12¢ = gz and o(q)ae; = ag1q for any g € Q.
Putting ay; = 1 for each i = 1,2, 3, we obtain the following relations (x) for
any 4, j € {1,2,3}:
o(q)e; = ayjq for any ¢ € Q,
When @ > j, ke for i >k > j,
Qi Ok = . .
a;xc for k>i or j >k,

;i = a;q for an € Q,
()0 When =g, { %= % vy ¢€@
QO = ik,

gay; = ayjq for any g € Q,

When i<j» Q) C for 7/Sk<j7
Q505 =

Qi for k< or j<k.

By these relations, we see that

QQQ
R=1QQQ
RAQ/ .,
under the map
q11 912 413 d11911 12012 13013
21 422 q23 | = | 2121 22022 (23(x23
q31 432 433 431031 4320032 33(¥33

Proceeding by induction on the cardinality of Pi(R), we may now as-
sume that the statement of our theorem is true for R with #Pi(R) =
n — 1 and consider the case of R with #Pi(R) = n, say Pi(R) =
{e1, €9, ..., e, }. We may assume that

(el €eg - €n )
€n €1 en_1
is the Nakayama permutation. We represent R as

Ql A12 AlS Aln

R = A21 QQ A23 A2n

Anl An2 An3 e Qn
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where Q; = (e;,e;) and A;; = (e;,e;). By our arguments above, we may
assume that Q7 = Q2 = -+ = @,. Put Q@ = @Q;. Then we note that
QAijQ & oQq for each i, j € {1,...,n}.

Now we look especially at the first minor matrix

Q Az o Ain
A oo Ao

Ro = 21 Q 2,n—1
Anfl,l An71,2 e Q
By the induction hypothesis, Ry is isomorphic to a skew matrix ring over a
local ring @ with respect to a triple (o, ¢,n—1), where o € Aut(Q) and ¢ €
J(Q). Thus there exist a;; € A;; and oy € Q for each ¢, j € {1,...,n—1}
for which the relations () hold. Now we consider an extension ring

Al

Ry
An—2 n—1

)

R’ 0

An—l,l o An—l,n—2 CQ Q
of Ry. By arguments similar to those used for the case n = 3, we infer that
there exists a matrix ring isomorphism 7 = (7;;) from Ry to
Al,n

RO .
An72,n
Anfl n ’

)

Ry =

Ant Apno Apna| Q
where A,,, 1 = Apn_1/A%, ; and
A i ={r€Ap1 | vAp_1; =0 forany je{l,...,n} —{n—1}}
={x €A1 | Apx=0 forany i € {1,...,n—1} }.

We put (@i )in = T({®in—1)in) and (an;)n; = 7({an_1;)n;) for each
i,j € {1,...,n — 2} and further put oy, n—1 = Qnn-20n—2n-1 € Apn_1
and (@n—1n)n-1,n = T((1)n-1,n)- Since A}, _; is a small submodule of
Apn—1, we see that ay, n,—1Q = Ay, 1.

Since the relations (x) hold for { a;; | 1 <4, j <n—1} with respect to

o and ¢, we can also see that the relations (*) hold for {a;; |1 <4, j<n}
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with respect to o and c¢. Accordingly R is isomorphic to the skew matrix
ring

Q- Q
Q- Q e
by the map
(4i3) — (aijvij)-
This has at last completed the proof of Theorem 6.3.1. D

6.4 Strongly QF-Rings

A ring R is said to be a strongly QF-ring if eRe is a QF-ring for any
idempotent e € R. Using skew matrix rings, we shall give characterizations
of strongly QF-rings.

Theorem 6.4.1. For a basic indecomposable QF-ring R with Pi(R) =
{e1, ..., en}, the following are equivalent:

(1) R is astrongly QF-ring.
(2) R is a weakly symmetric QF-ring or R can be represented as a
skew matriz ring over Q@ = e; Rey:
Q- Q
R = ..
Q- Q

o,c,n

where o € Aut(Q) and ¢ € J(Q).
(3) R is either weakly symmetric or, for any idempotent e, eRe is a
QF-ring with a cyclic Nakayama permutation.

(4) The endomorphism ring of every finitely generated projective right
(left) R-module is a QF -ring.

For a proof (1) = (3), we use the following two lemmas.

Lemma A. (Lemma A in the proof of Theorem 6.3.1.) Let R be a
basic indecomposable QF-ring with Pi(R) = {e, f}. Assume that hRh is
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a QF-ring for any idempotent h of R and the Nakayama permutation of

{e f}is
(1)

_ (@4
n=(57)

where Q = eRe, T = fRf, A = eRf and B = fRe. Put X = {a €
AlaB=0} andY ={be B | Ab=0}. Then

We represent R as

(1) X={ac€A|Ba=0}, Y={beB|bA=0} and
(2) (X))o = (; 8) and (Y Y19 = (8 }(;) are ideals of R.

Lemma B. Let R be a basic indecomposable QF-ring with Pi(R) =
{e1, ea, e3}. If the Nakayama permutation of Pi(R) is not identity and
eRe is a QF-ring for any idempotent of R, then the Nakayama permutation
of R is cyclic.

Proof. Since the Nakayama permutation of R is non-identity, we may

assume that
€1 €2 €3
€2 €1 €3

is the Nakayama permutation. We represent R as

Q1 A1z Ass
R= |45 Q2 A

Az Azp Q3

Consider the three rings:

Q1 App [ Q2 Az Q1 Ags
R(12) = (A21 Q2> - R®) = <A32 Q3> , RA3) = (A31 Q3> ’

The socles of these rings are

(5(221) 5(1312)), (S(%) 5(%3))’ (S(§1>S(223)>’
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respectively. Put X ={x € Ag; | zA12 =0} and Y ={y € A15 | Ao1y =
0}. Then, by Lemma A, (X )21 and (Y )12 in R(12) are ideals of R(12).
Noting this fact, together with

()= 00 s () = Gsi@n)

we see that

0 00 0X120
<X21 >21 - X21 00 and <X12 >12 = 0O 0 O
0 00 00 0

are left and right ideals of R. We represent ea R = e R/{ Xo1 )21 as

0 00
eaR = | As1/X21 Q20
0 00

Then

0 0 O
S(eR) = | 05(Q) 0
0 0

0

Since e; Ry is injective and S(e; Rr) = S(e2Rp), there exists a monomor-
phism @a; : esR — e1J. Let N2 :esR — es R be the canonical epimorphism
and put mo; = @217m2. Then 71 : eaR — e1J is an R-homomorphism
and the restriction map ma1|( 5, )., is monomorphic. Similarly, considering
the factor module e; R = e R/( X12 )12, we obtain an R-homomorphism
mo : e1R — eyJ such that 7712|<A13 )15 is monomorphic. Hence we
see that 7T21(<A23>23) = <A13>13 and 7T12(<A12>12) = <A23 >23. Since
7T21(<A12 >12) - <J(Q2) >22 and 7T21(<Azl >21) = <J(Q1) >11, we can obtain
m such that

00 A3
(7T217T12)m(€2R) = O 0 0 5
00 0
which is impossible because S(eRg) = (S(A12))12. Thus the Nakayama
permutation of Pi(R) must be cyclic. D

Proof of Theorem 6.4.1. (1) = (3). Suppose that the Nakayama
permutation p of R is non-identity. We show that p is cyclic. Suppose that p
is not cyclic and write p = p1p2 - - - pt, where the p; are cyclic permutations.
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We can assume that the size k (< n) of p; is bigger than 1 and we may

express pp as
€1 €2 €3 -+ €n

p1 = .
€ €1 €2 -+ €1

Put fi = e; and fy = ey and take f35 € Pi(R) — {e1, ..., er}. Consider
the subring of R:

fiRfi1 fiRf2 fiRfs
T = | foRf1 faRf2 foRRf3
faRf1 fsRfa faRfs

By (1), this ring is a basic QF-subring of R and we can see that

0 S(fiRf2) 0
S(T) = | S(f2Rf1) 0 0
0 0 S(fsRf3)

Furthermore, since R is indecomposable, we can take f3 such that T is inde-
composable. Thus T is a basic indecomposable QF-ring and its Nakayama
permutation is neither identity nor cyclic. This contradicts Lemma B.

(3) = (2). This follows from Theorem 6.3.1.

(2) = (1). If Ris a weakly symmetric QF-ring, then clearly so is eRe
for any idempotent e of R. If R is represented as a skew matrix ring over
Q = e1Re; with respect to o € Aut(Q) and ¢ € J(Q), then so is eRe for
any idempotent e of R.

(4) = (1). Obvious.

(1) = 4). Let P be a projective right R-module. Then P
can be expressed as a direct sum of indecomposable projective mod-
ules {P;}ic;. We take a subfamily {P;};c; of irredundant representa-
tives of {Pi}ic;. Put T = @;esP;. Then End(Pg) is Morita equiv-
alent to End(Tg). Taking an idempotent e € R such that eRp =
Tr, End(Pg) is Morita equivalent to eRe. Hence End(Pg) is QF.

O

Remark 6.4.2. Of course, in general @QF-rings need not be strongly QF-
rings as the following simple example shows.
Let K be a field and consider the skew matrix ring

KKK
KKK

K KK i 0
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and put
KK O KKK 0 0K
R=|0KK|=|KKK]|/|KO0O0
K 0K KKK 0 KO

This factor ring R is QF but not strongly QF.

6.5 Block Extensions of Skew Matrix Rings

Let @ be a local ring and let ¢ € J(Q) and o € Aut(Q) satisfying o(c) = ¢
and o(q)c = cq for any g € Q. We consider the skew matrix ring R =
(Q)o,eon- Put e; = (1) for each i =1, ...,n and represent R as

Q1 Az - A1p
Ay o T :
R - .21 )
: . N An—l,n

Anl e An,n—l Qn
where @Q; = e;Re; for each i =1, ...,n and A;; = e;Re; for each distinct
i,j€{l,...,n}.

For k(1), ..., k(n) € N, we recall that the block extension

R(k(1), ...,k(n)) of R is given by

Q1) A(1,2) A(1l,n)
R(E(D), ..., k() = | 43D ,

: K g A(n—1,n)

A(?’L, 1) T A(?’L, n— 1) Q(n)

where
QU) = J(QZ) . (k(7) x k(¢)-matrix ),
Agj e Ay
A(i, j) = - (Kk(i) x k(j)-matrix ).
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Now we put

Qi - Q;
Q(isc) = Q:iC ) (k(i) x k(i)-matrix )
ch L. Qic Qi
and
Q(lic) A(L,2) - A1)
R(k(1), ..., k(n);c) = A(2.,1)
: . . A(n—1,n)

An,1) - Amn-1) Qnic)

Then, as is easily seen, R(k(1), ..., k(n); c) is asubring of R(k(1), ..., k(n)).
We say that R(k(1), ...,k(n);c) is a c-block extension of R = (Q)s.cn-

Under this situation, we show the following theorem which plays an
important role in the next chapter for giving a classification of Nakayama
rings.

Theorem 6.5.1. R(k(1),...,k(n);c) is isomorphic to a factor ring of the
skew matriz ring T = (Q)g,c k(1) +-+k(n)-

Proof. We represent T as

T(1) T(1,2) T(1,n)
r_ | T2y ' : 7
: : g T(n—1,n)
T(n,1) -+ T(n,n—1) T(n)
where
Q - Q
T(i) = e (k() x k(i)-matrix ),
Q - Q
Q- Q
T(i,j) = e (k(i) x k(j)-matrix ).
Q- Q
Put
T(1) T(1,2) T(1,n)
| T2 :
: T(n—1,n)
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For each i, j € {1, ...,n}, let p(¢) : T'(i) — Q(%;¢) be the canonical map
given by

qi1 q12 - q1k qi1 qi12 - qik
g1 - . : | 1€

dn—1,n . dn—1,n
dnl " 9nn—1 Ynn dniC ' dnn—1C (gnn

and let ¢(i,5) : T(i,5) — A(i,7) be the canonical map given by

qi1 - ik Qi1 " Qik; O
N ..
Ak;1 " Gkik; k105 = Gkk; Xij
Then it is easy to see that
(1) ¢(1,2) - o(1,n)
o_ | #21) ’
" : o(n—1,n)
e(n,1) -+ pn,n=1)  ¢(n)
is a surjective ring homomorphism from T = (Q)s.ck(1)4+k(n) tO
R(k(1), ..., Kk(n);c). O

Example 6.5.2. (1). Let D be a division ring. Then

Do D 0 oo ooe 0 Do D
b A =~ p(k;0) = | *

D DD/, \Dw DO 0. 0D
(2). For

(0 Qa
= (Qﬁ Q)U,C}Q’

where @ is a local ring and ¢ € J(Q) and o € Aut(Q), we have

QQQQ 00 00
e | @R QA lg(c)0 0 0
RQQQQ/, ., \ 0 0lg()o
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COMMENTS

Most of contents of this chapter are taken from Oshiro [149], Oshiro-Rim
[155] and Nagadomi-Oshiro-Uhara-Yamaura [131]. Theorem 6.2.1 is shown
in Abe-Hoshino [1], Fujita [53] and Koike [100], independently. However
the proof presented here differs from their. Skew matrix rings R with
#Pi(R) = 2 are considered in Hannula [59] and Theorem 6.4.1 is shown in
this paper for n = 2. The naming of a strongly QF-ring is due to Yukimoto
[190]. The equivalence of (2) and (3) in Theorem 6.4.1 is due to Oshiro-
Rim [155]. The equivalence of (1) and (3) is shown in Yukimoto [190] and
Hoshino [78] and the equivalence of (1) and (4) is shown in Hoshino [78].



Chapter 7

The Structure of Nakayama Rings

In this chapter, we discuss the structure of Nakayama rings. It is shown that
Nakayama rings are H-rings and hence we can apply the results obtained
in previous chapters to Nakayama rings. We give a complete classification
of these artinian rings by showing the following results:

Result 1. Nakayama rings are H-rings. Thus, by the structure of
H-rings, if R is a basic indecomposable Nakayama ring, then R can be
constructed as an upper staircase factor ring of a block extension of a frame
QF-subring F(R) of R.

Result 2. A basic indecomposable Nakayama QF-ring with a non-
identity Nakayama permutation can be represented as a factor ring of a
skew matriz ring over a local Nakayama ring.

Result 3. If R is a basic indecomposable Nakayama ring whose frame
Nakayama QF-ring F(R) has a non-identity Nakayama permutation, then
R can be directly represented as a factor ring of a skew matrix ring over a
local Nakayama ring.

Result 4. If R is a basic indecomposable Nakayama QF-ring with the
identity Nakayama permutation, then R/S(R) can be represented as a skew
matriz ring over a local Nakayama ring.

Result 5. Every Nakayama ring is self-dual, more precisely, every
Nakayama ring has a Nakayama isomorphism.

In view of these results we see that there are deep connections between
QF-rings, left H-rings and Nakayama rings and the essence of Nakayama
rings is the skew matrix rings over local Nakayama rings.

191
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7.1 Kupisch Series and Kupisch Well-Indexed Set via Left
H-Rings

In this section we first recall known results (and record some new results)
related to Nakayama rings providing (new) proofs of these from our point
of view. The main purpose is to capture the so-called Kupisch series for
Nakayama rings through the structure of left H-rings.

It is well-known that every projective module over a semiperfect ring
has an indecomposable decomposition. And a semiperfect ring R is called
a right (left) QF-2 ring if every indecomposable projective right (left) R-
module has a simple socle, and a left and right QF-2 ring is called a QF-2
ring. A ring R is called a right (left) Kasch ring if every simple right (left)
R-module can be embedded in R, and R is called a Kasch ring if it is left
and right Kasch.

Lemma 7.1.1. Let R be a left H-ring and f € Pi(R). If fRr is uniserial,
then RRf is also uniserial.

Proof. Let Jif/Jit f = @?:1Riuj, where u; € h;Rf for some
hj € Pi(R) with rRu; simple. Suppose that n > 2. We consider the
left multiplication map (u;)r : fR — u;R by u;. Since fRp is uniserial,
Ker(u;)r, = fJ?i for some p; € N. We may assume p; > po. Then we have
an epimorphism ¢ : u3 R — us R defined by ¢(u1) = us.

Now consider the projective module P = hjR & hoR which contains
u1 R @ usR. Since R is a left H-ring, P is an extending module with
the exchange property by Theorems 1.1.14 and 3.2.10. Hence, by Remark
1.1.17 and Theorem 1.1.18, if ¢ is not isomorphic, then ¢ can be extended
to hi R — ho R, whence there exists » € ho Rh1 such that us = ruq. Hence
0 # Uy = 7uy. This contradicts the fact that Ru; N Rus = 0. On the other
hand, if ¢ is isomorphic (i.e., p1 = p2), again by Remark 1.1.17, either ¢
may be extended to hyR — haR or ¢! may be extended to ha R — h1R.
But, by reasoning as above, neither case occurs. Accordingly, Jif is a

simple left R-module, and hence g Rf is uniserial. O

Theorem 7.1.2. If R is a right QF-3 right Nakayama ring, then R is a
Nakayama ring.

Proof. By Lemma 7.1.1 it suffices to show that R is a left H-ring.
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Since R is right QF-2, we can arrange Pi(R) as Pi(R) = {6w}:117;(:1)1 such
that, for any 4, j € {1,...,m},

(i) S(enRr) # S(ejRr) ifi # j,
(’LZ) S(eﬂRR) = S(eigRR) = ~ g9
(44i) L(eirRRr) > L(ei2RRr) > -+ > L(ein(i)Rr)-

Then, since R is right QF-3, each e;; Rg is injective by Proposition 3.1.2.
Further, because R is right Nakayama, we claim that either e;; Rp =
€ j+1RRr or e;jJr = e; j+1Rr holds. Suppose that there exists 1 < s < ¢
with e;1J® is not projective but e;; Jt is projective. Let v : fR — e;1J° be
a projective cover, where f € Pi(R). Then Ker ¢ # 0 and an epimorphism
Q| pr-s fJt=3% — e;1J¢ splits, i.e., it is an isomorphism, a contradiction.
Hence R is a left H-ring. O

Theorem 7.1.3. If R is a semiprimary right QF-3 ring with J? = 0, then
R is a Nakayama ring.

Proof. Welet R=e1R®---esREfLR®---D f: R be a direct decompo-
sition of indecomposable right ideals with L(e;Rr) = 2 and L(f;Rgr) = 1.
Then we claim that each e; Rp is injective. Let e;J = @rex Sk, where
Sy is simple. Since R is right QF-3, we have a minimal faithful right
ideal gR. Let gR = ®}',gxR be a decomposition into indecomposable
submodules. We note that each gpR is injective. Then there exists a
map 7 : K — {l1,...m} with E(Sy) = g.4)Rg for any k € K since
each S} is a simple right ideal of R. Hence we have a monomorphism
§: E(e;RR) = E(PrexSk) — kek frryR. € induces another monomor-
phism &' : T'(e;Rr) — IlpexT(g-a)Rr). Therefore there exists k&' € K
with e;Rr = g )RR, ie., e;Rp is injective. Hence each e; Ry is unise-
rial. Since each f;Rp is also uniserial (simple), R is a right Nakayama ring.
Hence R is a Nakayama ring by Theorem 7.1.2. O

Lemma 7.1.4. If R is a left perfect ring such that, for each e € Pi(R), eJr
is a hollow module (i.e., T(eJgr) is simple), then R is a right Nakayama
ring.

Proof. Let e € Pi(R). Suppose that eJ # 0. Then, since eJp is a
cyclic hollow module, there exists f € Pi(R) such that fRp is a projective
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cover of eJr. Thus we have an epimorphism fJ — eJ? if eJ? # 0. Since
fJr is cyclic hollow, there exists g € Pi(R) such that gRp is a projective
cover of fJg. Then gRp is a projective cover of eJ%, and eJ3 is also a
cyclic hollow module. By repeating this argument, we eventually find £k € N
for which eJ} is cyclic hollow for i = 1, ...,k and eJ*T! = 0 since R is left
perfect. Hence eRp is uniserial. D

Theorem 7.1.5.

(1) If R is a perfect ring such that R/J? is right QF-3, then R is a
Nakayama ring.

(2) If R is a semiprimary ring whose factor rings are right QF-3, then
R is a Nakayama ring.

Proof. (1) Since R/J?isright QF-3, it is a Nakayama ring by Theorem
7.1.3. Hence R is a Nakayama ring by Lemma 7.1.4.
(2) follows from (1) and Theorem 7.1.3. O

Theorem 7.1.6. If R is a semiprimary QF-2 ring with ACC or DCC for
right annihilator ideals, then R is QF-3.

Proof. It suffices to show that R is right QF-3. We let Pi(R) =
{ei; }:117;(:1)1 be as in the proof of Theorem 7.1.2. And we only have to show
that each e;1 Ry is injective by Proposition 3.1.2. Let e € {e;1}%;. We have
f € Pi(R) with fRg as a projective cover of S(eRp) since R is QF-2. Then
0 # S(eRgr)f C Rf. Further we claim that J S(eRg)f = 0. Suppose that
JS(eRg)f # 0. There exist g € Pi(R) and x € gJ with = S(eRg)f # 0.
We consider the left multiplication map (z); : eR — gR. Then it is
a monomorphism from the assumption JS(eRg)f # 0 because S(eRpg)
is the essential simplle socle. On the other hand, Im(z);, C gJ because
x € J. Therefore L(eRr) < L(gRpr). This contradicts with the maximality
of L(eRp). Hence 0 # S(eRRr)f C S(rRf), ie., eS(rRf) # 0. Therefore
we have a projective cover pRe — S(rRf) since R is QF-2. Thus (eR; Rf)
is an i-pair. Since R satisfies either ACC or DCC for right annihilators, we
see from Corollary 2.4.6 that eRp is injective. D

Corollary 7.1.7. Let R be a QF-2 ring. If R is left or right artinian,
then it is QF-3.
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Corollary 7.1.8. Nakayama rings are H-rings.

Proof. Let R be a Nakayama ring. It suffices to show that R is
a left H-ring. Let Pi(R) = {813}7;17;(:1)1 be as in the proof of Theorem
7.1.2. By Corollary 7.1.7, R is a @QF-3 Nakayama ring and hence each
e;1Rr is a uniserial injective module. Moreover, as is easily seen, either

e;jRr = e j41RR or e;;Jr = €; j;+1Rp holds. Hence R is a left H-ring. O

Proposition 7.1.9. Let R be a basic indecomposable left H-ring and
let e,f € Pi(R) such that fRgr is a projective cover of S(eRgr). If
Homp(fRRr, S2(eRRr)/S1(eRRr)) # 0 and fJr is a hollow module, then
e = f=1. Consequently R is a local Nakayama ring.

Proof. We may assume that eRp is injective since R is a left
H-ring and there exists an epimorphism fRr — S(eRg). Because
Homg(fR, S2(eRgr)/S1(eRRr)) # 0, fR is a projective cover of S(eRRg)
and fJ/fJ% is simple, there exists an epimorphism f.Jr — S(eRpg). This,
together with an epimorphism fRr — S(eRpg), produces an epimorphism
fRr — fJgr. Therefore we have an epimorphism fRr — fJ' for any
i =1,2,.... Hence fRp is uniserial such that any of its composition fac-
tors is isomorphic to T(fRgr). Hence we remark that fRg = 0 for any
g € Pi(R) with gRr % fRkg.

Next we show that fRr = eRp. Since fR is a projective cover of
S(eRgr), S(fRr) = S(eRg). Therefore there exists a monomorphism 7 :
fR — eR because eRp is injective. Now Imn = eJ* for some k € Ny since
Ris left H-ring. Then we claim that k = 0, i.e., fRr = eRg. Suppose that
k > 1. Since fJ/fJ? is simple, fJ # 0. Hence we have an epimorphism
¢ : fR — fJ. Then, since eRp is injective, there exists @ : eJ*~! — eR
with n = ne. @ is not monic. But, since Im@ = eJ* (=2 fRg), & :
eJF~1 — eJ¥ splits and it must be an isomorphism, a contradiction.

Further we claim that gRf = 0 for any g € Pi(R) with gRr % fRg.
Suppose that gRf # 0 for some g € Pi(R) with gRr % fRg. Because R is
a left H-ring, we may assume that gRp is injective. Let 0 £ x € gRf. Then
we have an epimorphism (x) : fR — xR. Since any composition factor
of fRg is isomorphic to T(fRg), gRr = E(T(fRgr)) = fR (& eRpg), a
contradiction.

In consequence, e = f = 1 since R is a basic indecomposable ring. And
because R is a left H-, right Nakayama ring, R is then a Nakayama ring by
Lemma 7.1.1. O
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Notation. Let R be a semiperfect ring and e, f € Pi(R). We use
eR — fR or fR «— eR to mean that there exists an epimorphism from
eRp to fJr, ie., fJg is (cyclic) hollow and eRp is a projective cover of
fJgr. Similarly we use Re — Rf to mean that there exists an epimorphism
from gpRe to gJf. Indeed, instead of eR — fR or fR « eR (or Re — Rf
or Rf «— Re), we will simply write e — f or f < e if no confusion arises.
For fi, ..., fr € Pi(R),

2
7 AN
f 5
N\ /
i

denotes f; <« -+« fi < f1 and we refer to this as a cyclic quiver.

Proposition 7.1.10. Let R be a basic semiperfect ring and f1, ..., fr €
Pi(R) with a cyclic quiver:

foR
/ AN
AR :
AN /!
fxR

Let f = fi+ -+ fx. Then the following hold:

(1) fiRg is uniserial for each i =1,...,k.

(2) Foreachi=1,...,n and t € N with 0 # f;J* C fiR, there exists
fi € {f1, ..., fx} such that f;Rp is a projective cover of f;Jy.

(3) Homp(gRn, [Rr) = 0 for any g € Pi(R) — {fi}-,.

(4) If R is a left H-ring, then rRf; is also uniserial with a cyclic
quiver:
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Rfo
/! N
Rfi :
AN e
Rfy

Then, from these cyclic quivers, we see that
(1) Hompg(fRg, gRr) = 0 and Homg(grRf, rRg) = 0 for any
g9 € Pi(R) — {fi}}=, and
(i) fRf is a Nakayama ring which is a direct summand of R as
a ring.

Proof. (1), (2), (3). From the cyclic quiver

f2R
/ AN
hR :
N /!
kR
we see that there are epimorphisms foR — frJ?, fsR — fiJ°, ..., fR —
fJE, iR — frJJF1, ... Hence we see that fiR (and hence each f;R)

is uniserial and there is an epimorphism fsR — fiJ7 for any pair (s, ) €
{1,...,k} x{0,...,k — 1} with s = j (mod k). Since R is basic, the
uniqueness of projective covers up to isomorphism implies (3).

(4). Since f;Rp is uniserial, g Rf; is also uniserial for each i =1,...,m
by Lemma 7.1.1. Furthermore, because f;11R «— f;R, we can take
firfix1 € J — J? such that firfi,1R= f;J € J%. Thus firf;11 induces an
epimorphism Rf; — Jf;+1. Similarly we have an epimorphism Rf; — Jf1
and hence we obtain a cyclic quiver:
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Rfs
/! N
Rf1 :
AN /
Ry

Therefore each gRf; is uniserial and Homg(grRf;, rRg) = 0 for any g €
Pi(R) — (£}, .

Proposition 7.1.11. Let R be a basic left H-ring with a left well-indezed
set Pi(R) = ~{6U}7L17;(z . For each i = 1,...,m, a projective cover P of

€in(s)JR 18 injective.

Proof. We write P = P; @ --- ® Pj, where each P; is indecompos-
able. And let ¢ : P — e4,(;J be an epimorphism. Then ¢ extends to
©* 2 BE(P) — E(ein(i)Jr). Note that E(e;,)Jr) = ej1Rr for some j. Sup-
pose that ¢*(E(P)) € €jnyJ. Then ¢*(E(P)) 2 ein;)R Hence p*(E(P))
is projective, and thus ¢* : E(P) — ¢*(E(P)) splits. This implies that
some E(P;) must be isomorphic to ¢*(E(P)). Hence e;,(;)J contains a
projective submodule which is isomorphic to P;, a contradiction. Therefore
©*(E(P)) C ein(i)J and hence p*(E(P)) = ein;)J. Since E(P) is projec-
tive, a projective cover P of e;,(;)J is isomorphic to a direct summand of
E(P) and hence P is injective. O

Theorem 7.1.12. Let R be a basic indecomposable left H-ring with a
left well-indexed set Pi(R) = {eu}znl?(ll. For k < m, we consider the
situation that enR « -+ «— ep(yR « -+ — e R — -+ — epp) R,
where e,k Jr is cyclic hollow. Let ¢ : fRr — epmk)Jr be a projective
cover, where f € Pi(R). Then the following hold:

(1) fRg is injective, i.e., f =eq for some s.
(2) If se{l,...,k}, then s=1, k=m and R is a Nakayama ring.

Proof. (1). This follows from Proposition 7.1.11.
(2). This follows from Proposition 7.1.10. O

We now come to the main purpose of this section, namely, the Kupisch
series on a Nakayama ring as seen from our vantage point.
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Let R be a basic Nakayama ring. Since R is a basic H-ring, Pi(R)
can be arranged as a left well-indexed set {e”}:'ilz(zz)l In particular, by

Theorem 7.1.12, we may arrange Pi(R) as
€11 <= €12 < " = €ip(1) €21 < €22 < < Em_1n(m—1) < €ml " < Emn(m)
and, if €y,,,(m) R is not simple, then

€mn(m) < €11-

Thus we have either a quiver

€11 ¢~ €12 < €ml  Emn(m)
or a cyclic quiver
€12 <
€11
€mn(m) —
In this case, the sequence €,n(m)R,; ..., em1R, ... ;e R, ...;e11 R is

called the Kupisch series of R.

Notation. For a basic indecomposable Nakayama ring R with a left
well-indexed set Pi(R) = {eij}ie, ] Zl, we say that Pi(R) is a Kupisch left
well-indered set if the sequence €y, (m) R, -, em1R, ..., el R, ..., en R
is the Kupisch series of R.

Theorem 7.1.13. Let R be a basic indecomposable left H-ring. If R has
a simple projective right R-module, then R can be represented as a factor
ring of an upper triangular matriz ring over a division ring as follows:

v L

Dl o

=
IR
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Proof. We arrange Pi(R) as a left well-indexed set {e;;}; 1’;( ). We

may assume that e,,,(,)Rr is simple. We recall that the maps o,p :
{1,...,m} — N in Chapter 3. These maps mean that (e;; R; Re,(i)())
is an i-pair for each i = 1,...,m. Since e,,n(m)Rr is simple, o(m) = m
and p(m) = n(m). Let {el 1}7—; be a subset of {e;}j2; such that
{ei; 111 = {es(i;)1}i=; and the frame QF-subring of R is

ei,1 e - eillReiyl
F(R) =

61‘7,1361'11 61?,1R€iy1

For the making of F'(R), we may take e;, = e;1. For F(R), there exist
k(1), k(2), ..., k(y) € N such that R can be represented as an upper stair-
case factor ring of the block extension P = F(R)(k(1), ..., k(y)) (see §4.2),
say

P(i,i1) - -+ P(i1,0(i1)) - -+ P(i1,1y)
P = | P(ij,ir) -~ P(ij,0(ij))
P(iyvil) P(iyaiy)
Here we note that o(m) = m and €mn(m) It appears as the last row in the

last row block of this representation of P. Since €,,,,(m)Rr is simple, we
see that

(P(iy,i1) -+ P(iy_1,iy)) =0,

v L

DIl o

Pliy,iy) = 1 :

D

P(ij,iy 0 for any i; € {i1,...,9y—1}. Since i; # iy, o(ij) # iy. if

where D = End(emn(m)RR) = End(emnem)Rr). Then we claim that
) =
P(ij,iy) # 0, then P(i;.j,)P(iy, 0(i;)) # 0, which is impossible. Since R
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is an indecomposable ring, we see that ¢, = i1, F(R) = D and hence

v L

- DJ| o

R - P(il,’él) =

. 5 .

Corollary 7.1.14. Let R be a basic indecomposable Nakayama ring. If
R has a simple projective right R-module, then R can be represented as a
factor ring of an upper triangular matriz ring over a division Ting.

7.2 Nakayama @QF-Rings

Theorem 7.2.1. Let R be a basic indecomposable Nakayama ring with a
Kupisch left well-indezed set Pi(R) = {f;}f_, = {eij};ilg(:z)l. Then the
following are equivalent:

(1) R is QF.
(2) [AiRrR|="-=]|frRr|

Proof. (1) = (2). Since Ris QF, {f;}F_, = {ein}™,. If emiRRr is
simple, then m = 1 and R is a division ring. If e,,; Rr is not simple, then
R has a cyclic quiver and hence (2) follows.

(2) = (1). This implication is clear from {f;}* | = {e;1}™,. O

Corollary 7.2.2. If R is a Nakayama QF-ring, then so is R/S;(Rg) for
any1=0,1,2,....

Lemma 7.2.3. Let R be a left H-ring. If R is right Kasch and R/S(RRg)
is right QF-2, then R is a Nakayama QF-ring.



202 Classical Artinian Rings and Related Topics

Proof. Let e € Pi(R). Since Sz(eRp) = Sa(eRr)/S(eRR) is a simple
right R-module, we can take f € FE such that fR is injective and
— ¢
Sa(eRgr) = S(fRr)
N N
eR/S(eRR) fR

Because fRp is injective, ¢ extends to ¢* : eR = eR/S(eRg) — fR. Hence
©* 1 Sa(eRR) = Sa(fRR). Since R/S(Rg) is right QF-2, S32(fRr)/S(fRr)
is simple. Moreover, since Sz2(eRp)/S(eRr) = Ss(eRr)/S2(eRRr), we see
that Ss(eRp)/S2(eRpR) is simple. Proceeding inductively, we obtain that
Si(eRRr)/Si—1(eRp) is simple for any ¢ = 1,2, .... Since there exists j such
that S;(eRgr) = eR, this implies that eRp is uniserial.

Next we show that R is QF. Again let e € Pi(R). Then T(eRp) is
simple and can be embedded in R. Because R is a left H-ring, a projective
cover of T'(eRp) is injective, whence eRp is injective as desired. D

Since @F-rings are right Kasch and right QF-2, we obtain the following
theorem from Theorem 7.2.1, Corollary 7.2.2 and Lemma 7.2.3.

Theorem 7.2.4. For a left H-ring R, the following are equivalent:

(1) R is a Nakayama QF-ring.

(2) R/Si(Rg) is a Nakayama QF-ring for i =0, 1.

(3) R/Si(Rg) is a Nakayama QF-ring for eachi=0,1,2,....
(4) R is right Kasch and R/S(RR) is right QF-2.

(5) R/Si(Rg) is a QF-ring for i =0, 1.

(6) R/Si(Rg) is a QF-ring for each 1 =10,1,2,....

Proposition 7.2.5. Let R be a basic indecomposable Nakayama QF-ring
with the Kupisch series e, R, en_1R, ..., e1R. Then the Nakayama per-
mutation of R is cyclic or identity, that is, there exists i for which the
Nakayama permutation s

( €1 €n—j Cn—j41 " en)
ei+lo.. en el e ez

Proof. By Theorem 7.2.1, |eyRr| =+ = |epRr|. Our proof is by
induction on the composition length k(R) = |e;Rg|. If either n = 1 or

k(R) = 1, then the statement trivially holds. Therefore we consider the case
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that n > 2 and k(R) > 2. Assuming the Nakayama permutation of R is not
the identity, we show the statement by induction on k(R). Let k(R) =

Then, since each e;Jr is simple, we can easily see that a projective cover
of e;Jr is ;41 R for i = 1,...n — 1 and a projective cover of e, Jg is e; R.

Hence

€1 " €n_16€n
is the Nakayama permutation. Now suppose that ¢ > 3 and the statement
holds for all rings R with k(R) < ¢t. And we consider R with k(R) = t.
By Corollary 7.2.2, R = R/S(R) is also a Nakayama QF-ring. Put &; =
e; + S(R) for each j = 1,...,n. Then |e1Rr| = |e1Rr|+ 1. Now, by
induction, we may show that, if

€1 En—itl Ep—it2 **° CEp
[ el cccei—1
is a Nakayama permutation of R, then
€1 " €n—j Cp—itl """ €En
eZ+1 . e en el PR 62

is a Nakayama permutation of R.

Since S(e1RR) S(eaRg) = T(eip1Rp) = T(eir1Rr), we
see that S(elRR) T(e;+1RR). Similarly we have S(eaRg) =
T(ei+2RR), (en zRR) = T(enRR),

S(en,HlRR) T(e1Rg), ..., S(enRr) = T(e;RpR) as desired. O

1R

IIZ -

7.3 A Classification of Nakayama Rings

In this section, we give a classification of Nakayama rings by proving Results
1-4 as detailed in the introduction of this chapter.

We first note that, by the structure theorem of a left H-ring, every
basic indecomposable Nakayama ring R has a frame Nakayama @QF-subring
F(R) and R can be represented as an upper staircase factor ring of a block
extension of F(R). Therefore, to understand the structure of Nakayama
rings, we should first focus on basic indecomposable Nakayama QF-rings.

Notation. Let R be a basic indecomposable Nakayama QF-ring with
the Kupisch series e, R, ..., e; R. Then, by Proposition 7.2.5, there exists @
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for which

€1 €2 't €n_itl En—it2 - €n

€ €i+1 "  €n I
is a Nakayama permutation. In this case, we say that R is a ring of
KNP(1 — i)-type for Pi(R) = {e1,...,en}. We will see later that the
rings of KNP(1 — n)-type KNP(1 — 2)-type and KNP(1 — n)-type
are fundamental types in the class of basic indecomposable Nakayama QF-
rings.

Proposition 7.3.1. Let R be a basic indecomposable Nakayama QF-ring
with the Kupisch series e R, ...,e1R and put R = R/S(Rg). Then the
following hold:

(1) For each i € {2,...,n}, if R is of KNP(1 — i)-type for

Pi(R) = {e1,...,en}, then R is of KNP(1 — i — 1)-type for
Pi(R) = {e1,...,en}.
(2) If R is of KNP(1 — 1)-type for Pi(R) = {e1,...,en}, then R is

of KNP(1 — n)-type for Pi(R) = {e1,...,exn}.

Proof. This follows from the proof of Proposition 7.2.5. D

Consider a local QF-ring Q. Let ¢ € J(Q) and o € Aut(Q) satisfying
o(c) =cand o(q)c = cq for any g € Q. Set

R= e
Q- Q e
and e; = (1), for each i =1, ..., n. Then, by Theorem 6.1.4, R is a basic
indecomposable QF-ring with the Nakayama permutation

(el 62 PR en )
en €1 epo1)
For this ring R, we show the following theorem.

Theorem 7.3.2. The following are equivalent:

(1) R is a Nakayama ring.
2) @=J(Q).

In this case, for eachi=1,...,n, R/S;(RR) is a basic indecomposable
Nakayama QF-ring of KNP(1 — n — i+ 1)-type for Pi(R) = {e1,...,en}.
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Proof. (1) = (2). Assume that R is a Nakayama ring and let a €
Q — cQ. Then

QQ - Q aQ - e a@

0 -+ v-- 0 0 «-v .- 0
I= L L= .

0 -+ v-- 0 0 ...... 0

are right ideals of R. Then L ¢ I implies I C L and it follows that @ = a@Q
and hence we see that cQ = J.

(2) = (1). Suppose that cQ = J(Q). Then, since J(Q) = Q/S(Q)
as a right and left @-module, we see that Q/J(Q)? is a Nakayama ring,
whence @ is a Nakayama ring by Lemma 7.1.4. As noted above, R is a
basic indecomposable QF-ring and

(el 62 PR en )

€n €1 " €En—1

is the Nakayama permutation of R. Further, since Qc = J(Q), by Proposi-
tion 6.1.3 R has a cyclic quiver:

eg —

/ N

el E

N /
en —

Hence R is a Nakayama @QF-ring of KNP(1 — n)-type for Pi(R) =

{e1,...,en}. Moreover, in this case, we can inductively reduce that
O coe e e 0 S(Q)
S@) 0
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0 cereee i 0 S(Q)S(Q)
S(Q) REI(®))
S(Q) 0
S2AR)=| o . e
0 e 0 5@ 5@ o0
n—\i/-‘rl
0 oe.n. 0 S(Q) - S(Q)
S(Q) '
Do S(@)
Si(R) = | 5(Q) O
0

0 S(Q) ......... S(Q)
5(Q) '
Sn—1(R) =
5 5(Q)
S(Q) v e e S(@) o

We look at the form of S;(R). By applying Fuller’s Theorem (Corollary
2.4.6), we see that R/S;(R) is also a QF-ring, and hence R/S;(R) is a basic
indecomposable Nakayama @QF-ring by Theorem 7.2.4. Furthermore the
form of S;(R) shows that R is of KNP(1 — n — i + 1)-type for Pi(R) =
{e1,...,en}. ]
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Theorem 7.3.3. Let R be a basic indecomposable Nakayama QF-ring of
KNP(1 — n)-type for Pi(R) = {e1,...,en}. Then R can be represented as
a skew matrix ring over a local Nakayama QF-ring QQ = e1 Rey, namely

Q- Q
R= 7
Q- Q .

where o € Aut(Q) and ¢ € J(Q) with cQ = J(Q).

Proof. Let {i1,i2,...,9x} C{1,2,...,n} with i; <iy < -+ < ip. Put
e =e; + -+ e;,. Then, since R is a Nakayama ring of KNP(1 — n)-
type for Pi(R) = {e1,...,en}, we see that eRe is a basic indecomposable
Nakayama QF-ring of KNP(1 — k)-type for {e;,,...,e;, }, and hence eRe
has a cyclic Nakayama permutation. Thus, putting @@ = e; Re;, by Theorem
6.4.1, there exist o € Aut(Q) and ¢ € J(Q) for which R can be represented
as a skew matrix ring over Q. Further, by Theorem 7.3.2, we see that

c@Q = J(Q). O

By Proposition 7.3.1 and Theorem 7.3.3, we obtain the following theo-
rem.

Theorem 7.3.4. Let R be a basic indecomposable Nakayama QF-ring of
KNP(1 — 1)-type for Pi(R) = {e1,...,en} and put Q = eyRe;. Then
R = R/S(R) is a ring of KNP(1 — n)-type for Pi(R) = {e1,...,e,} and it
can be represented as a skew matrix ring over the local Nakayama QF-ring
Q = Q/S(R) with respect to some o € Aut(Q) and ¢ € J(Q).

For later use, we illustrate an example of a Nakayama @QF-ring of
KNP(1 — 2)-type.

Example 7.3.5. Let @ be a local Nakayama ring and let ¢ € @ such that
J(Q) = Qc. Let o € Aut(Q) satistying o(c) = ¢ and o(q)c = ¢q for all
q € Q. We consider the skew matrix ring

_(QQ
(3.,

and represent R by the skew matrix units {aq1, a2, B21, @22 }:

R— (Q@n Q@m) _ (Q Q@)
QpB21 Qaze oo QL Q 0767
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where o = a2 and 3 = (1. Now we make the following block extension
of R with the matrix size n:

Q Qa--- - Qa

QB Q - - Q
T = Qc

QB Qc -+ Qe Q

Then, by Theorem 6.5.1, there exists a canonical surjective matrix ring
homomorphism

Q Qa--- - Qa
0 0 Q8 Q - - Q

v: W = - T= Qc

Q- Q) .. L
Q6 Qe+ Qe Q

with
0 0
0

Rery =115

We represent W/ Ker v as

Q- e Q
W/Kery=|:1 Qg -
QQ - QQ
Since W is a Nakayama ring, T is also a Nakayama ring and
Q Qo -+ --- Qa Q ......... Q
Q3 Q - - Q Q.. 0
r= e = Q =W/Kern.
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Now consider the following ideals V of W and U of T:

0 0 S@Q) - 5(Q)
sS@ 0 . S S(Q)
o S(Q)
S(Q) .0
0 S@) - 8@ 0
0 0 SQa) - - SQu
S(@Qp) 0 - S(Q) S(Q)
v | 5@ 5@ ; :
: S(Q)
5QB) 0
0 S@Q) - S@ 0

QQQ@ ...... Qu
R Q Q @ Q
_ D JQ) :
T=| . . I
: : Q
QB Q
Qﬁ] )7 ..... J(JQ
Q Q Q ...... Q
Q Q :
L
: s
Q : @
Q Q ...... QQ

Then W 22 T and these rings are basic indecomposable Nakayama QF-rings
of KNP(1 — 2)-type.
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In summary, starting from a skew matrix ring

R (QQ) _ (Q Qa>
Q). \es ),
with ¢@ = J(Q), we make a block extension T' of R with matrix size n.
Then T is a homomorphic image of a skew matrix ring W over ) with the
same matrix size n. Furthermore we can construct isomorphic canonical
factor rings W and T which are basic indecomposable Nakayama @QF-rings

of KNP(1 — 2)-type. As we see later, this observation plays an important
role.

We need further details on a basic indecomposable Nakayama @QF-ring of
KNP(1 — 2)-type. Let R be such a ring for Pi(R) = {ej1,...,en}. In order
to investigate R, we prepare some notations. For each i, j € {1,...,n}
with 1 <¢ < j < n, we define a homomorphism 0;; : ¢; R — ¢; R as follows:

1. 6;; is the identity map of e; R.

2. 0;i11: e;41R — ¢;J is an epimorphism for 1 < i < n (of course
such 6; ;41 exists).

3. 0,1 :e1R — e, J is an epimorphism.

4. (91']' = 0i,i+19i+1,i+2 . "9]‘_17j for1 <1 <j<n.

Then the following hold:

(a) Ker 91‘3‘ = iji(_EjRR).

(b) Imé6,; =e;J?*, so 8;; induces the isomorphism:
e;R/S;_i(ejRR) 6’2 e;J7~% where J° = R.

(¢) For any homomorphism « : e,R — e;R/Si(e;Rr), there exists
B : etR — e;R satisfying a = 13, where n: e;R — €;R/Si(e;RR)
is the canonical epimorphism. Here, if Hompg(e:R, Si(ejRr)) = 0,
we see that this 8 is uniquely determined, and we denote it by
[@](k)e or, simply, by [a] if no confusion arises:

EtR
[o] / la
ejR L) ejR/Sk(ejRR) —0

-1

D |

d) For a homomorphism e; R 2 ey it é e;R/S;_;(e;RRr), where
J J j
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-1

i < j <t if Hompg(e:R,S;j—i(e;R)) = 0, then [5” v] €
Hompg(e R, ¢;R) can be defined, and we see that
-1
0ii[0:; v]=",
(e) For 6;;a0 = 0,;3, where o, 3 € Homp(etR,¢e;R) and ¢ < j < ¢,
if Hom(e,R, S;j_i(e;Rg)) =0, then a = § because 6,;(a — 3) =0
implies Im(a.— 3) C S;_;(ejRR), whence o — f = 0 by assumption.

We put A;; = e;Rej = (e;,e;) = Homp(e; R, e;R) for each 4, j € {1,...,n}

and use the following expressions for R:

eilte; -+ e1Rey, (61’61) (617671) A - Ay

enReq -+ epRen (en,e1) -+ (en,en) Apy oo A

Under the conditions above, we show the following lemma.

Lemma 7.3.6. Let R be a basic indecomposable Nakayama QF-ring with
Pi(R) = {e1, ea,e3}. Suppose that R is of KNP (1 — 2)-type for Pi(R) =
{e1,ea,e3}. Put Q = eyRey. Then the following hold:

(1) There exist c € J(Q) and o € Q satisfying Qc = J(Q), o(c) = ¢,
and o(q)c = cq for all g € Q.

(2) R is isomorphic to a factor ring of a skew matriz ring (Q)sc,n-
More precisely, R can be represented as

QQ Q QA 0 0 S(Q)
r=(Qeq| = (eee| /[(s@ o o],
QQel,., \eea/,, \ o s@ o
where Q@ = Q/S(Q).
Proof. We represent R as
(e1,€1) (e2,€1) (e3,€1) Q A A
R= | (e1,e2) (e2,€2) (e3,€2) | = | Bar Q2 Aas |,

(e1,e3) (e2,e3) (e3,e3) B3y B3y Q3

where Q; = (e;,€;) for i = 2,3, and A;; = (ej,€;), Bji = (e;,¢;) for each
i, j €{1,2,3} with i < j. Put

y_ ((61761) (62,61)> |

(e1,€3) (e2,e2)



212 Classical Artinian Rings and Related Topics

For the sake of convenience, in Z, we use ()31 instead of (x)o1, that is,
()31 is the matrix in Z whose (2, 1) entry is  and the others are 0.

We take an addition on Z as the usual matrix sum and define a multi-
plication on Z as follows. For

T11 T12
a( ), ﬂ<y11y12>’
T31 T22 Y31 Y22

we set
N T11Y11 + T12023Y31 T11Y12 + T12Y22
= 771 .
xz31y11 + [023 222023 Y31 O23x31y12 + T22Y22
E— 1
Of course, [6a3 13:22923} = [0a3 x2203]3(1)3 is well defined since

Hompg(esR, S(esRr)) = 0.
For Z, we show the following Claim 1:

Claim 1. Z is an artinian ring.

Proof of Claim 1. To check the distributivity of elements of Z is
easy. For the associativity of the multiplication, we show that

({2 )iy )in) (2 0k = (2 )iz (Cy ) (2 )r1)
for any 4j, jk, kl. There is no need to check the case that 31 & {ij, jk, ki}.
Let ij = 31. Then we should observe the following cases of {ij, jk, ki}:
{31,11,11}, {31,11,12}, {31,12,31}, {31,12,21}, {31,12,22}. We can
easily check the associative law except {ij,jk,kl} = {31,12,31}. Let
{Z],jki, kl} = {31, 12, 31}. Then (< xz >31<y >12)< z >31 = (923xy >22< z >31 =

A}
([023 Oa3yb23]2)31. (z)31((y)i2(z)s1) = (x)3i(ybasz)s1 =
(Y232 )31. ) X

Since 923[@7 92326:[/923} = 923:5:1/923, we obtain [@7 923$y923] =

zyb23. Hence ((@)31(y)12)(2)31 = (2 )31((y)12(2)31).

Let jk = 31. Then we need to check for the cases of {ij,jk, ki}:
{12,31,11}, {22,31,11}, {12,31,12}, {22,31,12}. It is easy to check
the associative law except {ij, jk,kl} = {22,31,12}. For {22,31,12},
(2)2a(y)an)(z )iz = (O Jabosy)sr(2 )iz = (O23[0s  26a3)yz)as =
(2023y2 )22 and (x)22((y)31(2)12) = (x)22(b23y2)22 = (2b23y2)22.
Hence ((@)22(y)31)(2)12 = (@ )22((y)31(2)12)-

Let kI = 31 Then we need to consider the following
cases of {ij,jk kl}: {11,12,31}, {21,12,31}, {12,22,31}, {22,22,31},
{31,12,31}. For these except {31,12,31}, it is easy to check.
For {31,12,31}, we have (<$>31<y>12)<2’>31 = <923$y>22<2>31 =
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<[@_1(923xy)923]Z>31 = (ayba3z )31 since 923([@_1923xy923]Z) =
O3 (xyba3z). (x)31((y)12(2)31) = (@ )31(yb232)11 = (xyb232)31. Hence
((2)31(y)12)(# )31 = (2 )31({y )12( 2 )31)-

From these observations, we see that Z becomes a ring and it is an
artinian ring. Thus Claim 1 is shown.

In Z, let f; = (1) for i = 1,2. Then {f1, fo} is a complete set of
orthogonal primitive idempotents of Z.
Next we claim the following:

Claim 2.
(I) The map

()= () — (i)

given by
11 (12 a1; ai12
[
Qg1 Q22 Oa30031 ra2

18 a surjective ring homomorphism with

ferm = (5((6?, es)) 8) |

(1) (f1Z,Zf2) and (f2Z,Z f1) are i-pairs. Thus Z is a basic indecom-
posable Nakayama QF-ring with a cyclic Nakayama permutation.

Proof of Claim 2. (I). To show that 751 is an onto map, let z9; €
(61,62). Then [92_311‘21} S (61,63) and 923[92_315621} = 21, whence T21 is
an onto map. Since KG‘I‘T21 = {0431 | 0230&31 = 0} = {0531 | IHlO[gl Q
S(esRr)} = S((e1,e3)), we have

form = (S«e?, es)) 8) |

(IT). Since R is a ring of KNP(1 — 2)-type, we see that

S(fiZz) = (8 S((eg 62))) = S(zZ f2),

(stcer eny o) =528

In order to show

S(fQZZ) = (S((e?,eg)) 8) = S(ZZf1)7
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let 0 # a2 € (e2,e2) and assume [9723_10422923](61,63) = 0. Then, noting
[@_10&22923} € (es,e3) and
0 00
S(esRp) = 0o 00],
S((€1,€3)) 00

we see that [072371a22923] = 0, whence agesJ = 0. Since
Homp(eaR, S(e2Rr)) = 0, this implies azz = 0, a contradiction. Therefore
[@7104923 (e1,e3) # 0 for any 0 # g € (€2, e2). This fact, together with
023S((e1,e3)) = Oa3{ B € (e1,e3) | ImB C S(esRg) } = 0, shows

2 = (g1 e )

Accordingly (f1Z;Z f2) and (f2Z; Z f1) are i-pairs and hence Z is a basic
indecomposable QF-ring. Moreover it follows from (I) that Z is a Nakayama
ring with the Nakayama permutation

(fl f2>
f2 i)

Now we shall show (1) and (2) in our statement. By Theorem 7.3.3,
there exist ¢ € J(f1Zf1) = J(Q) and o € @ satisfying Qc = J(Q), o(c) = ¢
and o(q)c = ¢q for any g € @, and there exists a matrix ring isomorphism

~p_(QRQ
2= (39)

Thus Claim 2 is shown.

We return to

(e1,e1) (e2,e1) (es,er) Q A Ay
R = | (e1,e2) (e2,e2) (e3,e2) | = | Bar Q2 A23
(e1,e3) (e2,e3) (e3,e3) B3 B3z Q3
By the form of the Nakayama permutation of R, we see that
0 S(Ap) 0
S(R) = 0 0 S(A2)
S(Bs) 0 0
We put
Q A Ags

E = R/S(egRR) = & QQ A23
BSl B32 QB
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Then ey Rz and e; R are injective and egiJﬁ = e3Ry. Since R is a left H-
ring and S(eaRy) = (S(A23) )23, using the matrix representative theorem
of left H-rings discussed in Theorem 4.3.1, we see that R is represented as

a factor ring:
- Q Az Ass Q A A
R=|DBy Q2 Az | =2 | Bax Q2 Q2.

Bsi B3z Qs By J(Q2) Q-
Put
Q App Ap
P = (321 Q2 Q2>~
B J(Q2) Q-
Then

0 S(A) 0
S(P) = (0 0 S(Q2)> :
0 0 S(Q)

Hence, again from the representative theorem of left H-rings, P can be
expressed as

B Q Q Q Q Q Q 0 05(Q)
R|JQ Q Q|l=(JQ @ Q|/[oo o ].
J(Q) J(Q) Q J(Q) J(Q) Q 00 0

Consequently there exists a matrix ring isomorphism ¢ = (¢;;):

B Q Az Az Q Q Q Q@ Q Q 0 05(Q)
R=| By Q2 Az JQ) Q =1J@Q Q@ Q/|00 0
J(Q) J(Q) Q J(Q) J(Q) Q 00 0

Q

lls

Bsi Bsy Q3
As noted above, there exist ¢ € J(Q) and o € J(Q) satisfying Qc

J(Q),0(c) = ¢ and o(q) = ¢q for all ¢ € Q. Thus we can make (Q)U,qg.
Using ¢, we have a matrix isomorphism ¢ = (¢;;):

B Q Az Ags Q QQ
R=|Bx Q A Qc Q Q.
Qc QcQ

B31 B3y Q
-1
a2 = @15 (1),

a3 = 30231(1),
b1 = ¢3; (¢)
baz = <P32( )

a13 = a12023.

lles

We put

b
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We can take b31 € Bgl such that Cbgl = b32b21 in R and ng = b32b21 =
a1 (%), Then cpgy!(c) = 1) (€)pai (€) = @51 (?) = @z () () =

baabay = cbzy. Hence c(ip3;' (¢) —bz1) = 0 and this implies that @37 (¢) = ba
and Qa,;; = A;j and Qb;; = B;j for any 4, j € {1,2,3} with ¢ < j. Thus
- Q@ Qaiz Qaiz\ , (Q Q Q
R=|Qby Q Qaxs|=|QcQ Q
Qbz1 Qbz2 Q Qe QeQ

Now consider the skew matrix ring

Q Qaiz Qais
T=(Qoesz=|QB1 Q Qoo |,
QB3 QP2 Q
where {a;;} U{0;;} are the skew matrix units. By Theorem 6.5.1, the map
QR QQ
7T:T— | Qc Q Q
Qe Qe q
given by
qi1  qi12¢12 13013 q11 412012 413
21021 Q22 Q3023 | —— | @21¢ Qa2 q23
431031 932032 ¢33 431C G32C q33
is a surjective ring homomorphism with
0 0 0
Kerr=|[S(@Q) 0 0
5(Q) S(@)0
Thus the composite map ¢~ 17 is given by
qi1  qi12¢12 413013 qi1  q12a12 413013
@1021 Qa2 G233 | — | g21bar g2 gesass
431031 q32332 33 q31b31 g32b32  q33
and
0 0 S@Q)
Kero '7=[5(Q) 0 0
0 S@) O

By this epimorphism together with cbs; = b32bs1, we can easily check that
the map ® : T'— R given by

d11  qi12(12 1313 d11 412012 413013
21821 22 Gesaz | > | qa1bar  ga2  qozasos
431031 q320832  q33 q31b31 q32b32 ¢33
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is a surjective ring homomorphism with
0 0
Ker®=|S(Q) 0
0 S(Q)

5(Q)
0
0
Consequently
QQQ
R=(QQQ .
QAQ/, . .. o
Theorem 7.3.7. Let R be a basic indecomposable Nakayama QF-ring of
KNP(1 — 2)-type for Pi(R) = {e1, ...,en}. Then R can be represented as

a factor ring of a skew matriz ring (Q)e,cn, where Q = e1Re1, 0 € Aut(Q)
and ¢@Q = J(Q). More presicely, R can be represented as

QQ Q- - 9]
Q Q
R~ | B
- Q
Q - Q
Q Q ...... Q Q vem
QQ Q- - Q 0 0 S(Q) S(Q)
Q S@) -
- / ’
Q S(@)
Q Q S(Q) 0
Q Q- - QR Q.. 0 S(Q) S(Q) 0

where Q = Q/S(Q).

Proof. Whenn =1, R= Q. For n = 2,3, the statement follows from
Theorem 6.4.1 and Lemma 7.3.6.

Now, by arguing as in the proof of Lemma 7.3.6, we will establish the
case n = 4. Here, since R is KNP(1 — 2)-type for Pi(R) = {e1,e2,€3,€4},

€1 €2 €3 €4
€2 €1 €2 €3
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is the Nakayama permutation. We represent R as

(e1,€1) (e2,e1) (€3, e1) (e, €1) Q Ay Aig Ay
R— (e1,€2) (e2,€2) (€3, €2) (es,€2) _ B Q2 Asz Ao

(e1,e3) (e2,e3) (e3,€3) (e4,e€3) B3y B3y Q3 Ass |’

(e1,€4) (€2,€4) (€3,€4) (€4,€4) By1 Bys Byg Q4

where @QQ; = (e;,e;) for each ¢ = 1,2,3,4 and A;; = (e;,e;) and Bj; =
(e;, ;) for each ¢, j € {1,2,3,4} with ¢ < j. By the form of the Nakayama
permutation above, we see that

0 S(A) 0 0

[0 0 s 0
SE=1 0 0 0 S(4s)

S(Bs1) O 0 0

Put Q@ = Q;. First we show that there exist ¢ € J(Q) and o € Aut(Q)
satisfying Qc = J(Q), o(c) = c and o(q)c = ¢q for all ¢ € Q. We put

W _ <(617€1> (62761)) )
(e1,€4) (e2,€2)
By using 694, the similar way above for Z, we can show that W becomes
a basic indecomposable Nakayama QF-ring of KNP(1-2)-type and is ex-

pressed as
_ (e
v=(2a).,

for some ¢ € J(Q) and o € Aut(Q) satistying Qc = J(Q),0(c) = ¢ and
o(q)e = cq for all ¢ € Q. We put

Q A Az Ay
Bay Qa2 Az Agy
Bs1 Bz Q3 Asa |’
By Baz Bys Q4

R = R/S(esRp) =

where we let By; = By /S(Bs1). Then élﬁﬁ, égﬁﬁ and égﬁﬁ are injec-
tive, Egjﬁ = §4§§ and the socle of 2R + 3R + €1 R is

00 0 0
0 0S(A23) O

00 0 S(Asz)
00 0 S(Q4)
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By this form of R as a left H- ring, R can be represented as a factor ring

Q@ Az Az A
By Q2 Azz A
B3; B3z Q3 Q3
Bz B3z J(Q3) Q3

R

1

of

Q Az Az Ags
p_ By Qa2 Azz Ao
B31 B3z Q3 Q3
B3y B3z J(Q3) Q3

We also look at the form of P. Noting its socle is
05(A12)0 0
0 0 05(As)

0 0 05Qs))"
0 0 05(@)

we see that P can be expressed as the factor ring
Q A A A
By Q2 Q2 Qo

321 J(QQ) Q2 Q2 ’
Ba1 J(Q2) J(Q2) Q2

~
1%

of the left H-ring

Q A A Ap
T_ By Q2 Q2 Q2

By J(Q2) Q2 Q2 ]’

Ba1 J(Q2) J(Q2) Q2

where we let Ao = A12/S(A;2). Furthermore, since the socle of T is
0S5(A12)0 0
0 0 05Q2)

0 0 05Q2))"
0 0 05Q2)

T can be expressed as

Q @ QQ
s 7@ @ Q@
JQ) Q) Q Q
J(Q) J(@Q) J(@) Q
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Accordingly R can be expressed as follows:
Q Az Az Any

7o By Q2 Agsz Agy
B Bs1 B3z Q3 Asy
By1 Byo Byz Q4
Q Q@ Q Q
~|J@Q) Q@ Q Q
(V@ I@Q @ @
J(Q) J(Q) J(Q) Q
Q Q@ Q Q 005(Q) S(Q)
_|1JQ @ @ @ / 00 0 S(Q)
JQ)J(Q) Q@ Q 00 0 0
J(Q) J(Q) J(Q) Q 00 0 0

Now, as noted above, there exist ¢ € J(Q) and o € J(Q) satisfying Qc =
J(Q), o(c) = c and o(q) = cq for all ¢ € Q. Using ¢, we represent R by a
matrix isomorphism ¢ = (¢;;) as follows:

Q Aix Aiz A1y QQQ
By Q Azz Asy | £ [Qe Q Q
Bs1 Bss @ Ass | QeQec Q Q
By Byp Bys Q Qc Qc Qe Q

QI Q|

R:

Put
ay = @lel(l)» a3 = 905311(1)» azq = 903?411(1)7 ) )
ba1 = g7 (€), b3t = @31 (¢), bs2 = 35 (), baz = i3 (), buz = pu3 (0),
a13 = 12023, A24 = (23034, (14 = A12023034.-
We take by; € By such that cbyy = byobe;. Then by = 90211(6), cby =
b43b31, Qaij = Aij and Qbﬂ = Bji for any ¢, j € {1,2,3,4} with 7 < 7.
Therefore
Q Qa2 Qaiz Qayy Q Q @ g
Qb1 Q Qags Qagy Qc Q Q Q
Qbz1 Qbza Q  Qbsy QcQc Q Q
Qby1 Qbga Qbys Q Qc Qc Qc Q

Now consider the skew matrix ring

Q Qoiz Qaiz Qayy
QB21 Q Qazz Qazy
QB31 QB2 Q QB3 ’
QB Qa2 @Bz Q /.,

s

R =

U= (Q)o’,c,4 -



7.3 A Classification of Nakayama Rings 221

where {o;;} U {8};} are skew matrix units. By Theorem 6.5.1, the map

QQ QQ
o |eceaa
QcQc Q Q
Qc Qc Qc Q
given by
q11 q12(n12 13013 1414 q11 q12G12 G13 q14
21021 G2  G230:23 Q24024 N g21C G22 Q23 424
431031 q320832  q33  q340v34 431C (¢32C (33 (34
q41841 qa2B42 943843  qaa 441C g42C (43C 444
is a surjective ring homomorphism with
0 0 0 O
Kert = S(@) 0 00
S(Q)S(@) 0 0
S(Q) S(Q) S(Q)0
Thus the composite map ¢~ is a surjective ring homomorphism given by
q11  q12(12 13013 140014 d11 412012 13013 14014
g210821 Q22 Q23(¢23 G240r24 s go1ba1 Qo2 G23023 Q24024
g31031 32332 33  G340u34 C]31bﬂ g32bsa @33 q31a34
qa1841 942842 943843 qaa qa1ba1 qu2ban qu3bsz  qua
and
0 0 S@Q)SQ)
Kerg-lr— [ 5@ 0 0 s(@
S@)s@ 0 0
S5(Q)S(Q)S(@) 0

By this homomorphism together with cby; = bsoba1 = bssbs1, we can easily
check that the map ® : U — R given by

qi11  q12(12 13013 14014 d11  q12012 13013 414014
q21021 22 Q230123 Q240i24 N go1b21 G222  G23a23 Q4024
g31031 q320832  q33 Q34034 g31b31 g32b32 33 q34a34
qa1841 942842 943843 qaa qa1b41 qaobsz qu3baz  qug

is a surjective ring homomorphism with
0 0 S@)SQ)
kaa | 5@ 0 0 s@
S(Q)S@) 0

0 5(@Q)sS@Q)
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In view of the proof above, we can prove our statement for any n by quite
the same argument. O

We extend Theorem 7.3.7 to the following form.

Theorem 7.3.8. Let R be a basic indecomposable Nakayama QF-ring of
KNP(1 — k)-type for Pi(R) = {e1,...,en} with k > 1. Put Q = e Re;.
Then there exist c € J(Q) and o € Aut(Q) satisfying Qc = J(Q), o(c) =¢
and o(q)c = cq for all ¢ € Q and R can be represented as a factor ring of
a skew matriz ring T = (Q)s,e.n by the (n — k)-th socle Sp_(T) of T, that
18, R can be represented as

Q- e Q Q Q

QQ

- .
R @ Q

o0

Q- Q Q- 0Q 0 e 05(Q) - 8@

Q 5(Q) '

Q : 5(Q)

=0 Q /5@ 0

Q" 0

0 Q Q- Q0 0 - 05@Q) -~ S5Q 0

where we put Q = Q/S(Q).

Proof. We use induction on k. When k£ = 2, this statement is Theorem
7.3.7. Assume that the statement holds for K = ¢ — 1 and let R be of
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KNP(1 — i)-type. We represent R as follows:

All A1’i71 Ali Aln
A21 ' ' :
R — An7i+1,n
An_ito1 . An—iton
An—i+3 ;
Anl e An,i72 An,ifl """ An,nfl Ann
Then
0 - - 0 S(Ay;) 0 0
0
S(R) — 0 t- e S(An7i+17n)
S(An—i—&-Z,n) . . 0
0 .
0 0 S(Api1) 0 - - 0
We put
All Al,i—l Th Al,i—i—l Aln
An—z n
R=R/s(R) = | it - " An—ivin
An7i+2,1 - . - . An7i+2,n
An—i+3 :
Anl e An,i—2 An,i—l Anl e e Ann

Then we see that R is a basic indecomposable Nakayama QF-ring of
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KNP(1 — i — 1)-type with

[ 0 S(Al,ifl) 0 0
0
S(R) — 0 S(An7i+2,n)
S(An7i+3,n) 0
0 .
0 o 0 S(An,i72) [ 0

Hence, by induction, there exist ¢ € J(Q) and o € Aut(Q) satisfying
Qc = J(Q), o(c) = ¢ and o(q)c = cq for all ¢ € @ and a surjective
matrix ring homomorphism ¢ = {¢;;} from the skew matrix ring (Q)s.c,n
to R with

0 - - 0 S(Q) - S(Q)
S@) '
D 5(Q)
Kerp = S(Q) 0
0 :

Therefore we obtain

Q- - Q Q- ---Q
D . Q
Rg(Q)U,c,n: @ Q
Q- Q Q- QQ
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Now let {ij}s, jeq1,....n} be the skew matrix units of (Q)s,c,n. Thus

o(q)ai; = cyjq for all ¢ € Q,
When i > j, o if i>k >,
Qi O = . . .
age if k>1d or j>k,

o = ay:q forall g € Q,
(%) When i=j, 4% il 1€ Q
Ok = Uik,
gai; = ayjq for all g € Q,
When 1<y, aige if 1 <k <y,
QijQjk = . . .
o, if k<i or j<k.

We represent (Q)o,c.n by {aij}i,je{l ..... n} '

Qo - o Qoyior Qo or oo Qo
Qaz S :
B B Qp—j n
(Q)U,c,n = ] Q +h
Qoap—it2,1 K Qop—iton
Qan,—i+3,1 . :
Qanl e Qan,i72 Qan,ifl oot Qann
We put
Bpg = ¢(pq)
for each (p,q) € D = {(1,4),(2,i + 1), ..., (n — i+ 1,n),(n — i +
2,1), ..., (n,i—1)} and put

z1; = ¢(oi),

T2,i4+1 = 30(042,1'-4-1),

Tpn—itln = (P(anfiJrl,n)y
Tp—it2,1 = P(n_it21),

Tn—it+3,2 = @(an—vz+3,2),

Tn,i-1= W(an,ifl)
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Then we have

Bpg € Apgs
z1; € Aui,

Z2,i+1 € Ao iy,

xnfiJrl,n S An7i+1,na
Tn—it2,1 € An_iy2.1,

Trn—it32 € An_it32,

Tnyi—1 € Apic1.

Next, for each (p,q) € D, we define the following 8, corresponding to z,

Bii = B1252i,

ﬂ?,i+l = ﬂ2363,i+17

Br—it1,n = Brn—it1,n—i+28n—i+2.n,
Bn—i+2,1 = Bn—i+2,n—i+3Bn—i+3,1,

ﬂn—i+3,2 = ﬂn—i+3,n—i+4ﬂn—i+4,2a

Br,i—1 = Bn1B,i-1-
Then it is straightforward to verify the following:

1) QBpq = Apq for all (p,q) ¢ D.

(1)

(2) Bpg = Tpq for all (p,q) € D.
(3)

(4) R can be represented as:

QP11 -+ Qb
R = R

Qavpg =2 QPBpg by the map gayg — gy, for all (p,q) € D.

(5) {Bij}i, jeq1,...,n} satisfies the same relations (*) as recorded above

for {auj}i jeqa,... n}-
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Thus, by (3), (4) and (5), the map

Qa1 -+ Qaiy QB - QPBin
T: (Q)G,c,n == — R = T
Qanl A Qann Qﬁnl to Qﬁnn
given by
Q1011 QnQin Q11611 -+ q1inPin
T . — “n e
dn1Qnl1 **° nnQnn inﬁnl e dnn
is a surjective ring homomorphism and, moreover,
0 e 0 S(Qaw) - S(Qouy)
S(Qazr) :
Kerr+ = .'S(QanfiJrl,n)
S(Qan—i+2,n) 0
0 . . . .
0 o 08(Qan,i—1) --S(Qann-1) 0
This completes the proof. O

Remark 7.3.9. Let R be a basic indecomposable Nakayama ring with
a Kupisch left well-indexed set Pi(R) = {e;; };117;(:1)1 We recall the con-
struction of the frame @QF-subring F(R) of R introduced in Chapter 4.
Firstly F(R) is derived from a suitable subset {f; = e;;1}7_; C {ea}j’,
and F(R) = (fi+---+ fs)R(f1 + -+ fs). Then, without loss of general-
ity, we may take {e;;1}7_; so that 1 =iy <ip <--- <4, <m, and F(R)
is a basic indecomposable Nakayama QF-ring with Pi(F(R)) = {f;}/_, a
Kupisch left well-indexed set. Hence, by Proposition 7.2.5, there exists @
such that
<61 € v ey_irl €y_ira e €y )
€; €41 " €y €1 R . |

is a Nakayama permutation of F(R). We put Q = fiRf1, Q = Q/S(Q)
and R = R/S(R). Since R is also a basic indecomposable Nakayama ring,

we can consider its frame Nakayama @QF-subring F(R). Then it is easy to

see that F'(R) = F(R).
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Under this setting, we now provide a structure theorem for Nakayama
rings.

Theorem 7.3.10. ( Classification) Let R be a basic indecomposable
Nakayama ring with a Kupisch left well-indezed set Pi(R) = {e;;}i 1?(11
And let F(R), Pi(F(R)) = {f;}_,, Q, Q and R be as above. Then the

following statements hold.

(1) R can be represented as an upper staircase factor ring of a block
extension of F(R), that is, there exist a suitable block extension
B(F(R)) = F(R)(k(1), ..., k(y)) with k(1) + -+ k(y) = #Pi(R)
and a surjective matriz ring homomorphism ¢ of B(F(R)) to R
such that B(F(R))/Ker ¢ forms an upper staircase factor ring.

(2) When F(R) is a local Nakayama ring, then F(R) = Q and R can
be represented as an upper staircase factor ring of a block extension
of Q.

(3) When y = #Pi(F(R)) > 2 and the Nakayama permutation of
F(R) is cyclic, the following hold:

(a) There exist ¢ € @ and o € Aut(Q) satisfying cQ = J(Q),
o(c) = ¢ and o(q)c = cq for all ¢ € Q. (Thus skew matriz
rings over Q with respect to {o,c,y} can be constructed.)

(b) There exists a surjective matriz ring homomorphism 7 :V =
Qe — FUR).

(¢) T can be canonically extended to a surjective matrix ring ho-
momorphism ™™ : B(V) = V(k(1), ..., k(t);¢) — B(F(R)) =
F(R)(k(1), ...,k(t);c).

(d) There exists a canonical surjective matriz ring homomor-
phism © 1 Y = (Q)gc,s — B(V), where s = YV k(i) =

(4) If F(R) has the identity Nakayama permutation, then the basic
indecomposable Nakayama QF-ring F(R) is of KNP(1 — y)-type,

and we can make a suitable block extension of F(R) so that R

is represented as a factor ring of a skew matriz ring over Q with

respect to {0, ¢, s}. (Consequently, in this case, we can have enough

information on the structure of R through R.)

Proof. (1), (2). These follow from Theorem 4.3.5.
(3). (a) follows from Theorem 7.3.8. (b) is clear while (c) and (d) follow
from Theorem 6.5.1.
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(4). This follows from (3) and Theorem 6.4.1. O

7.4 An Example of a Nakayama QF-Ring of KNP(1 — 1)-
Type

In general, for a local Nakayama ring ), we do not know whether there exist
o € Aut(Q) and ¢ € J(Q) satisfying Qc = J(Q), o(c) = ¢ and o(¢q)c = ¢q
for all ¢ € Q. However, for @ = Q/S(Q), such elements do exist as the
following shows.

Proposition 7.4.1. Let Q be a local Nakayama ring and put Q = Q/J(Q).

Then there exist T € Aut(Q) and ¢ € Q satisfying

(1) Qe=J(Q), 50 Qe = J(@) and
(2) 7(¢) = ¢ and T7(Q)c = g = cq for all ¢ € Q. (Note that
Qc = J(Q) is a Q-bimodule.)

Proof. Consider the Nakayama ring

= <J<%> g)'

Put e = (1)1; and f = (1)23. Then

S(eRR) = (8 S(()Q)) = S(rRf).

2= (40 0) = o)/ (6°0)

Then R is a basic indecomposable Nakayama QF-ring with the identity
Nakayama permutation. It follows that = R/S(R) is a basic indecompos-
able Nakayama @QF-ring with a cyclic Nakayama permutation by Theorem
7.3.4. Noting that

= (o) (7 5@) = )

there exist 7 € Aut(Q) and ¢ € Q satisfying Qc = J(Q), 7(¢) = ¢ and
7(q)c = cq for all ¢ € Q by Theorem 7.3.3. ]

Next set
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Now consider a basic indecomposable Nakayama @QF-ring R of type
(1 — 1) for Pi(R) = {e, f}. Setting eRe = Q, eRf = A, fRe = B and
fRf =T, we have

_ (@A
- (39
Then, since S(Q)A = AS(T) = 0 and S(T)B = BS(Q) = 0, A is
(Q,T)-bimodule and B is a (T, Q)-bimodule, where Q = Q/S(Q ) nd T =

T/S(T). We put

memsin= (34) - (42 (9 &)

By Proposition 7.3.1, R is of type (1 — 2) and, by Theorem 7.3.3, R is
represented as a skew matrix ring R = (Q),z2, where 7 € Aut(Q) and
¢ € @ satisfying Qc = J(Q), 7(¢) = ¢ and 7(g)c = ¢q for all ¢ € Q. More
precisely, letting {, 3} be the skew matrix units of R, there exists a matrix

ring isomorphism:

- (@11 9012) . <Q A) (Q Qa>
= : — — Z_ R
V21 P22 BT QB QJ
where 1 is the identity map of Q. Put a = ¢, (a), b = @51 (3), ¢ = ab
and d = ba. Then, as is easily seen,

(1) A =Qa=aT and B=Tb = bQ,

(2) at = @aa(t)a for any t € T,

(3) bq = 7(q)b for any q € Q, where T = ¢y, T,
(1) d=¢3 ),

(5) for any two elements

X — (xu 3312&) and ¥V = <y11 y12a>7
ZT2a1b T2 y21b Y22

XYy — (96111111 + $12<P§21 (F21)c z11y120 + 9612902le (yzz)a>
T m(Y11)b + Tooy21b o1 (Yiz)d + T22y20

we have

Accordingly R can be represented as

(@ Ga
(o 7)

with the conditions (1) - (5).



7.4 An Example of a Nakayama QF-Ring of KNP(1 — 1)-Type 231

Noting this observation, we shall construct a basic indecomposable QF-
ring with the identity Nakayama permutation.

Example 7.4.2. Let Q and T be local Nakayama rings. Put Q = Q/S(Q)
and T = T/S(T). Suppose that there exists a ring isomorphism ¢ : T — Q.
By Proposition 7.4.1, there exist ¢ € J(Q) and 7 € Aut(Q) satisfying
Qc=J(Q), 7(¢) =¢and Gc = ¢g = ¢q for all ¢ € Q. (Note that Qc = J(Q)
is a Q-bimodule.) Put A=Q,a=1€ A, B=T and b =1 € B. And put

~(39)-(4%)

We define a multiplication on R as follows: For any two elements
X = (5611 3?12@) and Y = <y11 y12a> ’
Zo1b xao Y21b Y22

XYy — (111911 + 212907 (T21) ¢ T11Y120 + x12<p1(y22)a)
2T (T11)b + T2oy21b  zo1m(Tiz)e + Ta2yoo

we let

where m = ¢~'7. Then, with this multiplication and the usual matrix

addition, R becomes a basic indecomposable QF-ring with the identity
Nakayama permutation and, moreover,

wan=(39)

Remark 7.4.3. (Cf. [162, Example 8.13]) In the Example above, if we
take Q = Z/AZ and T = Zs[x]/(2?), we see that R is a basic indecomposable
Nakayama @QF-ring with a cyclic Nakayama permutation but its diagonal
rings Q and T are not isomorphic.

Remark 7.4.4. For a basic indecomposable Nakayama @QF-ring R of
KPN(1 — 1)-type, R/S(R) can be represented as a skew matrix ring
over Q/S(Q), where @ = eRe for any e € Pi(R). Then, as we saw in
Proposition 7.4.1, we can obtain enough information on the structure of R.
However a more precise description of R is conditional on the following two
questions:

1. Let @ be a local Nakayama ring and let 7 be an automorphism of
Q/5(Q). Then, does there exist an automorphism o of @ which induces 77

2. Let @ be alocal Nakayama ring with | @ | = n. Then does there exist
another local Nakayama ring T" with |T'| = n + 1, for which R = T/S(T)?
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7.5 The Self-Duality of Nakayama Rings

In the introduction of Chapter 5, we described the background of self-
duality for Nakayama rings. By Theorem 5.2.7, in order to confirm the self-
duality of these rings, it suffices to show that every basic indecomposable
Nakayama @QF-ring has a Nakayama automorphism.

Let R be a basic indecomposable Nakayama @QF-ring of KNP(1 — k)-
type with Pi(R) = {e;}_,. We may assume that k # 1, i.e., the Nakayama
permutation of R is not the identity. Put @ = e; Re;. Then, by Theorem
7.3.8, there exist ¢ € J(Q) and o € Aut(Q) satisfying Qc = J(Q) and
o(q)c=cq forall g€ Q and R=T =T/S,_(Tr), where

Q- Q
T = -
Q- Q vem
Note that
0 -ovv-- 05(Q) - S(Q)
S(Q) '
D S(Q)
Snk(Tr)=|s@) . - 0
0 .

Put f; = (1)17 in T for each ¢ =1, ..., n. By the matrix isomorphism

Q- - é@@

5 .

. 5
R=T=1q Q|

o

Q- QQ-- QQ
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where Q = Q/S(Q), we see that the Nakayama permutation of 7' is
(E 5 T I
o fkv1 -0 fa i frk
By Theorem 6.1.4, the Nakayama permutation of T is

(f1 fofg e en fn)
fan fr fo-or oo fi

and T has a Nakayama automorphism, say 7. Since 7(S,—r(Tr)) =
Sn_x(Tr), T induces the Nakayama automorphism 7 of T'.

Thus our theory provides a conceptual proof of the following well-known
fact.

Theorem 7.5.1. FEvery Nakayama ring has self-duality.

Remark 7.5.2. Since Nakayama algebras over a field are self-dual, we
see that basic Nakayama ()F-algebras have a Nakayama automorphism (as
rings) by Theorem 5.2.7. However this is a known fact since Frobenius
algebras have Nakayama automorphisms as algebras (cf. Section 1.3).

Remark 7.5.3. Let F' be a basic indecomposable @QF-ring such that
Pi(F) = {e, f} and

ef

fe

is the Nakayama permutation. Assume that F' has the Nakayama automor-
phism ¢. Put Q = eRe,T = fRf,A = eRf and B = fRe and express F

as
QA
F= .
<B T
Consider the following two canonical ring extensions of F' with the same
matrix size k + 1:

Q- QA QA--- A
: BT... T
Ry = o], Re=
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Then ¢ induces a canonical ring isomorphism between R; and Ry and also
between Ry/S(R1) and Ry/S(R2):

Q- QA QA.-.- A
: BT T
R1: 7 o :RQ,
Q---QA ..
B---BT BT.---T

where A = A/S(A) and B = S(B).

COMMENTS

Lemma 7.1.1 is due to Nonomura [143]. Theorem 7.1.2 is due to Oshiro
[150]. Part (2) of Theorem 7.1.5 is due to Kupisch [105], and is also shown
in Vanaja-Purav [161] under the assumption that R is left and right QF-3.
Corollary 7.1.7 is well-known (cf. Anderson-Fuller [5]). Theorem 7.1.13 is
due to Iwase [85], while Corollary 7.1.14 is due to Kupisch [105]. Almost
all other results of Section 7.1 are new. Theorem 7.2.1 and Proposition
7.2.5 are folklore while Theorem 7.2.4 is new. The classification (Theorem
7.3.10) of Nakayama rings is based on Oshiro [143] which was published
in 1987. The study of Nakayama rings was initiated by Kupisch [104] and
Murase [125]-[127]. Their works are important. In particular, Kupisch in-
troduced not only the so-called Kupisch series but also the rudiments of
skew matrix rings. He showed the following fact: If R is a Nakayama ring
such that |e| # 1 (mod n) for any e € Pi(R), then R can be represented as
a factor ring of a skew matrix ring over a local Nakayama ring. For local
Nakayama rings, one may refer to Mano [111] and for more information on
Nakayama rings the reader is referred to Puninski’s book “Serial Rings”
[162]. Eisenbud-Griffith-Robson ([43], [44]) showed that every proper fac-
tor ring of a hereditary noetherian prime ring is a Nakayama ring. This
classical theorem turned the spotlight of Nakayama rings in the history of
ring theory.



Chapter 8

Modules over Nakayama Rings

In this chapter, we study modules over Nakayama rings and give module-
theoretic characterizations of these rings using lifting and extending prop-
erties.

8.1 Characterizations of Nakayama Rings by Lifting and
Extending Properties

Proposition 8.1.1. If M is a quasi-injective right R-module, then so
is Jo (M) for every ordinal o. Dually, if M is a quasi-projective right R-
module, then so is M /Sy (M) for every ordinal .

Proof. Obvious. O

The following fundamental result is due to Nakayama [134]. We give a
proof as an application of H-rings.

Theorem 8.1.2. Let R be a Nakayama ring. Then any right R-module
can be expressed as a direct sum of uniserial modules.

Proof. We use induction on the composition length | Rg|. Assume
that the statement is true for rings R with | Rg| < k and consider R with
| Rr| = k. Let M be a right R-module. Then, by Theorem 3.2.10, we
may write M = P& Z, where P is a projective module and Z is a singular
module. Then, since P is projective, it can be expressed as a direct sum
of uniserial modules. On the other hand, since Z is a singular module,
ZS(Rg) = 0, and hence Z is a right R/S(Rg)-module. By our induction

235
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hypothesis, Z can be expressed as a direct sum of uniserial modules as a
right R/S(Rg)-module and hence as an R-module. O

We use Harada’s work on the final version of Krull-Remak-Schmidt-
Azumaya Theorem. Let us recall his deep results.

Let M be a right R-module with two infinite direct sum decompositions
M = @oerMy = ©gesNg, where each M, and Ng are indecomposable
modules with local endomorphism rings. (Such decompositions are called
completely indecomposable decompositions.) Then the following are equiv-
alent:

(1) For any subset K C I, there exists L C J such that M =
(@aEKMoe) ©® (EBBELN[B)-

(2) {My,}aer satisfies the IsTn condition, i.e., for any subfam-
ily {Ma, }ien with distinct {«;}ien, any countable family of non-
isomorphisms {f;: Mo, — Ma,,, }ien and any z € M,,, there
exists n (depending on z) such that f, --- fafi(x) = 0.

(3) M satisfies the LSS condition, i.e., if A = @,erAq is asubmodule
of M such that ), A, is a direct summand of M for any finite
subset F' of T', then A is a direct summand of M.

(4) M satisfies the (finite) exchange property.

Although this result is essentially due to Harada (see [64]), for more detailed
contributions, the reader is referred to Harada and Kanbara [71], Harada

and Ishii [70], Yamagata [188] and Zimmerman-Huisgen and Zimmerman
[191).

Proposition 8.1.3. Let R be a Nakayama ring and {M;}ien a family of
indecomposable modules. Then the following hold:

(1) Each M; is uniserial and mazx{| M; | }ien < c0.
(2) There does not exist a family of monomorphisms M, EEN Mo ELN

Ms ELR which are not epimorphisms.

(3) If{fi: M; = M;i1 }ien is a family of non-monomorphisms, then
there exists k € N for which fifr—1---f1 =0.

(4) For j > 1, if there ewxists a family { fi: M; — M;41 }3:1 of
homomorphisms with f;f;—1--- fi a monomorphism, then f; is a
monomorphism for eachi=1,... 7.
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Proof. (1). This is obvious since each M; is uniserial and its projective
cover is isomorphic to eRp for some e € Pi(R).

(2). This follows from (1).

(3). Since M; is uniserial, there exist m € M; and a finite subset
{ri}t_, of R such that 0 C mr,R C mr;_ 1R C --- C mrR C mR =M,
is its unique composition series. Since 0 # Ker f1, there exists (1) €
{1,...,t — 1} such that Ker f; = mr,q)R. If t(1) = 1, then f1(M;) = 0.
If t(1) > 1, then Ker fofi = mryo)R for some £(2) € {1,...,t(1) — 1}. If
t(2) = 1, then fof1(M;) = 0. This procedure stops after a finite number of
steps. Thus (3) holds.

(4). Tt suffices to show this for j = 2. Thus assume that fof; is
monomorphic. Then f is trivially monomorphic. Suppose that Ker fy # 0.
Since Im f; is an essential submodule of Ms, Im f; N Ker fo # 0. Take 0 #
fi(xz) € Im fy NKer fo. Then faf1(z) = 0, whence x = 0, a contradiction.
Thus Ker fy = 0 as desired. D

As a corollary of Proposition 8.1.3, we obtain the following theorem.

Theorem 8.1.4. Let R be a Nakayama ring and M = ®,ec1 M, an infi-
nite direct sum of uniserial right R-modules. Then {M,}acr satisfies the
condition IsTn (and hence satisfies LSS).

Lemma 8.1.5. Let M = M7 ® My be a module, m: M = My © My — My
the projection and A1, A submodules of M with AN As =0. If Ay C. My
and 7T(A2) Ce My, then A1 & Ay Co My & Ms.

Proof. Let m : M = My & My — M be the projection. Then
A1 @ Az Cc My @ w(As) Co My @ M. Hence A1 @ Ay C, My & Mo. D

Lemma 8.1.6. Let R be a Nakayama ring and M a lifting right R-module.
Then any uniform submodule of M can be essentially extended to a direct
summand of M.

Proof. M can be expressed as a direct sum of uniserial modules by
Theorem 8.1.2 and any uniform submodule of M is contained in a finite
direct sum of uniserial modules which appear in the direct sum. Hence, by
Theorem 1.1.18, it suffices to show that, for any two uniserial modules M,
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and Mo, if My & M, is a lifting module, then it is an extending module or,
equivalently, M; and M> are relative generalized injective.

Therefore we consider submodules A; C M; and Ay C M, and a homo-
morphism ¢ : A; — As, and show the following:

(1) If Kery # 0, then ¢ can be extended to My — M.
(2) If Kerp = 0, then either ¢ can be extended to M; — My or ¢~ 1
can be extended to My — M;.

(1). We extend ¢ to a homomorphism ¢* : My — E(Ms). Suppose that
©*(My) € Ms. Then ¢*(My) 2 My. Put T = {z € M; | ¢*(z) € Mz }.
Then A CT C M; and o*(T) = My, Put X = {z+¢*(x) |z € T}
Since Ker ¢* C. X, X is a uniform submodule of M. Furthermore we see,
from ¢*(T) = Ms, that X is not a small submodule of M. Since M is a
lifting module, X must be a direct summand of M. Hence M = X & M;
or M = X @& M by the exchange property of X. Since X N M; # 0, we
get M = X ® Ms, from which we see that T = M, a contradiction. Thus
©*(M7) C My, and hence ¢*|yy, is a desired extension map of .

(2). We may assume that | M7 | < | My |. We extend ¢ to a homomor-
phism ¢* : My — E(Ms). Then, since E(M;) (= E(Ms)) is uniserial and
| M1 | < | Ms|, we see that ¢*(M;) C M. D

We are now in a position to give module theoretic characterizations of
Nakayama rings.

Theorem 8.1.7. The following are equivalent for a given ring R:

(1) Ewery extending left R-module is a lifting module.

(2) Ewvery quasi-injective left R-module is a lifting module.

(3) R is a right perfect ring and every lifting right R-module is an
extending module.

(4) Every quasi-projective right R-module is an extending module.

(5) R is a Nakayama ring.

Since Nakayama rings are left-right symmetric, the following are also equiv-

alent to (1) — (5):

(1)  FEwvery extending right R-module is a lifting module.

(2")  FEwvery quasi-injective right R-module is a lifting module.

(3") R is a left perfect ring and every lifting left R-module is an ex-
tending module.
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(4")  Fuvery quasi-projective left R-module is an extending module.

Proof. (1) = (2). This is obvious.

(3) = (4). This follows from Theorem 1.2.17.

(2) = (5). By (2), R is a left H-ring, and hence R is a QF-3 ring (see
Theorem 3.2.10). To show (5), by Theorem 7.1.2, it suffices to show that R
is a left serial ring. Let e € Pi(R) such that gRe is injective. Since S(gRe)
is simple and grJe is quasi-injective, gJe is a lifting module. Since rJe is
a uniform module, we see that rJe is a cyclic hollow module, and hence
rJ¥e is cyclic hollow for any k € N. Thus gRe is uniserial. Let f € Pi(R)
such that gRf is not simple. Since R is QF-3, we can write E(grRf) as a
finite direct sum of indecomposable injective projective uniserial modules,
say E(rRf) = Rx1 ® --- ® Rx,. Let m; : Rf — Rx; be the projection for
eachi=1,...,n. Then 2 < |7, (Rf)| for some k € {1,...,n}. Therefore
Kerm, C Rf, and this implies that gJf is uniserial. Hence gRf is also
uniserial.

(4) = (5). By (4), R is a right co-H-ring. Hence, since R is a QF-3
ring, we suffices to show that R is a right serial ring. Let e € Pi(R). Since
R is right co-H, S(eRp) is simple. Suppose that eR 2 Sy(eRp). Since
eR/S(eRpR) is quasi-projective, eR/S(eRpg) is an extending module, from
which we can see that Sy(eRg)/S1(eRg) is simple. Similarly we can see
that Si(eRg)/Sk—1(eRR) are simple for any k = 2,3,.... Hence eRp is
right serial as desired.

(5) = (3). Let M be a lifting left R-module and A a submodule of
M. We express A as a direct sum of uniserial modules, say A = ®,ecrAq-
Consider the family Q of all pairs (J, ®gesMg) such that J is a subset
of I and {Mg3}ges is an independent family of direct summands of M
such that @gecsMp is a locally direct summand of M with @gecsAs C.
®pesMp. Then Q # 0 by Lemma 8.1.6. Using Zorn’s Lemma, we can
take a maximal element (Jo, ®ges,Mg) in Q. Then @gej,Mgs is a direct
summand of M by Theorem 8.1.4, say M = (®gej,Mp) ® M'. Note that
M’ is also a lifting module. Now let 7 : M = (®gej,Mp) ® M’ — M’ be
the projection. Suppose that Jy C I and take a € I — Jy. Then we see
from 7(A,) = A, that 7(A,) is a uniform submodule. By Lemma 8.1.6,
we have a direct summand M, of M’ such that 7(A4,) C. M,. Then, by
Lemma 8.1.5, (®gey,A3) D Ao Ce (BperMp)®M, <& M. This contradicts
the maximality of (Jo, ®ge,Mg).

(5) = (1). Let M be an extending right R-module and A a submodule
of M. We show that A can be co-essentially lifted to a direct summand
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of M. It suffices to consider the case that A is not a small submodule of
M. As above, we may express A as a direct sum of uniserial modules, say
A = ®qaerAq- Since M is an extending module, we can easily see that each
A, is a direct summand or a small submodule of M. Using Zorn’s Lemma,
we can take a maximal subset Jy of I such that ®gej,Ap is a locally direct
summand of M. (Of course, ‘maximal’ here means that, if Jo C J C I and
®pesAp is a locally direct summand of M, then Jy = J.) By Harada’s
result mentioned above, M = (®gej,Ag) ® M’ for some submodule M.
This implies that A = (®scs,A43) & (M’ N A).

Thus it suffices to show that M’ N A is a small submodule of M. If
Jo = I, then there is nothing to prove. Thus suppose that I — Jy # @. And
let m: A= (®pes,dp) ® (M NA) — M N A be the projection. Take any
a € I —Jy. Then A, = w(Ay), and hence m(Aq) is a uniform submodule.
Since M’ is an extending module, A, extends to a direct summand M, of
M. If 7(Ay) = My, then (®gej,Ag) @ Ao <& M. But this contradicts
the choice of Jy. Thus m(As) € M,, and hence m(A,) is small in M.
Accordingly A = (®ges,48) ® (Bacri—g, T(Aa)) and Baer—g, m(Aq) is a
small submodule of M. |

Corollary 8.1.8. For a given ring R, the following are equivalent:

(1) Ewvery right R-module is an extending module.
(2) Ewvery right R-module is a lifting module.
(3) R is a Nakayama ring with Jacobson radical square zero.

Proof. In view of Theorem 8.1.7, we need only show (1) < (3).

(1) = (3). Assume that there exists e € Pi(R) with eJ? # 0. Let
M = eR & (eJ/eJ?). Since M is an extending module, the canonical map
¢ e — eJ/eJ? extends to ¢* : eR — eJ/eJ? by Remark 1.1.17. But,
since eJ/eJ? is simple, this implies Ker¢* = eJ, and hence ¢ = 0, a
contradiction.

(3) = (1). Let M be aright R-module and A a submodule of M. Then
A can be expressed as a direct sum of uniserial modules {A,}acr. We
note that, since R is right QF-3 and J? = 0, indecomposable R-modules
are either injective or simple. Since M is an extending module, each A,
extends to a direct summand A} of M. By Zorn’s Lemma, there exists a
maximal subset J of I such that ©ges Aj is a locally direct summand of
M. Then, by Theorem 8.1.4, X = @©ges Aj is a direct summand of M, say
M=X@Y. Let m: M — Y be the projection. Then, for any o € I — J,
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m(Aq) must be simple and A, C A% by the maximality of J. Thus A}
is injective for any o € I — J, and hence Z = @,ecr—s A}, is injective and
direct summand of Y. Thus A C, X & Z <® M as desired. O

Remark 8.1.9. Consider the following conditions:

(a) Every projective right R-module is an injective module.

(a’) Every injective right R-module is a projective module.

(b) R is a right perfect ring and every lifting right R-module is an
extending module.

(') Every extending right R-module is a lifting module.

(¢) Every projective right R-module is an extending module.

(¢') Every injective left R-module is a lifting module.

As is well-known, R is a QF-ring < (a) < (a’). By Theorem 8.1.7, R
is a Nakayama ring < (b) < (V). By Theorems 3.1.12, 3.2.10 and 3.3.3,
R is a left Hring < R is a right co-H-ring < (¢) < (¢).

We summarize the conditions in the following:

Figure
(a) _
projective "~ injective
lifting extending
(')
COMMENTS

Most of the material in Chapter 8 is taken from Oshiro [148]. Theorem
8.1.2 is due to Nakayama [133]. This result shows that Nakayama rings are
typical examples of rings of finite representation type. For more information
on Corollary 8.1.8, the reader is referred to Oshiro-Wisbauer [158], Dung-
Smith [40] and Purav-Vanaja [161].



Chapter 9

Nakayama Algebras

This chapter is concerned with Nakayama algebras over algebraically closed
fields and Nakayama group algebras. We show the following:

Result. Let R be a basic indecomposable Nakayama algebra over
an algebraically closed field K. Then R can be represented as a
factor ring of a skew matriz ring (Q)iqz.n with @ = K[z]/(z?+1),
fPi(R) =n and |Q|=d+ 1.

We then apply this result to the study of Nakayama group algebras over
algebraically closed fields.

9.1 Nakayama Algebras over Algebraically Closed Fields

By the structure theorems in Section 7.3, all indecomposable basic
Nakayama algebras can be constructed as upper staircase factor rings of
block extensions of Nakayama @F-algebras. In this section, we give more
detailed descriptions of this construction for Nakayama algebras over alge-
braically closed fields. In this section, we assume that K is an algebraically
closed field.

Proposition 9.1.1. Let Q be an algebra over K and consider any skew
matrix ring
Q- Q
R = .
Q- Q .

where o is a ring endomorphism of Q. We treat K as a subring of R by

243
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the map
k0O ---0
k+—
0
0 0 k

Then the following hold:

(1) Whenn=1, R is Q itself.
(2) Whenn > 2, R becomes a K-algebra if and only if o is a K -algebra
endomorphism, i.e., o(k) ==k for any k € K.

Proof. (1). This is trivial since o has no impact.

(2). (=). Let {aij}i jeq1,....ny be the skew matrix units of R. Since
(o(k)ag )o1 = (aao1k o1 = (@21 )21k = k(91 )21 = (kaag )21, we see that
o(k)ag = kasy, whence o(k) =k for any k € K.

(«). This is obvious. O

Proposition 9.1.2. Let Q be a local Nakayama algebra over K. Put
J=JQ)=cQ and let d+1 = |Q|, so J¢# 0 and J¥' = 0. Then
{1,¢,c2, ...,c%} is an independent set over K and Q = K©cK @ --- @ K.
Hence QQ can be represented as the following factor ring of the polynomial
ring Klz]:

Q = Klz]/(z¥).

Proof. Since any division K-algebra is isomorphic to K and @ is unise-
rial, we see that dim g (J*/J*T1) =1 for each i = 1, ..., d, where dim x(X)
denotes the dimension of the K-vector space X. Hence dim x(Q) = d + 1.
On the other hand, {1,¢,c?, ...,c?} is a linearly independent set. Thus we
obtain that Q = { ko+kyc+---+kgc? | k; € K }, and hence @ is isomorphic
to the factor ring K[z]/(z?*!). O

Proposition 9.1.3. Let Q be a local Nakayama algebra over K and put
J=J(Q)=cQ. If o is an algebra automorphism of Q satisfying o(c) = ¢
and o(q)c = cq for all ¢ € Q, then o is the identity map idg of Q; whence,
by Proposition 9.1.2,
Q- Q Kla]/ (@) - Kla]/(2)
(Q)id,en = =

Q- Q Klz]/ (1) -+ Kla] /(2

id,en id,T,n
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where d+1=|Q| and T = x + K[z]/(z?*1).

Proof. Since o(c) = ¢ and o(k) = k for any k € K, we see from
Proposition 9.1.2 that o(q) = ¢ for any ¢ € Q, i.e., o is the identity map
1dg of Q. O

Remark 9.1.4. Let @ be a local QF-ring, 0 € Aut(Q) and c € J = J(Q)
satisfying o(c) = ¢ and o(q)c = cq for all ¢ € Q. Set

R =
Q- Q .
Then
0 5@ - 5@
S| s@
: 1)
5@ -+ S@) 0

is an ideal of R and R/I is a basic indecomposable QF-ring with the identity
Nakayama permutation.

The following theorem shows that the basic indecomposable Nakayama
QF-algebras over K of KNP(1 — 1)-type are those algebras mentioned in
the remark above.

Theorem 9.1.5. Let R be a basic indecomposable Nakayama QF-algebra
over K with the Kupisch series e, R, ... e1R. Suppose that R is KNP(1 —
1)-type, put @ = ey Rey and let Q = Qc and d+1 = | Q|. Then the following
hold:

(1) Q=e1Re; ¥ esRes = -+ 2 e, Re,, = Klz]/(z?1).
(2) There exists a surjective algebra matriz homomorphism ¢ = (p;;):

Q- Q e1Rey -+ e Re,
(Qidg,em = s R=
Q- Qo enRey - e, Re,
with
0 5(Q)
Kery =
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Thus R can be represented as

Klal (@) - K[a/ @) 0 (@) /(1)
R = . / ‘

Kl /@™ K@) ), \EE) 0

K/ K@) - K]/

o - Kl
Klz]/ (=) o K[2]/ (@) K]/ (=) s
Proof. We represent R as
Q A12 Ce R Aln
By Q2 -
R = E N . . ° . . N . . ; )
: . An—l,n

Bnl """ Bn,n—l Qn

where Q; = e;Re; for i = 2,...,n and A;; = e;Re; and Bj; = e;Re; for
any 4, j € {1,...,n} with ¢ < j. Since R is KNP(1 — 1)-type,

5(Q)
S(Q2)

()

By Proposition 7.3.1 and Theorem 7.3.3, R = R/S(R) is KNP(1 — n)-type
and there exists an algebra matrix isomorphism ¢ = (¢;;) from R to the

skew matrix algebra (Q)id@an:

B 0---0
@itgen = | ,
Q@ ..

where Qc = J(Q) and ¢ = ¢+ S(Q) € Q = Q/S(Q). Hence K[z](a?) =
Q=0Q/S(Q)=2Q; =Q;/S(Q;) for each i = 2, ..., n, and hence it follows
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that K[z](z?t!) = Q = Q, for each i = 1,...,n. By replacing Q; by Q, we
can represent R and R as follows:

Q AlQ T Aln
n_ Ba1 @ :
. An—l,n
Bnl o Bn,n—l Q
@ A12 e Aln . o
— B . : _
R = '21 Q ~ IR _ (Q)z‘d@an
Ain] \@@),

Bnl e Bn,n—l Q
We take the skew matrix units { o |1 <i<j<n}U{f;|1<i<j<n}
of (Q)ida’an. Put aij = @Zjl(aij), bji = (p;zl(ﬁﬂ) and Q;; = <1>” in R.
Hence R is represented as

Q Qaiz -+ Qain,

b ' :
p | @2 @

Qan—l,n

anl an,n—l Q

We put t; = bjia;. Then &; = ¢ in Q for each i = 1, ...,n. Consider
the algebra automorphism ~; of @ given by kg + kit; + --- + kdtf —
ko + kic+ - -+ kqc?. Note that each ; induces the identity map of Q. By
these algebra automorphisms 7;, we replace each @; by Q;" and represent
R as follows:

Q" Q-ai Q-an,
. Y2 : .
R— Q 'b21 Q
: - Q- -an_1n
Q by - Qbppy QM

W

where the multiplication means that q-a;; = vi(q)aij, aij-q = aijv;(q),
q-bji =vj(¢)bj; and bj; - ¢ = b;;7:(q) for any g € Q and 1 <i < j <n. By
this representation, we note that ajsb2; = ¢ and b;1a1; = cfori =2, ..., n.
Moreover we show the following:

(a) (i) ai;bj; =c fori<j and
(Z’L) bjiaij =c fOI‘j < 1.
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(b) (i) q-aiy =qaij, a;j-q=a;;q for any g € Q and
(1) q-bji = qbji, bji - q = bj;q for any q € Q.

We show (a) as follows: aijbji = aijbjlali = bﬂali = ¢ and bjiaij =
bjlaliaij = bjlalj = c¢. To show (b), for q € Q, q - Q5 = ’yi(q)aij ==
W%‘j = Qai; = qa;j, SO q - a;; = qa;j. Similarly the rest of (b) is shown.

By using (a) and (b), we can show the following relations:

((aijq = qaij, ((bijq = qbij,
Gijqikcaie if 1 <k, Qijqikcai, ifi <k,
9ij0ijQ5kbik = § qijqjkc ifi=k, § qijbijqikaix =< qijqjrc ifi =k,
¢ qrbi; 1>k, qijqirbi;  if i >k,
\ 4ijQijQikQk = QijqikQik, qijbijqikasx = Qijqinchik.

Consequently the canonical map

Q Qaip - Qain,
. _ @ @ _ | Qb2 N :
2 (Q)id,(:}n = c — R = .
Q Q.. L Qaei
anl T an,nfl Q
given by
q11 412012 T qinQ1n
q11 " qin
q21b21
dnl " Q4nn dn—1,n0n—1n
inbnl e Qn,n—lbn,n—l dnn

is a surjective matrix algebra homomorphism and, comparing composition
lengths of both (4, j)-positions, we get

0 5@ - SQ)

Ker¢ = S(Q)

S@Q) - 5@ 0



9.1 Nakayama Algebras over Algebraically Closed Fields 249

Thus we obtain

QQ - Q
R |@
Loe
Q QQ id,c,n
QQ--Q 0 5@ - 5@
e / 5(Q)
S Q f T S(Q)
Q- QQ/,. ., \SQ) - 5@ 0 =

Theorem 9.1.6. Fvery basic indecomposable Nakayama algebra over an
algebraically closed field K can be represented as a factor ring of a skew ma-
triz algebra (Q)iqzn, where Q = K[z]/(x41), d+1 = | Q| and §Pi(R) = n.

Proof. Let R be a basic indecomposable Nakayama algebra over K
with a Kupisch well-indexed set Pi(R) = {e”}:ilz(;)l and let F(R) be its
frame QF-subring of R. Asnoted in Remark 7.3.9, F(R) is constructed from
a certain subset {f1 = €11, f2 = €51, ,fy = €iy1} Q {611, €21, ...,6m1}
with 1 =141 <ig < -+ < iy < m by setting F(R) = (fl ++fy)R(f1+
---+ fy). Then F(R) is a basic indecomposble Nakayama (QF-algebra and
Pi(F(R)) = {fi}{_; is a Kupisch well-indexed set. Further there exists
1€ {1,...,y} for which

(fl fo o fy—ivt fy—iv2 0 Sy )

Ji fixn - fy i o fim

is the Nakayama permutation of F(R). We put Q = fiRf; = K[z]/(z%+1)
and T' = (Q)idz,y- Then, by Theorems 7.3.10 and 9.1.5, there exists a
surjective matrix algebra homomorphism 7 : T' — F(R) with its ker-
nel Sy_;(T). Now we represent R as an upper staircase factor ring of a
suitable block extension B(F(R)) = F(R)(k(1),...,k(y)) of F(R) with
n = k(1) + -+ + k(y). Consider B(T) = F(T)(k(1),...,k(y)). Asis
easily seen, 7 canonically extends a surjective matrix algebra homomor-
phism 7* : B(T) — B(F(R)). On the other hand, by using Theorems
6.5.1 and 9.1.5, we can take a surjective matrix algebra homomorphism
N : (Q)iazn — B(F(R)). Hence the composite map 7°n : (Q)iaz.n —
B(F(R)) is a surjective matrix algebra homomorphism. Accordingly R can
be expressed as a factor ring of (Q)id.zn- O
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Remark 9.1.7. By Theorem 9.1.5, if R is a basic indecomposable
Nakayama QF-algebra over an algebraically closed field K, all its diagonal
rings are isomorphic, i.e., eRe = fRf for any e, f € Pi(R). However, in
general for a Nakayama QF-ring with the identity Nakayama permutation,
this fact need not be true as we saw in Section 7.4.

9.2 Nakayama Group Algebras

Nakayama group algebras are studied by many group and ring theorists, for
example: Brauer [23], Osima [144], Morita [121], Higman [77], Dade [35],
Murase [128], [129], Michler [114], Srinivasan [167], Janusz [86], Eisenbud-
Griffith [43] and Isaacs [84]. For the history of these algebras, the reader is
referred to Faith [47], Puninski [162] and Koshitani [102].

Now, in this section, we shall discuss Nakayama group algebras and
their representations by skew matrix algebras.

Let G be a finite group. | G | denotes the order of G, k means an
arbitrary field, K always means an algebraically closed field and p denotes
the characteristic of these fields.

The following are key facts for the study on Nakayama group algebras.
Theorem 9.2.1.

(1) (Maschkke [112]) p is zero or prime to the group order | G| if and
only if the group algebra kG is semisimple.

(2) (Higman [77], Kasch-Kneser-Kupisch [90] ) Assume that p > 0 and
p divides | G|. Then the group algebra kG is of finite representation
type if and only if G has a cyclic Sylow p-subgroup.

Thus, if kG is a Nakayama algebra, then G must have a cyclic Sylow
p-subgroup. More generally, a block B of kG, i.e., an indecomposable
direct summand of kG as an ideal, is of finite representation type if and
only if every “defect group” of B is cyclic. It is not so easy to define a
defect group but it is a p-subgroup of G. Thus, if G has a cyclic Sylow
p-subgroup, then so does the defect group. For details, see, for instance,
Alperin [3] and Benson [22].

Now we first begin with summarizing the theory of Nakayama group
algebras which was studied by Brauer [23]. Let G be a finite group with a
cyclic Sylow p-subgroup. The structure of the group algebra KG is almost
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determined by a graph called the Brauer tree (cf. Janusz [86]). The Brauer
tree T' is graph with the following structure:

(1) T is a tree without loops.

(2) There exists an assignment of a positive integer, which is called
the multiplicity, to a particular vertex of T', which is called the
exceptional vertex.

(3) There exists a circular ordering of the edges emanating from each
vertex.

The Brauer tree corresponds to the blocks of KG.
The following figures give examples of Brauer trees:

® O

Fig. 9.1 Star and Open Polygon

We represent the exceptional vertex as the black (filled) circle and the
other vertices as empty circles. Brauer trees of the two forms in Figure 9.1
are called a star and an open polygon, respectively.

The Brauer tree does not determine the structure of the algebra but it
determine the structure of projective modules. Although the Brauer tree T
does not determine the structure of the algebra, it exactly determines the
Morita equivalence class of the algebra, and hence its projective modules.
More specifically, an edge of T corresponds to a simple module S. Next
let P(S) be a projective cover of S. Then the heart J(P(S)/S(P(S))) of
P(S) is a direct sum of uniserial modules U; and U,. The structure of U;
is determined by the Brauer tree.
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For example,

PSfrag replacements

Fig. 9.2 Example

given the simple module S in Figure 9.2, we first consider the right end
vertex of the edge labeled S. Rotating round this vertex from S to S,
we get the simple components S; and Sy of U;. Next consider the left
end vertex of the edge which is the exceptional vertex with multiplicity 2.
Rotating around this vertex twice, we get the simple components Ss, Sy,
S, S3, and Sy of Uy. Thus the structure of P(S) is as given in Figure 9.3.

S

PSfrag replacements

Ss2 s4
Sy
Sy
Sa
S s

Fig. 9.3 Projective Module

The following gives us some informations on the structure of the Brauer
tree (cf. Alperin [3]).

Theorem 9.2.2. Let T be the Brauer tree of a block B of KG with a cyclic
defect group of order p™. If T has e edges (B has t simple modules), then
t divides p — 1 and the multiplicity of the exceptional vertex is (p" — 1)/t.

Now we consider the case where the block B is a Nakayama algebra.
Here we can easily conclude that the Brauer tree is a star with the excep-
tional vertex in the center. Then the Brauer tree completely determines
the Morita equivalence class of the algebra. Although no group theoretical
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criterion for B to be a Nakayama algebra is known, we can realize all basic
algebras given by the possible forms of the Brauer trees as group algebras
by Feit [50].

Fix p™ and t with ¢t | p — 1. Put m = (p™ — 1)/t. Let P be a cyclic
group of order p”. Then the automorphism group of P is an abelian group
of order p"~1(p — 1) and it has a unique subgroup H of order e. Define
G = P x H to be the semidirect product of P by H such that H acts on P
faithfully. Then it is easy to see that the Brauer tree of KG is a star with
exceptional vertex in the center and it has e edges and multiplicity m. Now
we describe the algebra by a quiver and relations. The shape of the quiver
is as follows: and the relation is a?” = 0, where a = >_5_, o;.

2 @ — @
PSfrag replacements V& / \ va

ay
ay
a. X
vy v .

vg
Ve

Fig. 9.4 Quiver

We summarize this fact as follows:

Theorem 9.2.3. Let B be a block of KG. If B is a Nakayama algebra,
then there exist n and e with e | p — 1 such that the following holds: The
algebra B is Morita equivalent to the algebra defined by the quiver in Figure
9.4 and the relation o?" =0, where o = S .

Conversely, if a basic Nakayama algebra A is defined in this way, then
it can be realized as a group algebra.

Again we put G = P x H, where we assume that P and H are cyclic
groups of order p™ and e, respectively. In this case, KG is a basic inde-
composable Nakayama algebra. Actually we shall represent KG as a skew
matrix algebra. Let ¢ be a primitive e-th root of unity. Put P = (a) and
H = (b). The primitive idempotents of K H are

1 o
e = TET Xm0 ¢ i (=120 ()

Now 1 = Zle e; is an orthogonal primitive idempotent decomposition in
KG. Put @ =a—1. Then « is a generator of the Jacobson radical J(KG)
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of KG. For every i, there exists only one j such that e;J(KG)e; # 0,
and this defines a cyclic ordering of the idempotents. Namely we have
{e1,e2,--- ,er} = {eq),e@), - ,ew} such that ey J(KG)e;r1y # 0 for
i=1,...,t—1and ey J(KG)en) # 0.

Let Q = K[z]/(z™*1), where m = (p" — 1)/t. Put

Q- Q
R = ,
Q- Q id, Tt
(™) 0 :
I= :
: 0 (™)
and A = R/I. Let E; be the (i,7) matrix unit in A and let
01 0 - --- 0
010
M = €A
10
01
0 R 0
Then the map
a+— M
e = L

gives an algebra isomorphism from KG to A. Here we note that
{eqy;e@), - s ew),a} generates the group algebra KG.

Example 9.2.4. Let G be the symmetric group S3 of permutations on
{1,2,3} and K a field of characteristic p = 3. Consider the group algebra
R = KG. Let H = {1,b} and P = {1,a,a?} be the cyclic subgroups of
G generated by the permutations a = (1,2,3) and b = (1, 2), respectively.
Then G = P x H, so, by the above and (%), we see that R is a basic
Nakayama algebra with Pi(R) = {eg = 1-1 + 2b,e; = 2:2 4+ b}. Put
Q = K[z]/(2?) and Q = Q/(z). Then

. (QQ
n=a= (g @)
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Put a = a — 1 and further put

10 00 01
2=(00) 5=(ov): v= (o)
Then the map
a — M
e; = EZ

gives an algebra isomorphism from R to A.
Following results are featured in Puninski [162].

Fact 9.2.5. (Morita [121], Murase [128]) Let k be a field of prime char-
acteristic p and G a finite group such that p divides the order of G. If
the p-Sylow subgroup is cyclic and normal in G, then kG is a Nakayama
algebra.

Fact 9.2.6. (Morita [121], Murase [129]) Let k be a field of prime char-
acteristic p. If a finite group G can be expressed as a semi-direct product
of its cyclic p-Sylow subgroup and some normal subgroup, then kG is a
Nakayama algebra.

An indecomposable artinian ring R is called primary if R/J(R) is a
simple ring. Further, for an indecomposable artinian ring R, if there ex-
ists an integer k > 0 such that every simple R-module occurs exactly k
times as a composition factor of R/J(R), then R is called quasi-primarily
decomposable.

Let G be a finite group and p a prime number. G is called p-nilpotent
if G has a normal p’-subgroup H such that G/H is isomorphic to a Sylow
p-subgroup P of G (and hence G is a semidirect product of H by P). G
is called p-solvable if there exists a descending chain of normal subgroups:
G =Hy> Hy>Hyr> - > Hi = {e} such that H;/H;;1 is a p-group or
p’-group (i.e., p does not divide | H;/H;+1|). In particular, G is called
p-solvable of p-length one in the case that G has a normal p’-subgroup H
such that, for every Sylow p-subgroup P of G, HP is a normal subgroup of
G.

Let us record the following results (see Koshitani [102]):

Fact 9.2.7. (Osima [144], Morita [121]) Let K be an algebraically closed
field of prime characteristic p and G a finite group. Then the following are
equivalent:
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(1) For any block A of KG, A is primary.
(2) @G is a p-nilpotent group.

Fact 9.2.8. (Morita [121], cf. Michler [114]) Let R be an indecomposable
artinian ring. Then the following are equivalent:

(1) J(R) = Rz =yR for some z,y € J(R).
(2) R is a quasi-primarily decomposable Nakayama ring.

Let K be an algebraically closed field of prime characteristic p, G a finite
group with p-Sylow subgroup P and H a largest normal subgroup of G with
order prime to p. Then KG has the equivalent conditions above if and only
if HP is a normal subgroup of G and P is cyclic.

Fact 9.2.9. (Morita [121], cf. Curtis-Reiner [34]) Let K be an algebraically
closed field of prime characteristic p and G a finite group. Then the follow-
ing are equivalent:

(1) For any block A of KG, it follows that dimg S = dimgT if S and
T are simple KG-module in A.

(2) For any simple KG-module S in the principal block Bo(KG) of
KG, it follows that dimgS = 0.

(3) G is p-solvable of p-length one (namely, G has a normal p'-
subgroup H such that HP is a normal in G and G/H P is abelian).

Fact 9.2.10. (Morita [121], cf. Curtis-Reiner (62.29) in [34]) Let K be
an algebraically closed field of prime charactristic p and G a finite group.
Then the following are equivalent:

(1) KGQG satisfies the condition (1) in Fact 9.2.9. And moreover KG
is a Nakayama algebra.

(2) There exist a,b € KG such that J(KG) = KGa = bKG.

(3) G is p-solvable p-length one and Sylow p-subgroups of G are cyclic.

The following result is useful.

Fact 9.2.11. (Srinivasan [167]) Let K be an algebraically closed field of
prime characteristic p and G a finite p-solvable group. Then every block of
KG with a cyclic defect group is a Nakayama algebra.
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By the results above, we know that Nakayama group algebras are well
studied. However we cannot yet obtain a complete description for these
algebras, that is, a criterion for KG to be Nakayama algebras are not
obtained yet in terms of G and p. Can we find some conditions on the group
G together with the condition “cyclic p-Sylow group” which characterize
KG to be Nakayama algebras? This problem seems to be interesting.

In the rest of this section, for n < 5, we shall observe the conditions
for which KS,, and K A,, are Nakayama algebras, where S,, and A,, are the
symmetric group and alternating group of degree n, respectively.

We note that, if p = 2 and n > 3, then K.S,, and K A,, are not Nakayama
algebras since the Klein group is not cyclic and hence Sylow 2-group of these
groups are not cyclic.

For p = 3, we see that S3, A3, S; and A4 have cyclic 3-Sylow group.
Therefore KS3, KAz, KSs and KA, are Nakayama algebras by Fact
9.2.11. Since As is non-abelian simple, we note that As and S5 are not
3-solvable.

Now, in order to know detailed structures of KG for G = S,, or G = A,,,
we need to observe the following:

(1) The block decomposition KG = By @ - -+ @ B.

(2) For each block B;, all its simple modules.

(3) The K-dimension of each B; and all K-dimensions of all simple
modules over B;.

(4) Related known facts.

However it seems not so easy to use this algorithm. Forp > 2and 2 <n <5,
if KS,, or K A,, are Nakayama algebras, we shall record their representations
by skew-matrix algebras.

[I] p=2
(1) K5 is a local Nakayama algebra with the block decomposi-
tion:

KS> = K[z]/(2?).
(2) KSj; is a Nakayama algebra with the block decomposition:
KSs = K[z]/(2?) ® My(K).
(3) KAs is a Nakayama algebra with the block decomposition:
KA; 2 Ko Ko K.
[IT] p=3:
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(1) K3 is a basic indecomposable Nakayama algebra with two
simple modules with dimension 1, from which we get the block

decomposition:
Q Q)
KS3;2 A== ,
’ (QQ id.7.2

where Q = K[z]/(2?) and Q = Q/((x)/(?)).
(2) KAs is alocal Nakayama algebra with the block decomposi-
tion:

KAs = K[z]/(23).
(3) K&, is a Nakayama algebra with the block decomposition:
KS,=As (K)o (K)s,
where A is the algebra in [II](1).
(4) KA, is a Nakayama algebra with the block decomposition:
KAy 2 Klz]/(2%) & (K)s.
(5) KSs is a Nakayama algebra with the block decomposition:
KSs5 =B ® By @ Bs
such that B; and By are isomorphic blocks with dimension
42, and they have two simple modules with dimensions 1 and

4, respectively, and B3z = (K)g. We see from this situation
and Remark 7.5.3 that

Blngg

NOOOO
NOOLOO
NOOLOLO
NOOOD
SR E

where

37)

is Ain [II] (1) with Q = ede, T = fAf, X = eAf and
Y = fAe, where

= fo0) = (7)

(6) KAs is a Nakayama algebra with the block decomposition:
KAs = B; ® By @ Bs,
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where B; is an Nakayama algebra with dimension 42 and has
two simple modules with dimensions 1 and 4, and By = Bs =
(K)s. By is reprersented as

s

Il
NOOOO
NOOLOO
NOQOQLOO
NOQOLOO
S

where

5N
I
PR

QX
2a)

is Ain [11] (1).
[III ] p=5:

(1) KSs is anot Nakayama algebra with the block decomposition:
KS5 =B @ (K)s ® (K)s,

where B; is of finite representation type with dimension 70

and has 4 simple modules with dimensions 1,1, 3, 3.

K As is a not Nakayama algebra with the block decomposi-
tion:

(2)

KAs; = B @ (K)s,

where B is of finite representation type with dimension 35.

COMMENTS

The material in Sections 9.1 and 9.2 is taken from Hanaki-Koshitani-
Oshiro [58] and Kositani [102]. For more information on Nakayama group

algebras, the reader is referred to Faith [47], Puninski [162], Eisenbud-
Griffith [43], and Koshitani [102].



Chapter 10

Local (QF-rings

As we saw in the previous chapters, much of the content of this book is
based on @QF-rings, particularly, on local @QF-rings and local Nakayama
rings. Consequently, in this closing chapter, we discuss local @QF-rings and
give a construction of local @QF-rings with Jacobson radical cubed zero.
From our construction, we can see that there are many non-trivial local
QF-rings which are not finite dimensional algebras over fields. Local QF-
rings are important for the study of the Faith conjecture since the Faith
conjecture is not solved even for local semiprimary rings with Jacobson
radical cubed zero.

10.1 Local QF-rings

There are many open problems on @QF-rings. Probably, two most famous
longstanding unsolved problems are the Nakayama conjecture and the Faith
conjecture. One may refer to Nicholson-Yousif [142] for the Faith conjecture
as well as for several more recent questions on @QF-rings.

The two conjectures are as follows.

The Nakayama conjecture (see Chang Chang Xi [26]). Let R be
an artin algebra. If R has a minimal injective resolution 0 — Rp — I; —
I — Iy — -+, where each [; is projective, is R a QF-algebra? Nakayama
conjectured “yes”in [135].

The Faith conjecture. Is a semiprimary right self-injective ring a
QF-ring? Faith conjectured “no” in his book [47].

The following theorem is due to Osofsky.

261
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Fact 10.1.1. ([159]) A right perfect, right and left self-injective ring is a
QF-ring.

From this fact, we pose the following problem:

Problem 1. Is a one-sided or two-sided perfect one-sided self-injective
ring a QF-ring?

In recent years, many people have tried to solve this conjecture. But,
regrettably, little progress has been made.
However the following facts give some information on this question.

Fact 10.1.2. (Clark-Huynh [29]) If R is a semiprimary right self-injective
ring with So(Rg)r finitely generated, then R is a QF-ring.

The following fact is an easy consequence of Baba-Oshiro [20, Theorem
2.B (d)].

Fact 10.1.3. (Baba-Oshiro [20]) Let R be a semiprimary ring. If Rp is
Rp-simple-injective, then R is a right self-injective ring. In particular, if
R is a local semiprimary ring with Jacobson radical J cubed zero, then R is
right self-injective if and only if both S(Rr)r and rS(rR) are simple and,
for any mazimal right submodule M of J, there exists a € J — J? satisfying
aM = 0.

The last part of this fact is shown as follows: We may show that R
is right simple injective. In order to show this, let A be a right ideal of
R with A € J = J(R) and ¢ a non-zero homomorphism of A to S =
S(Rr)r = rS(rR). Put J = J/S. Take 0 # s € S, so sR = Rs. If ¢ is
isomorphic, then A = S and ¢(s) = us for some unit v € R. Hence the
left multiplication (u)r, : R — R is an extension of ¢. Suppose that ¢ is
not isomorphic. Put K = Kerp. Then K is a maximal submodule of A
and A = K + 2R for some z € R such that A = K ® 2R and zR is simple.
Let v € R be a unit satistying p(z) = vs. We take a submodule B of Jgr
such that J = A® B. Then K + B is a maximal submodule of .J. Here
using the assumption, we can take a in J — S such that a(K + B) = 0
but 0 # ax € Rs. Let w be a unit such that wazr = vs. Then the left
multiplication (wa)r, : R — R is an extension of .

The Faith conjecture is not solved even for a local semiprimary ring
with Jacobson radical cubed zero. Thus we record:
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Problem 2. Is a semiprimary local right self-injective ring with Ja-
cobson radical cubed zero a QF-ring?

We now provide a careful analysis of Problem 2 and translate this prob-
lem into a problem on two-sided vector space over a division ring.

Let R be a local semiprimary ring with J? # 0 and J3 = 0. Let D
denote the division ring R/J and put S = J? and J = J/S. Then J and S
are (D, D)-bispaces.

We now record some properties on R.
Fact 10.1.4.

(1) If rS and Sg are simple, then, by Remark 2.1.11, rrlr(4) = A
and lgrr(B) = B for any finitely generated right submodule A
and any finitely generated left submodule B of J, pS and Sp are
one-dimensional spaces.

(2) If Jg is finitely generated, rS and Sg are simple, then R is QF.
For this QF-ring R, we can make a new QF-ring T of a graded
type as follows: Consider the (D, D)-bispace T = D x Jx S. InT,
we define a multiplication by setting

tite = (dida, diaz + @ida, dis2+ s1da + aia2)

forty = (d1,a1,51) and ta = (da,a2,52) € T. Then T is a QF-ring
with J(T) = 0x J xS, J(T)?=0x0x S and J(T)* = 0. (In
general, R¥T.)

Fact 10.1.5. Assume that Rg is (simple-)injective. Then the following
hold:

(1) grS and Sk are simple.

(2) For any maximal submodule Mg of J, aM = 0 for somea € J—S.

(3) rrlr(A) = A for any “submodule A” of Jg and lgrrr(B) = B for
any “finitely generated submodule B” of rJ.

(4) Put J* = Homp(JR,Sg). Then, for any a € J, the map a
(a)r (¢ left multiplication map) gives an (R, R)-isomorphism and
a (D, D)-isomorphism: rJp = pJj and pJp = pJ},, respectively.

(5) Put a = dim(Jp). If « is finite, then R is QF, while, if o is
infinite, then dim (pJ) = (#R)* = #R > a. In particular, if
a =Ry and #R = R, then dim (pJ) = N.
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Most information on R emanates from Facts 10.1.4 and 10.1.5. In par-
ticular, (4) and (5) in Fact 10.1.5 are important for investigating Problem
2.

We now give a way of constructing local QF-rings. Let D be a division
ring and pVp a (D, D)-bispace. We put
T=DxVx(V&pV).
Then T is a (D, D)-bispace. In T, as above, we define a multiplication as
follows:
tity = (didz, diva +vids, diwy + x1d2 + v @ v2)

for t1 = (dq1,v1,21) and to = (d2,ve,x2). It is easy to see that T is a local
semiprimary ring with Jacobson radical cubed zero and

J(T)=0xV x0, J(T)?=0x0xVepV.
We identify (D x0x0), (0xV x0)and (0x0xV ®pV) with D, V, and
V ®p V, respectively, and represent T as T = (D, V.,V @p V).

We note the following result.

Proposition 10.1.6.

(1) Assume that there ezists a (D, D)-bisubspace I of V ®p V such
that
(1) dim((VepV)/Ip)=dim((VepV)/pl)=1 and
(i) vDRpV ¢TI andV ®@p Dv g I forany0#veV.
Then I is an ideal of T and J(T/I)* = S(T/I) is simple as a left
and as a right T /I-module.

(2) Assume that dim(Vp) is finite and such a (D, D)-bisubspace I
satisfying (i) and (ii) exists. Then T/I is a local QF-ring with
Jacobson radical cubed zero.

Proof. (1) is easily seen and (2) follows from Fact 10.1.4. O

Let pD be a one-dimensional right vector space and let p € Aut(D).
Then pD becomes a one-dimensional left vector space by defining dp =
pp(d) for d € D. We denote such a (D, D)-cyclic bispace by pD?. We also

put
V* = HomD(VD,prD).
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Then V* is canonically a (D, D)-bispace. We assume the following:
Assumption A: There exists a (D, D)-isomorphism 6 from V to V*.

Since the map (V, V') — pD? given by (v,w) — 6(v)(w) is a bilinear (D, D)-
onto map, the map

A0 @i 3, 0(v) (wi)

is a (D, D)-bispace onto homomorphism of V®p V to pD?. Put I = Ker .
Then I is an ideal of T = D x V x (V ®p V) satisfying (i) and (i) in
Proposition 10.1.9. We put

D(V,0,p,pD?) =T =T/I.

Let w € A™1(p) be fixed and put s=w+ 1 € V ®p V. Then we can show
the following result.

Theorem 10.1.7. Put R = D(V,0,p,pD?). Then the following hold:

(1) J=J(R)=V,J?=V@pV =Rs=sRand J*> =0.

(2) S(Rgr) = S(grR) = J? and it is simple as a left and also a right
ideal of R.

(3) R is a right self-injective ring.

(4) R is QF if and only if dim (Vp) is finite.

In fact, (1), (2) and (4) follow from Proposition 10.1.6. To show (3), let
M be a proper maximal submodule of Jg. By the Baba-Oshiro Fact 10.1.3,
it suffices to show that there exists a € J — J? satisfying aM = 0. Let X
be a subspace of Vp with X/I = M. Then, since X is a proper subspace of
V, we can take v* # 0 € V* such that v*(X) = 0. Put a = §—1(v*). Then
a€J—J%and aM = 0.

By Theorem 10.1.7, we can translate Problem 2 into the following prob-
lem:

Problem 3. Do there exist a division ring D and a (D, D)-bispace V'
such that

dim (Vp) = o0 and pVp = pV} ((D, D)-isomorphism)?
If such a bispace pVp exists, Theorem 10.1.7 asserts that the Faith con-

jecture is true, that is, we can construct a semiprimary right self-injective
ring which is not QF. However this problem is also extremely difficult. In
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fact, if we try to solve this, we immediately encounter pathologies. But,
as a by-product of the study on Problem 3, we can obtain an important
method of constructing local QF-rings. Let us state this construction.

The following is a key lemma.

Lemma 10.1.8. Let V' be a bispace over a division ring D with n =
dim (pV) = dim (Vp) < oo. Then we can take z1, ...,x, € V satisfy-
ingV =Dx1®---®Dx,=01DD ---Dx,D.

Proof. Letzi,...,zk,y,2z € V such that 1, ...,y and 1, ..., 2, 2
are left and right independent over D, respectively. If DzN (Zle Dz;)=0
or yD N (Zle z;D) = 0, then 1, ...,z, 2 Or 21, ..., Tk, y are left and
right independent, respectively. If otherwise, i.e., Dz C Z’le Dz; and
yD C Zle x;D, then x1, ..., xk,y + z are left and right independent. By
continuing this procedure, the statement is shown. O

Now let Vp be a finite dimensional vector space over a division ring D;
say
V=x:1D® ---®zx,D.
We consider a ring homomorphism ¢ = (0;;) : D — (D),, defined by
Ull(d) e O'ln(d)
d—o(d) = e
on1(d) -+ opn(d)

By using o, we define a left D-operation on V as follows: For d € D,

da; =377 w05:(d),
namely,
Jll(d) Uln(d)

d(mla“-yxn):(l'l,...,xn)
Onl (d) T Unn(d)

Then Vp becomes a (D, D)-bispace. ~ We denote this bispace by
V{xi,...,xn;0) or simply V2. We note that pD? mentioned above is

pD(p;p).

The following result is a crucial information for making local @F-rings.

Proposition 10.1.9. The following are equivalent:



10.1 Local QF-rings 267

(1) Vo=Dx1®---®Dzxy,, soDx1®---®Dxyy=2:D® - D, D.
(2) There exists a homomorphism & = (&) : D — (D), such that, for
1 <, k < n, the following formulas hold:

Z?zl ok (&i;(d)) = { d if k=i,

0 if k#£1i
and
n d if k=1,
> =1 &iklogi(d)) = { 0 if ki
When this is so,
X X1
£(d) = d
T, T,
for any d € D.
Proof. (1) = (2). Let £ = (&;) : D — (D), be the ring homomor-
phism
§u1(d) -+ &in(d)
d—¢(d) = e
given by
X1 T
a)| | = d
T, T,

Since 377 &ij(d)a; = 371 k—y wrow (€55 (d))) = i 305 045(&i;(d)) =
x;d , we see that

., d if k=i,

> =10k (&j(d) = { 0 i ki

and, similarly, the second formula is induced.

(2) = (1), Since 30 &ij(d)a; = 3T (ko wrow;i (i(d)) =
zi Y5 0ij(&ij(d)) = xid, we see that, for any d € D,
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from which V° = Dxy +--- + Dx,,.

Next, to show that {Dx, ..., Dx,} is an independent set, suppose that
dyxi+---+dpx, =0fordy, ...,d, € D. Since 2?21(2?:1 z;oji(d;)) =0,
we see that Y ., 0j;(d;) = 0 for each j =1, ..., n, and hence

o11(d1) + o12(d2) + - - - + 01,(dy) =0,
091(d1) + 022(d2) + -+ - + 02,(dy,) =0

Unl(dl) + Un2(d2) + -+ Unn(dn) =0.

Hence it follows that
§j(on(di)) + -+ &jlo1(dy)) + -+ &1j(o1n(dn))
+ &aj(021(dr)) + - + &25(02;(dy)) + - + &25(02n(dn))

+ &nj(on1(dr)) + - +&njon;(d;) + -+ &nj(0nn(dn))
= 0.
This implies that 0 = ZZL:l fZJ(O'”(dJ)) = d;. Hence d; = 0 for each
j=1,---,n as desired. O

Under our observation above, we shall give a method of constructing
local @QF-rings with Jacobson radical cubed zero. We review our argument
above. Let V be an n dimensional right vector space over a division ring
D; say V=x1D&--- @ x,D. Let 0 = (045) and £ = (§;) be ring
homomorphisms of D to (D), satisfying formulas of Proposition 10.1.9.
By defining d(x1,- - ,2,) = (1, -+ ,2n)(045(d)) for d € D, V becomes a
(D, D)-bispace such that V.= Dx; ®---® Dz, = 21D ® - - - ® 2, D and for
de D,

&11(d) ... &1n(d) 1 x1
En1(d) ... &nn(d) Z -
In this case, we denote V by V(xq, -+ ,z,;0,6). For this bispace, we

construct T as mentioned above; T = (D,V,V ®p V). Further con-
sidering a (D, D)-bispace pD = pD? with p € Aut(D), we make V* =
Homp(Vp,pD?). Under this situation and Assumption A, i.e., there ex-
ists a (D, D)-isomorphism 6 : pVp = pVp, we can construct a local
QF-ring R = D(V, 0, p,pD?,) with Jacobson radical cubed zero. To indi-
cate o and &, we denote this ring by R = D(V,0,¢,0, p,pD?, ). We review

that J = J(R)=V,J?=V ®@pV = Rs=sR and J® = 0.
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Our argument above is reduced to the following theorem.

Theorem 10.1.10. For a system (V,o0,§, p,pD%) and a (D,D)-
isomorphism 6 : pVp = pVp (Assumption A), we can make R =
D(V,0,¢,0,p,pDY, ) which is a local QF-ring with Jacobson radical cubed
zero.

We proceed with our argument. Starting from a system
(V,0,&,p,pD"¥,), let us observe a construction of a (D, D)-bispace isomor-
phism 6 : V — V* under some condition. For each z;, we take a; € V*
satisfying

() p if i=j,
o) =
’ 0 if ¢#£7.

Then pVj = Doy & --- & Da,,. Let 7 = (1y5) : D — (D),, be a homomor-
phism satisfying, for d € D,

g g
d)| |=|:|d
Qn Qan
By calculating
ay o
d (x1,~~~,xn) and : (d(m1,~o,xn)),
Qan Qan
we obtain
0
o(d).

This implies that 7;;(d)p = po; d) for any 4,5 € {1,...,n}, whence

(p7ij) = - (%)

Since 377, (p7i5(&i(d))) = 225 Uz‘j(&j(d)) =d, p~' is the map : d
Z?=1 7i;(&i5(d)). By (%), if p is idp, then 7 = 0. Conversely, if 7 = o, then
p~Hd) = Z?:l 0ij(&i;(d)) = d for any d € D, that is, p = idp.

Hence we obtain the following theorem.

Theorem 10.1.11. For the QF-ring R = D{V,0,&,0,p,pD" ), the follow-
ing hold:
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(1) p~" is determined by & and T as the map : d — Y77, 7;5(§ij(d)).
(2) 7 =0 if and only if p=idp.

We consider the case that o = &, that is, for 1 <1, kK < mn,

. d if k=i,
> j=10k5(035(d)) = { 0 if ki
d if k=1

- () = ’
Z]_l ojk(0ji(d)) {0 itk

Then the map 6* : pVp — pV} given by dyz1 + - +dpxy — diog +-- -+
dpay, is a (D, D)-isomorphism, and hence it follows that 7 = o = £ and
p =1idp. Therefore we obtain the following theorem.

Theorem 10.1.12. LetVp = x1D®---®x, D be an n-dimensional vector
space over a division ring D and 0 = (0;) : D — (D),, a homomorphism
satisfying the formulas: For 1 <i, k <mn,

. d if k=i,
D akmj(d))—{o jﬁ o
o fd i k=i,
Zj:l ojk(0ji(d)) = { 0 if k£i

Then we can make a local QF-ring D{V, 0, 0,0, idp, ngD ).

10.2 Examples of Local QF-Rings with Radical Cubed Zero

Example 10.2.1. Let V = 21D & --- @ z,,D be an n-dimensional vector
space over a division ring D and 7 a ring automorphism of D. Consider
the ring homomorphism o : D — (D),, defined by

w(d) 0
d —

0 | 7(d)
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and make the (D, D)-bispace V7. Then
7 (d) 0 X z1

0 7 1(d) T T,
Let £ = (&;5) : D — (D), be the map given by
7 1(d) 0
d — .
0 7 (d)
Then, by Theorem 10.1.12, we can construct a local @QF-ring
D(V,0.&,6%, 7%, pD™" ).

Example 10.2.2. Let C be the field of complex numbers and V =
21C ® x5C a 2-dimensional vector space over C. We consider a ring homo-
morphism ¢ : C — (C)s defined by

. <a bi)
a+bi — ] .
bi a
Then the map o satisfies the formulas in Theorem 10.1.12. Hence we can
make a local QF-ring C{V, 0, 0,0*,idc, 1CH< ).

This example can be slightly generalized as the following:

Example 10.2.3. Let k be a commutative field and let f(z) = 2™ —a € k[z]
be irreducible with o a root, D = k(a) and V =Y | @z;D. We define a
map o : D — (D), by

ag aia asa’ cee Q1L
an_10"" 1 ay a1« cee Qpy_o" 2
Y aial
i=0 %i
2 .. .. ..
[e5X0% . . . a1
a1« asa?® -+ ap_ja™ ! ap

Then o is a ring homomorphism satisfying the formulas in Theorem 10.1.12.
Hence, for a given n-dimensional vector space V over D, we can make a

local QF-ring D{(V,0,0,0%, idp,1D"p ).
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Example 10.2.4. Let H be the quaternion algebra and let V = x1H &
zoH @ xsH & x4H be a 4-dimensional vector space over H. We consider a
ring homomorphism o : H — (H)4 defined by

a bi cj dk

bi a dk cj

cj dk a bi

dk cj bi a

Then o satisfies the formulas in Theorem 10.1.12. Hence we can make a
local QF-ring H(V, 0,0, 0%, idy, 1H = ).

a+bi+cj+dk —

Further, using Theorem 10.1.12, we shall show two constructing ways
of local QF-algebras R with radical cubed zero. One of which gives an
example of a local QQF-algebra which is not a finite dimensional algebra.

Example 10.2.5. Let F be a field and 7 an automorphism of F satisfying
the following two conditions:

(1) 7T2 = ZdE
(2) If an(a) + Br(B) =0 for a, B € E, then a =0 and 8 = 0.

We define a 2-dimensional vector space over E: Let D = E® Ei = {a+ (i |
o, 3 € E} with the products i* = —1 and i = 7(a)i for any a € E (the
addition, as well as the multiplication between elements of E being the
natural ones). Then D is a division ring as it can be checked. See the
product

(a+ Bi)(m(a) — Bi) = ar(a) + B (3)
and, if a4 (¢ # 0, then we have am(«) + 7 (5) # 0 by (3). Also the center
of DisK={a€E|n(a)=a}.
Let V =21 D®x2 D be a 2-dimensional vector space over D and consider
a ring homomorphism o : D — (D), defined by
ot i (a'ﬁl)_
0t «
Then o satisfies the formulas in Theorem 10.1.12. Hence we can make a
local QF-ring R = D{V,0,0,0*,idp,1D¥P ).

We shall give some examples of fields F satisfying (1) and (2) above.

(i) Let E = C or an arbitrary imaginary quadratic field (e.g.,
Q(v/=3)). And the map 7 : E — E defined by m(a) = @, where
@ denotes the conjugate of a.
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(i) Let K be a field and m an automorphism of K satisfying the
conditions (1) and (2). Moreover, let E = K(x) be the field of
rational functions in z over K. For f = an2™+- - -+a1z+a¢ € K|z],
we put f = m(a,)x"+ - +7w(ar)z+7(ag). Thenthemap7: F — E
defined by 7(f/g) = f/g is an automorphism of E. We see that
the fixed field of 7 in E is F'(x), where F' is the fixed field of 7 in
K and E and T satisfies (1) and (2) again.

Example 10.2.6. Let E be a division ring such that F is infinite dimen-
sional over its center K and 22 # —1 holds for any element 2 € E. We define
a 2-dimensional vector space over E: Let D = E®Fi = {a+pi| o, € E }.
Define the products i = —1 and 4a = «i for any o € E. Then D becomes
a ring (the addition, as well as the multiplication between elements of F
being the natural ones). Furthermore D is a division ring. Actually let
d = a + i be a non-zero element in D. If 8 = 0, then clearly d~! = o L.
In case 8 # 0, it is easily checked that

(a+Bi)- (B la=—9)B (B ) +1) 1 =1
and

(B + 1) (B la—9)s7" - (a+ pi) = 1.
This means that d is invertible.

Next let V = 21D & x5 D be a 2-dimensional vector space over D and
consider a ring homomorphism ¢ : D — (D)2 defined by
a+ Gt — a, pi .
Bt «

Then we see that o satisfies the formulas in Theorem 10.1.12. Hence we
can make a local QF-ring R = D(V,0,0,0% idp,1D"? ) and we can see
that R is an infinite dimensional algebra with K (its center).

Remark 10.2.7. We shall give an example of a division ring F in Ex-
ample 10.2.6. Consider the functional field L = R(z) over the field R
of real numbers and let ¢ be an into monomorphism of L defined by
o( f(x)/g(x)) = f(x?)/g(2®). Let L[y;o] be a skew-polynomial ring as-
sociated with o. Although L[y;0] is a non-commutative domain, it has a
quotient ring F which is a division ring. As is easily seen, the center of F is
R, E is infinite dimensional over R and we have a? # —1 for any non-zero
element a € F.
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Example 10.2.8. Let K be a field. We consider free algebra k{z,y).
Let ¢ € k and I an ideal of k({z,y) generated by 22, y* and zy — qyz,
ie., I= (2% y? ay—qyr). Then k{z,y)/I is a local QF-algebra with
Jacobson radical cubed zero (cf. Example 1.3.4). This algebra can be
obtained by using our method. Actually let V = zk®yk = kx @ ky and put
V* = Homg(V, k). For each z,y € V, we take o, 8 € V* satistying a(z) =
0, a(y) =1, B(z) = ¢! and B(y) = 0. Then V* = aK @ Bk = ka @ kf.
Let 0 : V — V* be the isomorphism given by zk, + yks — aky, + Bks. Let
o = (04j) : D — (D)2 be a homomorphism given by

o(d) = (ﬁ 2) .

Then we can make a local QF-ring (V,0,0,0,idy, 1K' ). This ring is
isomorphic to k{z,y)/I.

COMMENTS

Most of the material in this chapter is taken from Kikumasa-Oshiro-
Yoshimura [94]. For the construction of local semiprimary right self-
injective rings in Theorem 10.1.7, the reader is also referred to Yousif-
Nicholson [142] in which the treatment is somewhat different. Faith-Huynh
[48] provides a detailed description of the Faith conjecture. For more infor-
mation about the Faith conjecture, the reader is referred to Ara-Park [6],
Armendariz-Park [8], Koike [97], Clark-Huynh [28], [29], Nicholson-Yousif
[140], [141] and Xue [185].



Open Questions

To complete this volume, we raise the following questions.

Question 1. If R is a perfect right R-simple injective ring, is R right
self-injective?
Question 2. Let @ and T be local artinian rings. If there exist Morita

dualities Q-FMod ~ FMod-T and T-FMod ~ FMod-Q, is then Q self-
dual?

Remark. When we only assume that Q-FMod ~ FMod-T, then, in
general, @ is not self-dual as is shown in Xue [183] and [184].

Question 3. Does every basic indecomposable @QF-ring R with
#Pi(R) = 2 have a Nakayama automorphism? (cf. Example 5.3.2.)

Remark. If the answer of Problem 3 is affirmative, then so is the answer
of Problem 2. Because, let QA7 and 7Bg be bimodules which induce
the dualities Q-FMod ~ FMod-T and T-FMod ~ FMod-Q), respectively.

Consider the ring
_(e4
r=(37

with the relations AB = BA = 0. Then R is a basic indecomposable
QF-ring with a non-identity Nakayama permutation. Thus, if the answer
of Problem 4 is affirmative, then R has a Nakayama automorphism, from
which we see that Q =2 T. Thus @ is self-dual.

Question 4. Let @ be a local Nakayama ring and let 7 be an automor-
phism of Q/S(Q). Does there exist an automorphism o of  which induces
T?

Question 5. Let @) be a local Nakayama ring with | Q | = n. Does there
exist a local Nakayama ring T such that |T|=n+1and Q = T/S(T)?

275
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Question 6. Let G be a finite group and K be an algebraic closure of
a field k. If kG is a Nakayama algebra, is KG a Nakayama algebra? And
how is the converse?

Question 7. Let K be an algebraically closed field. Are there infinitely
many K.S, or KA, which are non-semisimple Nakayama algebras?
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quasi-Frobenius (QF-) —, 7

right (left) artinian —, 3

right (left) co-Harada (co-H-) —,
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singular —, 2
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frame QF- — (of a QF-ring), 122,
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superfluous
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T-nilpotent
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type
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108
right (left) Harada ring of —(f),
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— dimension, 70
— module, 10
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142
well-indexed
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(right) - — set), 199
well-indexed
right (left) — set, 103
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